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THE TWO-SAMPLE PROBLEM WITH REGRESSION ERRORS:
AN EMPIRICAL PROCESS APPROACH

Juan Mora and Natalie Neumeyer**

ABSTRACT

We describe how to test the null hypothesis that errors from two
parametrically specified regression models have the same distribution versus a
general alternative. First we obtain the asymptotic properties of test-statistics derived
from the difference between the two residual-based empirical distribution functions.
Under the null distribution they are not asymptotically distribution free and, hence, a
consistent bootstrap procedure is proposed to compute critical values. As an
alternative, we describe how to perform the test with statistics based on martingale-
transformed empirical processes, which are asymptotically distribution free. Some
Monte Carlo experiments are performed to compare the behaviour of all statistics

with moderate sample sizes.

KEYWORDS: Two-Sample Problem; Residual-Based Empirical Process;

Smooth Bootstrap; Martingale Transform.



1 Introduction

Consider two regression models, specified as
Yii = p;(Xji, 05) + 05(Xji, 05)e5,  j=1,2, i=1,..ny (1)

where {(Y;, X j'z)’ 12, are independent and identically distributed (i.i.d.) observa-
tions, p; : RPs xR¥ — R, o;: RPi xR* — R are known functions, 0, € ©; C RN
are unknown parameter vectors, and the errors {e;;};’, are such that F(ej; |
Xji) = E(eji) = 0, E(e3; | Xj5) = E(e3;) = 1. Assuming independence between

the two samples, the objective of this paper is to propose statistics to test
Hy: Fi(:) = F5() versus Hy : Fi(:) # Fy(+),

where F}(-) is the distribution function of ¢;;, which is assumed to be continuous,
but unspecified.

If regression errors were observable, the problem that we consider here would
be the classical two-sample problem. In fact, our test can be thought of as an
extension of the two-sample problem. Suppose that the distribution functions of
two observable variables Y}; and Y5; are compared using a classical nonparametric
test, such as the Kolmogorov-Smirnov test. One of the drawbacks of nonparamet-
ric tests in this context is that when the null hypothesis is rejected the statistic
gives no intuition about the cause of the rejection. To explore why the null has
been rejected, it would be of interest to test whether the distribution functions of
Y71, and Yy; differ only by a shift in location, with or without regressors; this test is
not a specific case of our problem, but it can be treated in an entirely similar way
with obvious changes. If the null hypothesis were rejected again, one might be
interested in going one step further and testing whether the distribution functions
of Yi; and Y5; are the same except for differences in mean and variance, which
might depend on regressors -and this is precisely the problem that we consider.

Thus, the testing procedures that we describe here can be used as a tool to explore
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whether the reason why the null hypothesis is rejected in a two-sample problem
is the presence of significant differences in the first or second order moments.

The testing problem that we study in this paper also arises directly in many
contexts in applied work. In Economics, for example, the productivity of a firm is
defined as the error from a regression model, and the researcher is often interested
in comparing the distribution functions of productivity of firms from two different
groups. In applied medical studies, the researcher is sometimes interested in
comparing the distribution functions of certain standardized variables with data
from healthy and unhealthy individuals. In many other areas it is often of interest
to test whether two observable variables belong to the same location-scale family,
which is also a specific case of the test that we study. In all these situations, the
usual approach to test for the equality of the distribution functions is to test for
the equality of just some moments (third, fourth and so on) or, with a parametric
approach, to propose parametric models for the errors and then test whether
the parameters estimated are equal. Instead, we propose to compare the entire
distribution functions without assuming any parametric form for them.

The test statistics that we consider here are based on the comparison be-
tween estimates of the distribution functions Fj(-). If errors were observable, we
could use the well-known Kolmogorov-Smirnov statistic Ky, », := [(n1n2/(n1 +
n2) ]2 sup,ep | Fin, (z) — Fany ()|, where Fj, (-) denotes the empirical distribution

function based on {¢;;}.”;. Another popular alternative would be the Cramér-von

Mises statistic Cry, n, := [(n1na/(n1 4+ n2)?|[ 5y Yoy {Fin, (850) — Fong (£50) 1] 1f
Hp is true and the distribution function Fj(-) is continuous, these statistics are
distribution-free and their asymptotic behavior is known; hence any of them could
be used to perform a consistent test (for details, see e.g. Shorack and Wellner 1986,

Section 9.9). In our context, we do not observe €1; and £9;, but we assume that



well-behaved estimates ?9\1, 52 are available, and hence we can construct residuals

€ji =1Yji—p (]27 i)} o (X, )7 J=L12 i=1,..ny,

and the residual-based test statistics

~ n179 1/2 ~ ~
Km,nz = (nl T ’l”Lg) ilég Fin, (IL‘) - F2n2($) )
~ . ning - ~ 2
Cm,m T nl + n2 2 ]Zl ;{le 531 — Lo, (53'1')} )
where f’jn (-) denotes the empirical distribution function based on {€j;}.7,. These

are the test statistics that we first study in this paper.

Many papers have studied the consequences of replacing errors by residuals in
test statistics based on empirical distribution functions. In a one-sample context,
Pierce and Kopecky (1979), Loynes (1980), Bai (1994) and Koul (1996), among
others, have derived the asymptotic distribution of residual-based goodness-of-
fit statistics. In a two-sample context, Koul and Sen (1985) consider a problem
similar to ours, but they assume linearity for s;(-,-) and no scale estimation. In
their framework, they prove that if the mean of the regressors is zero then the
Kolmogorov-Smirnov statistic is asymptotically distribution-free; but this prop-
erty does not hold if the mean of the regressors is not zero, or if a scale function
is estimated. Koul (1996) considers the problem of testing whether the distribu-
tion functions of errors before and after a known change point are the same, and
proved that the Kolmogorov-Smirnov statistic is then asymptotically distribution-
free. But there is a crucial difference between our problem and the change point
problem: in our context, it is natural to assume that the estimators 51 and 52 are
independent, whereas in the change point problem all n; + ny residuals are con-
structed with the same estimator. Bai and Ng (2001) propose a statistic to test for
symmetry of regression errors which compares the empirical distribution functions

of positive and negative residuals in the same fashion as we do. In their setup,



the two samples are not independent, which again makes their problem different
from ours. In the related problem of testing for independence between errors from
two independent regression models, Delgado and Mora (2000) prove that residual-
based statistics have the same asymptotic distribution as those based on errors.
However, this property does not hold here. As we prove below, in the two-sample
problem that we consider the residual-based statistics l?m,nz and émm do not
have the same asymptotic behavior as the ones based on errors K,,, ,, and Cy, n,.
Moreover, [?nlm and @le are not distribution-free, even asymptotically; hence,
it is not possible to derive asymptotic critical values valid for any situation. To
overcome this problem, two different approaches can be followed: approximating
critical values by bootstrap methods, or using statistics based on transformed
empirical processes.

The usefulness of bootstrap methods in nonparametric distance tests was first
highlighted by Romano (1988). Applications of bootstrap methods similar to
the one we consider here have been proposed by Stute, Gonzédlez-Manteiga and
Presedo-Quindimil (1998) and Gonzilez-Manteiga and Delgado (2001), among
many others. Recently, Neumeyer, Nagel and Dette (2005a, 2005b) have consid-
ered a symmetric wild bootstrap and a parametric bootstrap procedure in the
context of goodness-of-fit tests for error distribution in linear models. In this
paper we follow the same approach as in Koul and Lahiri (1994), and propose
a bootstrap resampling scheme based on a nonparametric kernel estimate of the
error distribution function. However, in contrast to Koul and Lahiri (1994), our
regression models are not assumed to be linear, which gives rise to higher technical
complexity in the proof of consistency.

Khmaladze (1981, 1993) proposed an alternative way to circumvent the prob-
lems that replacing errors by residuals causes when using statistics based on em-
pirical processes. Under weak assumptions, he proved that certain martingale

transforms of residual empirical processes converge weakly to Brownian motions



and, hence, test statistics based on them are asymptotically distribution-free,
and approximate critical values can be obtained without bootstrap or simulation
methods. These results have been fruitfully exploited in nonparametric specifi-
cation tests, see e.g. Koul and Stute (1999), Bai and Ng (2001), Stute and Zhu
(2002), Bai (2003) and Khmaladze and Koul (2004). In this paper we discuss how
martingale-transformed processes can be used in our context to derive asymptot-
ically distribution-free test statistics.

The rest of this paper is organized as follows. In Section 2 we derive the asymp-
totic properties of I?nlm or @mm, propose a bootstrap procedure to approximate
their distribution and prove that this bootstrap procedure is consistent. In Sec-
tion 3 we consider statistics based on martingale transforms of the residual-based
empirical processes and derive their asymptotic properties. In Section 4 we report
the results of two Monte Carlo experiments that illustrate the performance of the
statistics with moderate sample sizes. Some concluding remarks are provided in

Section 5. All proofs are relegated to Section 6.

2 Statistics based on residual empirical processes

The asymptotic behavior of IA(mm and @le can be derived by studying the weak
convergence of the residual empirical process on which they are based. To analyze

this process, the following assumptions are required.

Assumption 1: Both distribution functions Fj(-) have density functions f;(-)
which are continuously differentiable and strictly positive. Additionally,
Sup,er |2f;(2)] < 00, sup,er ‘foJ(m)‘ < 00, where f;(-) denotes the deriva-

tive of f;(-), and E{(1+¢%) f;(e;)?/ fi(esi)*} < 0.

Assumption 2: Both y;(-,-) and o;(-, -) have continuous derivatives with respect

to the second argument ji;(-,-) and d;(-,), and all these functions are Lip-



schitz continuous with respect to the second argument, i.e., there exist a
function Mj;(+) and a positive value ay; such that |p;(z,u) — p,(z,v)| <
Myj(x) lu —v||*, and o;(-,-), f1;(-,-), 64(, ) satisfy similar inequalities for
certain functions My;(-), Ms;(+), M4;(-) and positive values aqj, asj, aaj, re-
spectively. Additionally, o;(-,u) > S; > 0 for all u in a neighborhood of 6;,
EA|| fr;(Xji,0;) [*} < 00, B{| 6;(X;i,0;) |1} < 0o and E{M;;(X;:)*} < oo,
forl=1,...,4.

Assumption 3: There exist functions ¢,(-, -, -) such that the estimators 5]‘ sat-
ISfy that n;/Q(b\J - 93) = n;1/2 Z;Zl j(in,sji,Hj) + Op(l)- Addltlonally,
E{¢;(Xji, €50, 07) | Xji} = 0 and E{|| ;(Xji, €5, 0;) [|*} < oe.

Assumption 1 is a technical condition for studying residual empirical processes
using mean-value arguments. Observe that this assumption implies that both f;(-)
and f]() are bounded. The differentiability condition required in assumption 2
is relatively standard in nonlinear estimations, whereas the Lipschitz-continuity
condition allows us to handle the supremum conditions which typically appear
in the literature on residual empirical processes. Assumption 3 ensures that the
estimators are root-n-consistent and allows us to derive the covariances of the
limit process. The moment conditions introduced in assumptions 2 and 3 ensure
that the expectations which appear below are finite.

To derive the asymptotic behavior of our test statistics, first we present a
proposition that establishes an “oscillation-like” result between error-based em-

pirical processes and residual-based ones in our context. For ¢t € [0, 1], define

j

Vin, () = ;2> [I{e < FH (1)} — 1,

i=1
where I{-} is the indicator function, and define anj (t) in the same way as Vi, (t)

but replacing ¢;; by €;;.



Proposition 1: If (1) and assumptions 1-3 hold, then

sup Vi, (8) = {Vin, (8) + 95(1) €, }| = 0p(1), (2)

te[0,1]

where g;(t) == F{F (O ETH ) &y =y S0 Wity (X0, 07)
and w; := (E{f1;(X;i,0;)/03(X;i,0;) }, E{0;(Xji, )/UJ( ji»03)})-

Theorem 1: If (1) and assumptions 1-8 hold, and ny = Any for a fized A, then:

a) Under Hy,

~

1
R % sup DO and  Coppy & / (DD () }2dt,
0

t€[0,1]

where DW(-) is a Gaussian process on [0,1] with E{DM(¢)} =0,

Cov{DW(s), DV ()} = min(s,t) — st +

{NA+1D)IA(s,t,01) + {1/ (A + 1) }As(s,t,04),

and A;(s, t,0;) = g;(s)w;E[I{e;; < F; (1) }0;(Xi, €50, 0;)]+9; () Wi E[I{e:
) Y (Xis i, 03)] 495 () WS E{Y (X, €50, 05)10( X5, €54, 05) Yw; g5 ().

b) Under Hy, for all x € R,

P([A(nhn2 >z)—1 and P(é’m,n2 >zx) — 1.

If the distributions of sup;co 1 [D™(t)] (or fol{D(l)(t)}th) were known, ac-
cording to this theorem l/(\'mm (or @“m) could be used as a statistic to perform
a consistent test. Unfortunately, the covariance structure of DM () depends, in
general, on the unspecified distribution function Fj(-), the unknown parameters
6; and other expectations. Hence, it is not possible to obtain asymptotic critical
values valid for any situation. For this reason, we propose to approximate critical
values with a resampling procedure.

In our context, at first sight one might think that a correct bootstrap p-value

could be obtained by simply drawing i.i.d. bootstrap samples from the empirical
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distribution function based on the centered residuals. However, this is not the
case because, as Koul and Lahiri (1994) point out, the asymptotic distribution
of the statistics depends crucially on the assumption of continuity, and hence the
bootstrap samples must be generated from a continuous distribution. Accordingly,
based on the sample Y, n, = {(Yji, X};) [ i =1,...,n5, j = 1,2}, let fmm(‘) be

a kernel density estimate computed with the centered residuals, i.e.

Frmal) = LSS r- a8y

(nl +n2)hn1 no ] 1 i=1 n17n2

where ¢(-) is a kernel density function, h,, n, is a smoothing value and € :=
(ZJ LS00 Ei)/(ng + ng). Let ﬁmm() denote the corresponding distribution
function. It is then possible to generate i.i.d. random variables {U;Z-};Zl with
uniform distribution on [0, 1] and define bootstrap errors €, := Fn_1 L (U%) for i =

1,...,n;. Conditionally on the sample Yy, », the random variables {¢7;};, are i.i.d.

from a distribution with density f;lnz() Now define the bootstrap observations

Ygt = Nj(XJwe >+UJ(X]Z70 )€}

€jis

let 0 be the bootstrap estimate of §; computed with {(Y};, X};)'}:2, and consider

:{th_ ( is ])}/U]( 3is ]> 1=1,...,n;

Finally, we can define the bootstrap test statistics

1/2
K = mna )" sup |FY, (z) — S, (2)],
e ny + ne zerR | 1 2
A~ L _ ang S i~ N2
O:Zl’nQ T n1+n2 ;;{ SJ'L FQ*TLQ(g]'L)} 9

where ﬁjf"nj () denotes the empirical distribution function based on {&},};2,. With
these statistics, the bootstrap procedure that we propose to use to perform the
test works as follows: based on the sample V), ,, generate bootstrap data and

compute the bootstrap statistic T\; (where T = K or C'); repeat this process

1,127
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B times and then reject Hy with significance level o if fnlm > T, where T
is the 1 — a sample quantile from { v mab b1 To prove the consistency of this

bootstrap procedure, the following additional assumptions are required.

Assumption 4: The kernel function ¢(-) is a positive, symmetric and twice

continuously differentiable probability density, such that [z¢(z)dz = 0,

[ 2*p(z)dr < co and sup,cp ¢(2)?/p(z) < 00

Assumption 5: The smoothing value is such that hy, », + (n1 + n2)%h, ', =

ni,n2

o(1), for some a € (0,1/4).

Assumption 6: The bootstrap estimators 5; are such that, for every e > 0,

20 = 0;) — n 2 (Xh, et B )H > €| Vorma)} = 0p(1). Addi-

tionally, E[t); (Xﬂ,eﬂ, i) | Vnrma] = 0, ¥,(-, -, ) is continuous with respect

to the third argument and E{|| v;(Xji, s, ) ||*} is uniformly bounded for

u in a neighborhood of 6;.

Assumptions 4 and 5 ensure uniform convergence of ﬁllm() in probability
to the mixture density fu(-) == {AN/(A+ 1)}fi(-) + {1/(A + 1)} fa(+), whereas
Assumption 6 guarantees that the bootstrap estimator behaves properly (see Koul
and Lahiri, 1994). In analogy to the original processes, define the bootstrap

processes on [0, 1]
nj

Vi (8) == 2 S (e < Fol () — 1

i=1
and ‘A/J";J () in the same way as V;, (t) but replacing £}; by €};. Before proving the
consistency of the bootstrap procedure in our problem, we prove two properties
about the relationship between bootstrap empirical processes and residual-based

ones. Hereafter, F'x,(-) denotes the distribution function of X;.

Proposition 2: If (1) and assumptions 1-6 are satisfied then, for all € > 0,

P(sup |Vi5 (8) = {Vin, (8) + Vis (D} > €| Pnima) = 0p(1),

telo, 1]
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where ‘7* () =Ny S Zz 1(ﬁn1,nz [ﬁnjnz() (X]l’0])+M](X]l’9]) (in7
)]/UJ( is )}_t)-

Proposition 3: If (1) and assumptions 1-6 are satisfied then, for all € > 0,

P( sup
t€(0,1]

where g]( ) fn1 nz{ ny ng( >}(1 Fnllng( ))/7 E:n] = n_1/2 Zl 1w*/,¢] ( 7l
0;) and ;= ([ j1;(x,0;)/o(x,0;)dFx, (), [ ;(x,0;)/0;(x,0;)dFx, (x)).

Vi) = 1V (0 + G0/ E | > €| Vhsina) = 0p(1),

Jl’

Theorem 2: If (1) and assumptions 1-6 hold, and ny = Any for a fized X then,
for all x € R,

P(K* <z|Vuym) — P(sup \D@)(t)] <z) and

ning
t€[0,1]

<QWqu%w«—»P/u9 (H))2dt < ),

in probability, where D®)(-) is a Gaussian process on [0, 1] with E{D®(t)} =
0 and with the same covariances as DM (-), but replacing F;(-) by the mia-
ture distribution function Fy(-) := {1/(1+N)}F1(:) +{\/(1+ )} F3(+), and

g;i by a random variable €; with distribution function Fy(-).

Observe that, under Hy, D®(-) has the same distribution as D)(-); thus, the
bootstrap critical values correctly approximate the asymptotic ones. Under Hj,
the bootstrap critical values converge to a fixed value; hence, the test performed

with the bootstrap critical values is consistent.

3 Statistics based on martingale transforms of
residual empirical processes

As Khmaladze (1981) points out in a seminal paper, the theoretical problems

which stem from the replacement of errors by residuals in goodness-of-fit tests can
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be circumvented using martingale transformation methods. Specifically, Khmal-
adze (1981) considers the problem of testing the null hypothesis “the distribution
function of the error terms {e;;}.2, is Fy(+)”, where Fy(-) is a known distribution
function. He proves that if the standard residual-based empirical process has an
asymptotic representation such as (2), then it is possible, by means of a martin-
gale transformation, to derive a residual-based process that converges weakly to
a standard Brownian motion on [0, 1]. Hence, goodness-of-fit statistics based on
the martingale-transformed process prove to be asymptotically distribution-free.
Therefore, they are a very appealing alternative to test statistics based on the
standard residual-based empirical processes.

Let us see how these results apply in our context. Observe that our null
hypothesis “Hp : Fi(-) = F5(-)” is true if and only if the hypothesis “Hf : the dis-
tribution function of the error terms {ey;}7, is F»(+)” is true, and this property
also holds if the role of the samples is interchanged in Hj. Thus, our test is equiv-
alent to either of these two goodness-of-fit tests. If the distribution functions Fj(-)
were known, we could then derive the martingale-transformed processes for these
goodness-of-fit tests and then test our null hypothesis with any of them; but in our
context Fi(-) and Fy(-) are not known. However, as Bai (2003) points out, under
very mild conditions the replacement of unknown quantities by suitable estima-
tors in martingale-transformed processes does not affect the limit distributions.
This is the approach that we follow here.

As before, we assume that we can obtain well-behaved residuals €;; and the
residual-based empirical distribution functions ﬁjnj() The martingale-transfor-
med process that should be used to test whether the distribution function of the

error terms {e;; }12, is F3_;(+), if F5_;(-) is known, is defined for z € R as

—00

W, () = 02 Fy () — / " () ) / " s ()AF s, ()} oy (),

13



where ;(y) == (1, f;(4)/ f;(y), 1+yf5(y)/ £ (y)) and Cj(y) := [* q;(w)g;(w) f;(w)
dw. Therefore, to derive a feasible martingale-transformed process we require es-
timates of f;(y) and fj(y) /fi(y). We propose to use kernel estimators for f;(y)

and fj(y) but, for technical reasons, trimmed kernel estimators for fj (v)/fi(y).

o~

Thus, we define f;(y) = 3200 o{(y = &) /hyn, 1/ (n5hn,), f3(y) = S0 ¢{(y —
€ji)/Pijn; }/ (njh?nj), where, as before, ¢(-) is a kernel density function and hy,; are

smoothing values,

/T i [yl < agny, FW) > bjn,,

~

fj(y)) < ¢jn, i(y)

0 otherwise,

where @, bjn, and c¢j,, are trimming values, g;(y) := (1,@]-(:(/),1 + y@j(y))’
and C’ f f]( )dw. With these estimates, we can construct the
estimated martlngale—transformed process %jnj(-), which is defined in the same
way as ﬁjnj(-), but replacing gs_;(+), Cs_;(-) and f3_;(-) by gs—;(-), 63,j(-) and
]/C;,_j(-). Using these processes we can obtain two Kolmogorov-Smirnov statistics
and two Cramér-von Mises ones. To define these statistics the supremum (in
the Kolmogorov-Smirnov case) and the integral (in the Cramér-von Mises case)
are not taken with respect to R, because the asymptotic equivalence between the
original martingale-transformed process ﬁ]nj() and the estimated martingale-
transformed process ﬁjnj() is only proved at intervals (—oo,zo], with o € R
(see Theorem 4 in Bai, 2003). Therefore, we consider the Kolmogorov-Smirnov

martingale-transformed statistics

—(4) = _ =
Knjl,nzywo = ‘Fj”j <x0) 12 Sup Wj"j (il))‘ ’
z€(—00,z0]
and the Cramér-von Mises ones
ng .
Crsmaeo 7= Finy (20) 2”]' ' Z 1(Eji < m0)W ja, (€50)%,
i=1

where z( is any fixed real number. The factor l?’jnj (x0) is introduced in these

statistics in order to obtain an asymptotic distribution which does not depend on

14



xo. To derive the asymptotic properties of these statistics, the following additional

assumptions are required.

Assumption 7: The derivatives of the density functions f]() are Lipschitz con-
tinuous of order d; > 0, and Cj(y) are non-singular matrices for every

y € [—00,+00).

Assumption 8: The kernel function ¢(-) and its derivative ¢(-) have bounded

total variation.

Assumption 9: The smoothing and trimming values satisfy that hjznj = 0(bjn,),
aj_nlj = 0(1)7 bjnj = 0(1)7 Cj_nlj = 0(1)’ hjnjcjnj = 0(1)7 nj_lhj_ﬁgja?‘nj = 0(1)7

log(hjjllj)/(njhjnj) = o(b?nj), Ujn; = o(n;mh?njbjnj), hjn, logn; = o(1) and

2d;
ajnj hjn; 10g n; = O(bjnj)-

The assumption about matrices C;(y) ensures that the martingale transfor-
mation can be performed. Assumptions 8 and 9 ensure that the replacement of
the density functions and their derivatives by nonparametric estimates does not
affect the limit distributions. Note that assumption 9 allows us to choose the
optimal smoothing value hj,, = M. jnj_l/ ® for a fixed M;, whereas there is plenty
of freedom for choosing the rates of convergence of the trimming values. Before
deriving the asymptotic properties of the statistics, we derive two properties of

the nonparametric estimators that are required later.
Proposition 4: If (1) and assumptions 1-4, 7-9 hold, aq; > 1 and ag; > 1, then

/ "W — 4@ £ w)dy = 0,(1). 3)

e o]

Proposition 5: If (1) and assumptions 1-4, 7-9 hold, aq; > 1 and ag; > 1, then

—1/2 TL]' ~
sup,er [y 2 S0 (e > @) (650) — i)}

(4)
— [ @y~ 4560} fi¢yhdy ] || =0, (1)

15



Theorem 3: If (1) and assumptions 1-4, 7-9 hold, on; > 1, apj > 1 and ny = Any
for a fized \, then:

a) Under Ho, if F;(zo) is in (0,1),

. i 1
Rl s WO and T, [ (WlOPa
0

n1,n2,20
te(0,1]

where W (-) is a standard Brownian motion on [0, 1].

b) Under Hy, if E(e};) < oo, there exists x, € R such that if xo > z. then
for all x € R,

n1,Mm2,20 ni,n2,To

P (F(j) > x) —1 and P (50) > :c) — 1.

Theorem 3 suggests that one can use either process ﬁlnl(-) or ﬁ2n2<') to
obtain asymptotically distribution-free statistics which are consistent against any
alternative, as long as a large enough x is selected. However, the behavior of test
statistics based on ﬁlnl(-) and ﬁgm(-) may not be similar because their power
functions may be very different, as is shown by the simulation results that we
report below. For this reason, the test should be performed combining statistics

based on both processes; in this case, the following corollary applies.

Corollary: Let G : R? — R be a continuous function. If the assumptions in

Theorem 8 hold, then:
a) Under Hy, if F;(zo) is in (0,1),

G(F(l) J7o ) <, G(s1,62) and

n1,n2,70°’ n1,M12,T0

2)

G<65111),n2,x076511,n2,x0) i) G(C-IJ CQ)?

where <1,6o are independent random variables both with the same distribu-
tion as sup;epq) [W(t)|, ¢1,Cy are independent random variables both with
the same distribution as fol{W(t)}2dt, and W(-) is a standard Brownian

motion on [0, 1].
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b) Under Hy, if E(e3;) < oo and liMyin(y,z)—00 G(y, 2) = 00, then there exists

. € R such that, if xo > x,, for all z € R

P{GEY, KD Y>a}—1and P{GCY, .. .TY  y>a}— 1.

n1,N2,20° n1,n2,20 n1,n2,20

In the simulations that we report below, we choose the maximum as function

G(-,-), i.e. we consider

— =) =
Knl,nz,fro = maX{Km,nz,mo’ Km,m,mo}’
yai (1) ~(2)
Cnl,nz,xo L= maX{Cnl,nz,woﬂ Cnl,nz,:co}‘
Other sensible choices would be G(z1,22) = 23 + 23 or G(x1,x3) = |z1] + |72

The crucial point is that the asymptotic null distributions do not depend on any
characteristic of the data, as long as the assumptions are met.

Asymptotic critical values for the Kolmogorov-Smirnov statistics can be de-
rived taking into account that the distribution function of sup,cp; [W(t)| is

(4/m) 3°32(=1) exp{—(2j + 1)**/(82%)}/(2j + 1), see e.g. Shorack and Wellner
(1)

ni,n2,ro

(1986, p. 34). From here it follows that the asymptotic critical values for K
or Fﬁ)ﬂwo at the 10%, 5% and 1% significance levels are 1.960, 2.24 and 2.807;
and the asymptotic critical values for K, n, ., at those levels are 2.231, 2.493
and 3.023. Asymptotic critical values for the Cramér-von Mises statistics can
be derived taking into account that the distribution function of fol{W(t)}th is
23/2 Z;’;O(—l)j[l —®{(45+1)/(22"?)}] exp[In{(25)!} —21n(j!)] /47, see e.g. Roth-
man and Woodroofe (1972). From here it follows that the asymptotic critical
values for 6211)7,1”0 or 6,(121)’,12@0 at the 10%, 5% and 1% significance levels are

1.196, 1.656 and 2.787; and the asymptotic critical values for Cp, n,, at those
levels are 1.638, 2.126 and 3.290.
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4 Simulations

In order to check the behavior of the statistics, we perform two Monte Carlo exper-
iments. In both cases we test the null hypothesis that the zero-mean unit-variance
errors £1; and £9; have the same distribution function at the 5% significance level.

In Experiment 1 we test whether two samples come from the same location-

scale model. Specifically, we generate i.i.d. observations {Yj;}:,, each of them de-

fined as Yy; = y, + 0161, where iy =1, 01 = 1, ey, = {Vi; — E(V;)}/Var(Vy,) Y2,
and Vy; is generated from an extreme-value distribution with density function
fui(z) = exp{z — exp(z)}; and we generate ii.d. observations {Y3;}2,, each
of them defined as Yy = py + 0969;, where py = 2, 09 = 2, g9y = {Vo —
E(Va;)}/Var(Va)/2, and Vs; is generated from a log-gamma distribution with
density function fy,(x) = exp{(1 + 8)x — exp(z)}/T'(1 + 6). The value of § varies
from one simulation to another; we consider 6 = 0,1, 2,3,4,5. Observe that Hy
holds if and only if 6 = 0; as § grows, the distribution of £5; becomes closer to
the standard normal. The null hypothesis here amounts to saying that the dis-
tribution functions of Y3; and Y5; are the same except for changes in location and
scale. To compute the statistics, u; and o; are estimated by the sample mean and
variance of {Y;;}2,.

In Experiment 2 we compare a normal distribution and a Student’s t distribu-

tion in a multiple regression with homoskedastic errors. Specifically, we generate

i.i.d. observations {(Yis, X3;)'}™,, where Y1; = By, + 810X 11 + 813X 12 + B1a (X7, —
1)(X3; — 1) + 016145, X1i, Xo; and £1; are all independent with standard normal
distribution, By, = 0, By = B3 = 1, B4, = 0.2, and 0; = 1; and we generate
ii.d. {(Yai, X5;)'}2, with the same characteristics as the first sample, except that
£9; = Vai/Var(Va;)'/2, and the distribution of V5; is Student’s t with 6" degrees
of freedom. The values of 6 that we consider are 6 = 0,1/9,1/7,1/5,1/4,1/3 (if

6 = 0, e9; is generated from a standard normal distribution). Again, Hy is true

18



if and only if 6 = 0. To compute the statistics, residuals are based on the least
squares estimates obtained within each sample.

In all nonparametric estimations, the standard normal density is used as the
kernel function. In order to examine the effect of undersmoothing or oversmooth-
ing, we use three different smoothing values. To compute I?mm and émm, we
consider hﬁff,m = Mj(n; +n2)~Y% for I = 1,2,3 and, for each sample size and ex-
periment, M, is chosen after graphical inspection of some preliminary estimates,

My = 2M5/3 and M3 = 4M,/3. To compute KV and é(j)

n1,n2,r0 n1,1n2,T0’
h(l)

Jjng

we consider
= Mlnj_l/5, for [ =1,2,3 and M;, M5 and M3 are selected as above. When
using l?mm and anlm, the critical values are computed with B = 500 bootstrap

replications. When using F(j) and U(j) xg is always chosen as the 95%

n1,n2,r0 n1,n2,20’
quantile of the residuals from the j-th sample. All the integrals that have to be
computed to obtain martingale-based statistics are approximated as follows: for

a given function H : R — R,

m

/ H(z)dr ~ Z(f‘/l _ ylf1)H(yl +2yZ—1>I(yl +2yl—1 € A),
A 1=1
where y; := —8 + Al, A := 0.0025 and m = 6400; we have checked that this

approximation yields very accurate results in all cases. For the sake of simplicity,
no trimming values are used when computing G i(4).

In Tables 1 and 2 we report the proportion of rejections of Hy in 1000 simulation
runs using the Cramér-von Mises statistics. For the sake of brevity, we do not
include the results for Kolmogorov-Smirnov statistics, which are quite similar.

However, we do include the results for the infeasible Cramér-von Mises statistic
—(IN
C( )

n1na.e that is obtained when the martingale transformation is performed with

(IN,1) —(IN,2)

C

. . . —=(IN) —
the true density functions of errors, i.e., C = max{C, o vos Crymo s

n1,1n2,20
—

— IN, ] = _ _ n; o~ T o~
where C( D Fin, (20) an IS I(€ji < wo)Wjn, (Ej)2.

ni,n2,To
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TABLE 1

Proportion of Rejections of H; in Experiment 1, o = 0.05
= —=(IN)

Cnl,nz C”17n2 »Z0 C
o A K2 A3 0, A2 K3

n1,n2,20

niy = ng = 50

0 0.048 0.057 0.059 0.012 0.132 0.476 0.128
1 0.073 0.080 0.087  0.011 0.138 0.538 0.217
2 0.077 0.088 0.093 0.013 0.152 0.684 0.295
3 0.082 0.088 0.094 0.017 0.184 0.792 0.365
4 0.085 0.097 0.103 0.038 0.281 0.992 0.411
5 0.107 0.115 0.118 0.047 0.356 0.998 0.430

Ny = nNg = 150

0 0.047 0.054 0.059 0.021 0.103 0.385 0.101
1 0.117 0.121 0.127  0.024 0.106 0.437 0.353
2 0.183 0.185 0.194 0.023 0.136 0.823 0.566
3 0.219 0.226 0.233 0.029 0.148 0.938 0.663
4 0.255 0.260 0.268 0.074 0.268 0.991 0.724
d 0.323 0.331 0.341 0.121 0.523 1.000 0.755

ny = ny = 250

0 0.052 0.053 0.056 0.027 0.086 0.243 0.089
1 0.136 0.138 0.138 0.032 0.361 0.644 0.473
0.259 0.262 0.268 0.038 0.568 0.975 0.706
0.336 0.341 0.346 0.082 0.753 0.994 0.834
0.423 0.429 0434  0.117 0.847 1.000 0.895

(2 SN UC V)

0.463 0.466 0.470 0.179 0.885 1.000 0.929
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TABLE 2

Proportion of Rejections of H; in Experiment 2, o = 0.05

~ — —(IN)

Cn17n2 Cnl ;12,20 C

n1,12,20

o A hL® h3) ) h2 36

niy = ng = 50

0 0.051 0.049 0.056 0.105 0.035 0.016 0.034
1/9 0.058 0.061 0.059 0.168 0.081 0.069 0.099
1/7 0.081 0.095 0.090 0.163 0.098 0.074 0.112
1/5 0.092 0.115 0.122 0.221 0.152 0.130 0.176
1/4 0.160 0.189 0.201 0.287 0.230 0.219 0.250
1/3 0.253 0.291 0.308 0.380 0.323 0.317 0.343

Ny = nNg = 150

0 0.045 0.047 0.047  0.103 0.039 0.035 0.036
1/9 0.121 0.123 0.120 0.275 0.219 0.245 0.222
1/7 0.152 0.161 0.162 0.331 0.292 0.334 0.303
1/5 0.296 0.306 0.305 0.447 0.429 0.502 0.470
1/4 0.485 0.505 0.505 0.577 0.589 0.683 0.614
1/3 0.724 0.735 0.737  0.695 0.745 0.824 0.744

ny = ny = 250

0 0.054 0.051 0.053 0.106 0.052 0.085 0.048
1/9 0.153 0.169 0.173 0.360 0.330 0.460 0.312
1/7  0.270 0.278 0.273 0.411 0.420 0.537 0.440
1/5 0.472 0.490 0.490  0.586 0.610 0.785 0.625
1/4  0.690 0.702 0.702 0.747 0.800 0.896 0.788
1/3 0.913 0.920 0.922 0.874 0.920 0.978 0.917
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The results in these tables do not allow us to give a clear-cut answer to the
question of what test statistic should be preferred. Bootstrap-based statistics
perform reasonably well in terms of size and power in both experiments. Moreover,
bandwidth selection does not play a crucial role in their behavior. On the other
hand, the infeasible statistic based on martingale processes behaves extremely well
in terms of power, but the asymptotic critical value is not very accurate, which
results in a certain discrepancy between empirical size and significance level if
the sample sizes are not large enough. The feasible statistic based on martingale
processes continues to be very powerful, but now bandwidth selection does play a
crucial role, to the extent that slight deviations from the correct value may lead
to wrong decisions.

Another relevant conclusion that follows from our experiments is that there

may be big differences between o and G even if infeasible statistics

n1,n2,20 n1 2,0
are used. For example, in Experiment 2 with n; = ny = 150, if we generate £; from
a standard normal distribution and test the null hypothesis “Hf : the distribution
of &1 is a standardized Student’s t distribution with 6" degrees of freedom” with
significance level 0.05, then the proportion of rejections is always below 0.10; but
if we generate €, from a standardized Student’s t distribution with 6~' degrees of
freedom and test the null hypothesis “Hj* : the distribution of ¢, is a standard
normal” with significance level 0.05, then the proportion of rejection ranges from

0.25 (when 6" = 9) to 0.75 (when 6! = 3). So it is important to consider a test

statistic that combines U(l) and 6(2)

a0 nima.zos SINCE N practice we cannot know

in advance which of them would lead to a more powerful test.

5 Concluding Remarks

In this paper we suggest two alternative procedures for comparing the distribu-

tion functions of errors from two regression models that specify parametrically
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the conditional mean and variance. Firstly, we propose using statistics based
on residual empirical processes and approximating critical values with a smooth
bootstrap method. We derive conditions under which this bootstrap method is
consistent. Secondly, we propose using statistics based on martingale transforms
of the residual empirical processes, replacing the unspecified functions by non-
parametric estimates. We give conditions under which this replacement has no
effect on the asymptotic null distribution of the statistics. We compare the per-
formance of the two alternative procedures with two Monte Carlo experiments.
The results of these experiments suggest that the statistics based on martingale
transforms behave much better in terms of power, but they are too sensitive to
bandwidth selection and use asymptotic critical values that are not very accurate
with small sample sizes.

Two natural extensions stem from our work. The methodology that we de-
scribe here can also be used when the distribution functions of k regression errors
are to be compared, with £ > 2, using k — 1 pairwise comparisons as suggested in
Neumeyer and Dette (2003, Remark 2.5); our results may well continue to hold in
this context, at the expense of some more complex notation. On the other hand,
we could also consider a purely nonparametric framework, i.e., comparing the
distribution functions of errors from two nonparametrically specified regression
models. However, the extension of our results to this context is far from trivial. It
might be possible to use the results derived in Akritas and Van Keilegom (2001)
to derive the asymptotic properties of statistics based on empirical processes con-
structed with nonparametric residuals, but their results are valid only for models
with a single explanatory variable. Additionally, in nonparametric regression,
the oscillation-like result which relates error-based and residual-based empirical

processes does not guarantee that a suitable martingale transform exists.
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6 Proofs

The following lemma is required in the proof of Proposition 1.

Lemma 1: Let f(-) be a continuous real function such that sup,cp |z f(z)| <
oo. If the sequence of real functions {&,(-)}nen satisfies that €, (x)| < 1 and
{an}nen is a sequence such that a, = o(1), then sup,eg |z f{z[l+ &, (x)an]}| =
O(1).

Proof: As h(xy,z3) = |x1f(x9)| is a continuous function, it is bounded in a

neighborhood of (0,0)". If z and z,, := x[14£,,(2)a,] are not in that neighborhood
then |2f(2n)] = |2/@n| |20 f (zn)] < [1+ &y (2)an] ™ sup,ep [2f ()] = O(1). B

Proof of Proposition 1: We apply Theorem 1 in Bai (2003) to our j-th
regression model. The relationship between the notation in Bai (2003) and our
notation is as follows: Fi(z | €;,0) = Fj[{z — p;(Xji,05)}/0;(X;4,05)], Us =
Fy(eji), Us = FjEi)s Va(r) = Viny (1), Valr) = Vi, (r) and g(r) = —w;g;(r). To
check that our assumptions imply that assumption Al in Bai (2003) holds, note
that for fixed M > 0, if sup,, denotes the supremum for ||u — ;|| < M nj_l/ ? then

2 2

oF; 2 $_N‘(ina(9j)} 5 ( X, w)
supsup || —(z | Q;,u)|| < 2sup|f; 1 sup || ==~
xelg up 39( | )| = melg fj{ 0;(Xji,05) up 0;(Xji,u)

2 .
2sup r — p;(Xji, 05) j{x—uj(inaej)} sup 7 (Xji, u)
ek | 05(Xji, 05) o (Xji, ;) w |0 (Xji, u)

Now, from our assumption 2,

1;(Xji, u)

E{sup o

0'j<X

iz

u) ;

} _ 2B{Ms (X5} (M PPy + 2B fiy(X.05) |7}

and a similar inequality holds for E{sup, ||6;(Xji,u)/o;(Xji,u)|*}. From here it

follows that E{sup,cg sup, | %1;1’ (x| Q,u) H2} is bounded, and all other conditions

of assumption Al in Bai (2003) readily follow from our assumptions 1 and 2.

24



To check that our assumptions imply that assumption A2 in Bai (2003) holds,
note that if we define 7;(t,u,v) := {Ffl(t)aj(Xﬂ, w) + i (Xji, u) — p;(Xji,v) }/
0j(Xji,v) and h;(z) := xf;(z), then

|‘n—1§j%—§{ e | Q) | Qo) — 5| =

e f1;(Xji, v) 5 (Xji, v)
nj ij{nji(t,u,v)} {O'](X— -+ n]Z(t u ’U)ﬁ

Jzav)

;' gjfj{w, sy [ - p{ e
ool

el -

(I)+ (II)+ (III) + (IV), say.

n; ' Z][fj{njz‘(tv u,v)} = fj{F{l(t)}]‘

i=1

nyt Y [t us o)} = B {FH ()]

=1

n;j |

Now observe that if C1; is a bound for f;(-) and, for fixed M, sup,, denotes the

supremum for ||u — 6;]| < Mnjfl/2 and ||v — 6;]] < Mn}l/Q, then

o i f1;(Xji, v) — f1;( X5, 05)
’ 0j(Xji,v)

sup sup () < Cyj ¢ sup|[n
tel0,1] uv u,v

=1

sup +

-1 (Xﬂv 0, ) (X]“ v)
/’L 'L’
Z ’ = 0j (XJZ’ v)o (X]“ 0; )
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:DJ](XJHQ ) J“
n; — =" — E
7 ; lOJ(X 0;) Xji, 0

Jis

Now using that ¢;(-,v) is bounded away from zero in a neighborhood of 6; and
the Lipschitz-continuity of fi;(-,-) and o;(-,-), it follows that the first two terms
on the right-hand side of the previous inequality are O,(1)o(1), whereas the third
term is 0,(1) by the weak law of large numbers; hence sup,¢(y 1 sup,, , (1) = 0,(1).
As h;(+) is also bounded and &,(-,-) is also Lipschitz-continuous, with the same
reasoning it follows that sup,co 1) sup,,(/11) = op(1). To analyze (I1), note that
if we add and subtract fi{F; ' (t)o;(Xji, u)/0;(Xji,v)} and apply the mean-value

theorem twice then

filnji(tu,0)} = f{FH (1)}
= f; Fi ()i (Xiw) |, 1y(Kisw) — 1 (X, v) Nj(XJ““) “J (Xji,v)
’ U](XJZ’U) )

(XJ“ u) — 0y (in’ U)]} F_l(t) (XJM u) 0 ngi’ U)

Q
.
E><
<

f {F O+ 6,22

where &, &, are in [0, 1]. Again, using Lipschitz-continuity and the lower bound
for o;(-,v) it follows that SUD,, , 121_ }uj jisw) — (X, v ‘/a] iy V) =
Op(1)o(1), and SUPy, , T ]IZZ 105 (Xji, u) — 05 (Xji, >|/J]( iinv) = Op(1 )0( );
hence, if Cs; is a bound for fj(‘) and Cj; is the bound for :ij (x[14+&5{0;(Xji,u) —

0j(Xji,v)}/0;(Xj;,v)]) which is obtained by applying Lemma 1 above, it follows
that sup,cpo ) sup,,,(11) < {Co;0,(1)o(1) + Cs;0,(1)o(1) Y BT || f1; (X5, 0;) || 1S5 =
op(l). And since h]() is also bounded and satisfies the conditions required in

Lemma 1, with the same reasoning it also follows that sup;cp)sup,,,(IV) =

Jis )/UJ Ji }H
E{fi(e50)?/ £i(€3)*} + 11 B{65( X5, 0,) /05 (Xji, 0) HI* 24+ 2E{%: fi(e50)*/ £i(e56) 2}
which is finite by our assumptions 1 and 2. This completes the proof that all

0p(1). On the other hand, fo (1, 9(r H dr <1+ ||[E{i;(X

assertions of the assumption A2 in Bai (2003) hold, except (possibly) for the

condition on C(s), which in fact is not required for his Theorem 1 to hold.
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Finally, note that our assumption 3 readily implies that assumption A3 in Bai
(2003) holds, whereas his assumption A4 is not required in our context because
there is no information truncation. Thus we can apply Theorem 1 in Bai (2003),

and then (2) follows from our assumption 3 and equation (2) in Bai (2003). W

Proof of Theorem 1: First we prove the theorem for IA(mm. Note that,
under Hy, K, n, = SUD;e(o,1] ﬁnlm (t)|, where for ¢ € [0, 1] we define
Dryna (8) := A A+ D2 Vi, (1) = {1/ (A + 1)} Vo, (8), (5)

Thus, it suffices to prove that ﬁnhnz(-) converges weakly to DM (-). From (2)
and (5), it follows that ﬁnl’nz (-) has the same asymptotic behavior as lAjnl,nz () =
OV O+ DY Vi, () + 01 b = {1/ 4+ DY {Van () + g2(-)6a0, }- Now
observe that E{D,, ,,(t)} = 0, and routine calculations yield that limy,; oo
Cov{Vjn; () +9j(8)'Ejn; Vin; (1) + 95(8)'§j, 3 = min(s, ) — st + A;(s, ¢,0;). Hence,
the covariance function of Dy, n,(-) converges to that of DM)(-). Using a stan-
dard multivariate central limit theorem it follows then that the finite dimensional
distributions of lN)mm(-) converge to those of DW(-). Additionally, as g;(t)'¢ ing
only depends on ¢ through f;{F;'(t)} and F]-’l(t), from assumption 1 it read-
ily follows that 5,11,,12(-) is tight, which completes the proof of part a. On the
other hand, under our assumptions sup, g Enj (z) — Fj(x)| = o0p(1), and hence
SUD,cr 1/7\1”1 (x) — Fin, ()| converges in probability to sup,ep |Fi(x) — Fy(z)| . Un-
der Hy, sup,cp |Fi(z) — Fa(x)| > 0, and part b follows from there.

As regards énl,nz, first note that if ﬁmm (+) denotes the empirical distribution
function based on the n;+ns residuals, then énm = {ning/(n1+ng)} f{ﬁlm (x)—
Fon, (:z:)}zdﬁnhn2 (x). Using similar arguments to those in part ¢ of Proposition
Al in Delgado and Mora (2000), it follows that 6711,712 = 6'7“7”2 + 0,(1), where
Crama 1= {nama/ (1 + 1)} [{Fin, (2) = Fony (@) P Fas (), and Fag () = {1/(1+
MNIFL() + {A/ (1 + X)}Fa(-). Now, under Hy, Cpy iy = [y {Dny s (£) }2dt, and part
a follows from there as before. On the other hand, f{ﬁlm(x) — Fony (2)Y2dFy(2)
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converges in probability to [{Fi(z) — Fy(z)}*dFy(z); under Hy this integral is

positive, which completes the proof of part b. Il

Proof of Proposition 2: The proof is similar to the proof of Theorem 2.6
in Rao and Sethuraman (1975) and the proof of Lemma 1 in Loynes (1980).
However, it is more complicated due to the fact that we consider a random
(conditional) probability measure P .. (-) = P(- | Vnyn,) and the random vari-
ables €7, are not i.i.d. but have (conditional) distribution function ]f*:’n1 ny- Hence
we present the proof in detail. For ease of notation we write s; (Xﬂ,HJ,HJ) :

;(Xji, g)/ay( Ji> ) (ijeweg) = {N](ijeg) 15 (X, >}/UJ< Jis )7

nj

Rnl,nz(y7 0]) = nj_l/Q Z [I {5; < ysj(ina 8j7 0]) + mj<in7 9j7 0])}

i=1

~ A~ A~

—Foyns (ij(in, 05, Hj) +m; (wa ‘937 93)) - ]{5;1' <y}+ Foino (y)} .
To prove the proposition we show that for every fixed M > 0 and for all a > 0,

P(swp st Ru( )] > 0| Vuna) = 0,(1) (©
Ve 1 -8 l|<
Note that from assumption 6 it follows that there exists M > 0, such that

P ( | 9 9 H< Y, nz) —— 1 in probability.

nj
To derive (6), first of all cover {n € ©, | [|n —I9\j|] < M/,/n;} using K =
O(e7*) balls By,..., Bx with centers n,,...,n; and radius €/\/nj, where the
constant € will be specified later. Applying assumption 2 we obtain for all n € By,
|55, 05,m) = (2, 85, mp)| < Mg ()e/(Sy/5) and [mj(w, 8;,m) —my(x, 05, m,)| <
Mij(z)e/(S;,/nj). With the definitions

~ ~

xf:npk(y) = y5j<in7 ejv nk) + mj<in7 ejv nk) -

}(yM2j(Xij> + Mi;(X;i))/S;
T kY) = ysi(Xjis Oamie) + m( X is Oampe) + \/_(yng (Xij) + Mi;(X;i))/S;
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we have the bracketing

~ ~

szn]k(y) < ySJ(X]'L?ej?n)+mJ(XJ“6J’n) < xijn]k(y)
and therefore

Hes < wl W)} < el < ysi(Xi, 05,m) +my(Xi, 65,m)} < I{e5 <l 1)}

'Lnk

for all n € By. In the following we concentrate only on the upper bound. The lower
bound is treated exactly in the same way and we then use the argumentation that
from a bracketing a; < z; < b; follows sup, |z;| < sup, |a| + sup, |b;|. To estimate
SUPyeRr SUP||,—3;||<M/ /77 | Ry my (y,m)| in (6) we now only have to consider

Ty

ny A3 ey < ab, ) - ek <) (7)

=1

max sup

- Fm,nz (mgnj,k(y)) + Fnhnz (y)] :

The remainder is estimated as follows using a Taylor expansion (where 1 € By),

n;

/ J
—1/2
; Z
=1
nj

- My;(Xji)e Mo, (Xji)e
< opTl/2 L (A
< 2n; 03 [sup o)1 T+ sl )5 2

where y* converges in probability to y as n; — oo. From the uniform convergence

Fm,nz (ij (Xﬂ’ 9 J 77) +m; (X ij 77)) - Fnl,nz (xgn],k(yD)

of fmm to fys in probability, Lemma 1, the law of large numbers and Assumption
2, we obtain the bound € O,(1), which can be made arbitrarily small for a proper
choice of € (in probability).

Next we split the interval [0,1] into L = ,/n;/) intervals of length A/, /m;
using points 0 =ty <t; < --- <t =1. For / =0, ..., L we define y, and g, via
Fa(ye) =ty and Fyp(2¥ Tin, «(Ue)) =ty (we suppress the dependence from 4, n;, k for
ease of notation). For every y € R there are ¢ and ¢, such that Y1 <y <y

and §; ; < y < g;. These indices ¢ and { are linked because Fy(y,) = t; =

29



Fy(2Y Ti s 1 (Ue)) = Fa(e) + 0p(1). Therefore in the following we assume ¢ = { to
simplify the demonstration of the proof. From the monotonicity of the functions

y — ﬁmm (y) and y — ﬁnl,nz (x?njk(y)) we obtain the bracketing

I{g;kz < xgnj,k(gffl)} - I{S;z < yf} - Fn17n2 (sz,nJ,k(gf)) + Fnl,nz (yffl)
[{6]2 — z n; k(y>} I{E]l < y} n1,n2 (mz[{n],k(y)) + Fn17n2 (y)

< e < @i, 100} — Hef < year} — Fayna (2, 4 (Fe-1)) + Foy o (90)-

IN

As before, we restrict our considerations to the upper bound. Instead of (7) it

suffices to estimate

n;
—1/2 * ~ *
el L / Z[I{gg‘i < xgnj,k(yé)} - I{gji < Yo} (8)
¢=1,...,L i=1

_Fnl,n2 (xgnj,ijZ)) + Fnl,m (yffl)] .

The remainder is treated as follows,

njl'/2|Fn1,n2 (yé) - Fnl,n2 (yf*1)| (9)

—-1/2 N~ ~ T~
+nj / Zanhnz(le‘{nj,k(yf))_Fnl,nz( gjnj, (yf 1))|

1/

SnjmwmqmmeMWMw—mwm|

t€(0,1]

1S P (@, 1(50) = Farlal, o)}
. fm,m (v) _
= 2| T | = 20,0

and can be made arbitrarily small by proper choice of A, in probability.
From now on we can follow the proof of Rao and Sethuraman (1975, p. 307)

or Loynes (1980, p. 293) by writing (8) as

nj
1/2
Jnax _|n; ZWmJu,
¢=1,...,.L i=1

where Wi, ke = (Bim, ke — |Pin ke|)SI8D(Dim; kt)s Diny ke = ﬁmm(xgnj,k@z)) -

Foyny(ye-1), and under the conditional probability measure Py ,  the random
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variables Bjn ke = [I{e}; < a, 1 (7)} — I{e}; < ye-1}| are independent and

- Za”]?

Bernoulli distributed with probability |p; x| From the proofs cited we see that
we can derive our assertion (6) by proving n; 12 iy [Pigmy el = Op(1) uniformly
in k, £. We have with y, ; <y <y, and go1 <y < 7y,

nj
n—l/? |
j Z pi,nj, 5
=1

T

—1/2 o ~
< 023 {1 P @, 150)) = Frsina (28 1))

=1

P (08, 1)) = Frsins 0)] + P (8) = P o)1 -

The first and last terms can be treated in exactly the same way as (9) due to the
monotonicity of y — F,, n(y) and y — Fn1 o (2V n;k(y)). The asymptotic order

is AOp(1). By the definition of =¥, n; () and a Taylor expansion the middle term

is equal to
L X~ 7 ) a3 (yMa;(Xij) + Mi;(Xj))e
\/’)T ; Fnhnz (yS](X]za 6], T}k) + m](XJz, 6], nk) —+ S]\/m >
Ewmw
€ el
S Sup|fn1n2 |: Z'm] jis j?ﬁk) SZMl] jl):|
7T =1
+L§:S‘1P|ﬁw n (y*)yl{ls (X1, 0:,m,) — € iM?(X'i)}
VG S yek 1,m2 ASAVIERE n;S; o AN
1 & .
< 0y (= DMy () + Ma(X50) 185 = | +€ Oy(D)
J

i=1

= O,()(MO,(1) +€0y(1))) = Op(1)
and this concludes the proof. B

Proof of Proposition 3: From Proposition 2 it follows that IA/J-";@J_ and Vj,, +
V*

g where Vj*;j is as defined in Proposition 2, are asymptotically equivalent

(in terms of conditional weak convergence in probability). We further define

Vi (t) == njl./2 J Grymo(2,t)dFx, (), where

o T wed) -l
Gopa0.8) = Py (P (922 0O @Ry g
o oi(,05) oj(x,0;)



for all z, uniformly in ¢ (this follows applying a Taylor expansion; compare the
proof below). Denote the empirical distribution function of Xji,...,Xj;,, by

1/2 :
Fx; n;; then nj/ (Fx;n; — Fx;) converges to a Gaussian process and hence

‘7;1]- (t> - ‘v/;zj (t) = /Gnl,nz (l’, t) d(\/n_j(Fijj - ij))(l')
= 0y(1) = op; , (1) in probability, (10)

where P . (-) denotes the conditional probability measure P(- | Yy, n,) and the
notation “Zy, », = op; (1) in probability” means P(Z,,n, > € | Ynyny) = 0p(1)
for all ¢ > 0. The last equality in (10) follows from Markov’s inequality. By a

Taylor expansion of fmm we further obtain the asymptotic equivalence of V;‘;Z] (t)

and the process

7 [ Fuma B0 (Bt 200 0) | 00D ey

oj(w,05) oj(r,0;)

where F-1 (¢*) lies between F- 1 (t) and

ni,n2 ni,n2

~

=y 000 0) —oy(@,8)) py(a0) — py(a,6)

Fons (1) = + Z
oj(x,0;) aj(x,0;)
~ T /é 1 I‘,g‘ A~ ~ 1 1
(B, Z ) BB GG s on (=00 ()
aj(z,0;  o;(x,05) VD RV

from assumptions 2 and 6. Therefore ﬁn_jm (t*) — ﬁn_lfm (t) converges to zero (in

probability) and we obtain

[ Frsina Pty (0)) = Fagma (B s (D)

< | (F () = far (B b, ()] + 281;1) [ Frana (@) = Far(®)]-

These terms converge to zero uniformly in ¢ (in probability) by the uniform con-
tinuity of fj; (assumption 1) and by the uniform convergence of f;hm (compare

our assumptions 4 and 5 and Koul and Lahiri, 1994). We obtain the asymptotic
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equivalence of Vj’;lj (t) and

- -~ O'.f/\/\* ~ '.ij\j/\* —~
[ P (o 022200 5)) + R0 ) a ()

uniformly in ¢ € [0,1] in probability. The assertion of the Lemma now follows

from assumption 6. H

Proof of Theorem 2: As convergence in probability is equivalent to the ex-
istence of almost surely convergent subsequences in every subsequence, we restrict
our proof to the case of almost sure convergence of 5]- to 0; and show almost sure
convergence of P( ring < T | Vnyny). From Proposition 3 we have asymptotic
equivalence in terms of weak convergence, conditionally on the sample Y, n,, of

the test statistic K*  and SUDte0,1] |Dn1n2( )|, where

nin2

Biyunl®) = /1 i Tt 3(0E) — [ 5 Vi) + B0E,,)

- Z Z%A* jis ;Z,t)

and A*<Z U t) - I{u < K ni, ng(t)} —t +§j(t)lw;le(z7uagj)7 Q1 = 4/ H%? Qg =

1

T+ Note that this process is by assumption centered with respect to the

conditional expectation. In the following we show weak convergence (condition-
ally on Yy, »,) of D ', t0 the Gaussian process DU for almost all samples Yy, ,,
(compare the proof of Theorem 1, Stute et al., 1998). First we show conditional

convergence of the finite dimensional distributions. To keep the proof more read-

able we demonstrate the validity of Lindeberg’s condition only for the statistic
an,l(t) - anlﬂw ni, TL2 )) —’H\dFXj<x)wj(in?€ji79j)

i(2,0)
_ _I/QZA Xji,eh, ),
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where t € [0,1] is fixed. The sequence ]A”;um(lenQ( t)) converges almost surely
to fur(Fy; (1)) (this follows from Koul and Lahiri, 1994, our assumptions 4 and 5
and the additional assumption made in this section that /éj converges a.s.) and
is therefore bounded; [ fi; (x,/e\j) /o (x,/e\j)dF X, (z) is also bounded because of the

almost sure convergence of /9\]- to 0; and assumption 2. We then have for a constant

C that

1
Lo, (8) = n—Z [(A*( 3o €50 OIS, (Xt 53, )] > 1526} Y|
< C2B Iy (X €50, 00) P, (Xn, 50,0l > 03/°6/CH Vs .

= C? / ||¢j<x,u,9j>|121{uwj<x,uﬁj)n>ni/zé/c}ﬁl,m(u)dud%(m)

converges to zero almost surely for n; — oo (compare Lemma 3.2 and the proof
of Theorem 2.1 in Koul and Lahiri, 1994).
To show conditional tightness almost surely, we also confine ourselves to the

process Z, , defined above. Tightness of

_ &(x,0,) .
Z’:, 2 1/2 anl no nl n2 ))Fn11n2 (t) / J(—’éj)dFX] (x)wj<X]17€jz79,7>

follows in a similar manner and tightness of the uniform process
g P ey < B, (0 = ] = g PSP I{U; <t} — ], where the U,
are i.i.d. uniform on [0, 1], is evident. Considering the stochastic equicontinuity
condition for Z .1 we obtain the following for € > 0, 6 > 0, applying Chebyshev’s
inequality:

P( sup |Z;,,(s) = Z 4 ()] > €

s,t€(0,1]
|s t|<6

//Hw (,0,85) 2 For o () dud Py, (1)
fmm( nlng( )) fmnz( nlnz(s))

)

2
) s

( sup
s,t€[0,1]
|s— t\<6
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The integral is almost surely bounded. We further estimate

SUD | Frvins (Frs (0) = Frva (B (5))|

s,t€[0,1]
|s—t]<é

s s | far(Fag (1) — far(Faf (5))] + 2 s Frnims (Frtoy (5)) = far (Fyf () |-
|éft\0%15 5€

The first term converges to zero as § \, 0 because fi{F;; (-)} is uniformly con-
tinuous by assumption 1. The second term converges to zero almost surely as
nj — oo analogously to Lemma 3.3 in Koul and Lahiri (1994). This proves con-

ditional tightness of Z; ; in the sense that for almost all sequences Yy, n, and for

all € > 0,

hmhmsupP( sup |Z; 1(s)— Z; ((t)] > € ynm) =0.

\ n—oo s,t€[0,1] » 7
|s—t|<é
Finally, the conditional covariances of the process D,n in, are
COV<D:1177,2< ) nlnz( ) | ynl n2)

= Z ZCY?E A* J’L? ]'H )A*< Jis j'w ) ‘ ynl n2]

= mm(s, t) — st +{A/(A+1)FAT(s, 1) + {1/ (A + 1) }A5(s, 1),
where

A;(‘S’t) = gj(s)/w;/E[d} (XJ“g]z? )I{E:]z S Fnllnz( )} | ynl,ng]
+ G5 (8w Bl (X0, €5, 0)T{E5 < Folu (90} | Viyna)

+ G5 (8) W Bl (X, €50 0305 (Xii, 52,05 | Yo ma 35 (0)-

Taking into account the almost sure convergence of ﬁn,m(') to far(+), 5j to 6;
and applying the dominated convergence theorem to the integrals, it follows that
this conditional covariance converges almost surely to the covariance Cov(D®(s),
D®@(t)) defined in Theorem 2. Thus, the assertion of Theorem 2 for the test

statistic [A(; \n, follows from the continuous mapping theorem.
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When J/T\nl,n2 (-) denotes the empirical distribution function of all ny + ny resid-

uals €;, for the second test statistic we have

G:,, = / (Fr. (y) — B, (1))2d By ma(v)

Tll—l—’ng

~ ~ ~

- / (Dr, ()2t + / (D (0B g — o) 0 Bl (1)),

where D;fL1 e = VA (1 + )\ A VAVA S )\‘72’; . From the already shown asymp-

totic equivalence of Dn and Dr

o minys the weak convergence of Dn n, and the

2
almost sure convergence of sup,cp |Fn1 ne(Y) — Fnhm(y)] to zero we can derive

that C* is asymptotically equivalent to [H(Dz,,, (t)%dt.

nin2 ’anLQ

The following three lemmas are required in the proof of Proposition 4. Lemma
2 extends a well-known inequality in nonparametric estimation (see e.g. Hajek and
Sidak 1967, p. 17). Lemma 3 extends the results of contiguous measures in location
and scale derived in Héjek and Siddk (1967), Sections VI.1 and VI.2.

Lemma 2: If assumptions 1, 4 hold and hj,, = o(1), then

/w<1+y> (W) /F;(w)dy = 0(1), (11)

o0

where T;(y) = hy,L [ fi(w)p{ (y—w) [hyn, Ydw and f1(y) = h52 [, fi(w)@{(y—
)y Hw.

Proof: First observe that ?j (y) and ?j(y) can also be expressed as [*_ f;(y—
hjn,2)p(z)dz and [ fj(y — hjn,2)p(2)dz, respectively. Thus,

Fiw? < {/_Z fily - hjnjz)) (p(z)dz}2 <

- > fj(y—h]’n]—2>2
fg(y) - f](y _ hjnjz)

* fi(w)? (y—w 1

QO(Z)dZ:?j(y) o fi(w) v Pjn, >hjnj

dw,

where the second inequality follows by applying Cauchy-Schwarz inequality with
X = fi(y—hjn, Z)? and Y = f;(y—hjn; Z)/ f;(y—hjn, Z)*/?, for a random variable
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Z with density function ¢(-). Hence, the left-hand side of (11) is bounded by
(w)? y—w, 1
1+ p(F—)7—duwdy <
/ / ) h]nj h]”]
2, fi(w)’ 1
(1+2w?) go( ) dwdy +
/ / f] (w) hjng h’jnj

RO e ()2 w
/_/_2(y—w2fj()<p(y )h1 dwdy,

w Jnj Jjn;

)
where the inequality follows because y? < 2(y — w)? 4+ 2w?. The first term in
the latter expression equals E{(1+ 25]2)fj( )2/ fi(€5i)*} = O(1), and the second
term equals 2h?n],E{fj(5]’i) /fi(gji)?} [T v?p(v)dv =o(1). W

Lemma 3: Let {Z;}!' , be i.i.d. real random variables with a distribution func-
tion F(-) that admits a density function f(-) such that E{(1+22)f(Z:)?/f(Z:)*} <
oo, If {dni}ty, {eni}? are constants such that maxi<i<, d2; = o(1), >0 d2; =
O(1), maxi<i<n(€ni—1)? = o(1) and >, (en;—1)* = O(1), then the n—dimensional
product measure induced by {dn1 + €121, ..., dpn + €nnZn} is contiguous to the
n—dimensional product measure induced by {Zy, ..., Zn}.

Proof: First assume that E{(1+ Z?)f(Z:)?/f(Z:)?} > 0 and 37 (dni, €ni —
1)'(dpi, €ns — 1) — B, where B is a positive definite (p.d.) matrix. Define W,,; :=
FUZs = dui) ensH Aeni (Ze)}, We = 2 50, (W2 = 1) and s(z) i= £()"/% then,
reasoning as in Lemma VI.2.1.a of Héjek and Sidédk (1967), and using a first-order
Taylor expansion of r(hy, hg) := s{(ﬂc - hl)/hg}/h1/2 at the point (0,1); for a
fixed z, it follows that E(W/* — —3 [[s{(z — dy) ) Jeni} el — s(z)]2dz =
—3[d2; [ $(x)?dz + (e, —1)? [{s(x) /2+x$(m)}2dx + 2dpi(en;i—1) [ $(x){s(z)/2+
x$(x) }dz] + o(1); hence,

EW,) — —=Tr(In B)/4, (12)

where loy == E{(f(Z:)/ f(Z:), 1+ Z:f (Z:) (Z:))'(}(Z0) ) (Z:), 1+ Z:f(Z:) | (Z0))'}

and Tr(-) stands for the trace operator. On the other hand, if we define T,,; :=
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dni$(Z;))s(Z;) + (eni — V){1/2+ Z;5(Z;) /s(Z;) } and T, := —2 """ | T, using the
central limit theorem in Hdjek and Siddk (1967, p. 153), it follows that

T, = N(0, Tr(Io1 B)): (13)

and with a similar reasoning to that used in Lemma VI.2.1.b of H&jek and Siddk
(1967) it follows that Var(W, —T,) < 43", [[s{(z — dy;) i) Jeni} /e — s(z) +
dnis(x) + (ens — 1){s(x)/2 + z5(x)}|>dx; hence, using a first-order Taylor expan-

sion as before, we derive that
Var(W, — T,) = o(1). (14)

From (12), (13) and (14), it follows that W, i>N(—Tr([mB)/4,Tr(IOlB)); this
implies, by LeCam’s second lemma, that {Z, ..., Z,} and {d,1 + €121, ..., dppn +
ennZn} are contiguous. Finally, using the same argument as in Hajek and Siddk
(1967, p. 219), it readily follows that the assumptions E{(1422)f(Z;)?/f(Z:)*} >
0 and >.7  (dniseni — 1)'(dniseni — 1) — B p.d., can be replaced by E{(1 +
Zf(ZP (2} < o0 and Sy &, = O(1), S0 (eai — 172 = O(1). W

Lemma 4: If assumption 2 holds, then maxi<j<,, |M;;(X;;)| = op(n}p).

Proof: Let n > 0 be arbitrary, then

1<i<n

P(mas [My(X;0] > %) < 37 PMy(X0]| > ')
=1
My (XN ?
< B (IR HIMy (X0 > m Y]
nn,;
1
= ?E [ M (X5i) P T{M;(Xji)? > n°n )] -

The last term is o(1) because E[M;;(X;;)?] < co by assumption 2. B

Proof of Proposition 4: Denote G;(y) := f;(y)/f;(y) and define g;(y), f;(y),
}J(y) and éj(y) in the same way as q;(y), fj(y), fj(y) and @j(y), but replacing

residuals €;; by errors €;;. We first prove that

/_oo 185(y) = a; W) fi(y)dy = o0,(1). (15)

o
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Observe that [[3(y) — ¢;®)II> = (1+ 5*){G;(y) — G;(w)}% Let F;(y), f;(y) be
as in Lemma 2; then {G;(y) — G;(y)}> < 3{G;(y) — G;(y)f,(y)/2/ f;(y)"/?}?
+ 3{G )W) 2 W) = £/ 1@ TF@0V2 + 30,/ 1£0)F )

G;(y)}?. Therefore, if Aj, denotes the event {y € R : |y| < ajn,, fj( ) = bjn,,

£ < em Fiw)},

)7 H&}( ) =4I fiy)dy <
3 2L+ y2)G5(w){f5(9)2 = i (9) /2y 2dy+
3 J4,, (1 +y? HG5) = F,0)/F)YF () dy+

ngJan L+ (G (y) = 1) /F;w)¥ T (y)dy+

31 (L4 v f,0)/T, )2 = fi(v)/ £ (y) /2 2dy
= 3{(I) + (IT) + (III) + (IV)}, say.

/\ ’

To prove that (I) is 0,(1) note that, with our notation, we can rewrite inequality

(6.22) in Bickel (1982) as follows:

52
— any o f Yy — )\h n]
{fj(y)l/2 1/2}2 J / / fay )\hj 5 (z)dzd/\.
o il inj

Hence, as G;(y)? < 2, ,

Jng

n; P, )? 0 2 Ahjn, 2
(I)g(c““ / (1+y° // 215y = Mign,? (z)dzd)\dy:

fily — )‘hjn]
(Cn; P J”ﬂ // (1422 =Y L yardw
Ahjnj Nogn, Ay, '

Now, with the change of variable y = w + vAhj,; in the integral with respect to

y, and since 1+ (w + vAhj,,;)? < 14 2w? + 202A°h2, , it also follows that

Jng?

(Cjn,Tjn, )? fi(w)?
(f)gf{ LR dw/ dA/ o)do+

2 Oo—fj(w)Q w Bt 00114 v)dv p =0 0 =0
s, [ S /OAdA/OO o )d} (1){0(1) + o(1)O(1)} = o(1).
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As (I1) is non-negative, to prove that (17) is 0,(1) it suffices to prove that E(I]) =
o(1). Note that if y € Ajn, then G;(y) = f;(4)/f;(y) = G ({1 = )/ F; ()} +

{fj(y) — E(y)}/ﬂ(y), hence, as fj(y) is non-random,

EB(IT) <22, / A+ )BT, W) - Hw) /T w)dy +

2 / 1+ ) ELF5 () — 1)1 T, )dy <
Ajn,

1 2

2 ( j?‘LJ

Ko +
Nl

o) [P e A,

where the last inequality follows because E[{f;(y) — f;(y)}Q] = Var{fvj(y)} <
Ele{(y — €i3)/hjn; }?1/(n;15,.) < w0f;(y)/(nihjn,), for ko := sup,ez (x), and
similarly BI{(f;(y) = f;)}) < 01T,/ (0B, ). for 1 := sup,cs 0(w)/p(a). I
y € Ajn,, then |y| < a;,,; thus, the integral in the latter expression is bounded by
fajn (1 + y?)dy, and hence

tljn

3
Jn; )

3

(Gt ) e, + ) =0l

To prove that (I1I) is 0,(1) it suffices to prove that E(III) = o(1). Note that

E<m>:/°°<1+y> (TPl € AC, )dy

—00

Under our assumptions, for fixed y it follows readily that (1 +y ) WA Fy) —

(L+52);(y)?/ £i(y). Moreover, f;(y) 2 f;(y), f,;(y) 2 f;(y); hence, P(y € AS, )
< P{F) < byu,} + I3l > az0)) + PLT, 0| > 50,5} = o(1). Additionally,
(11) ensures that the uniform integrability results apply, and hence E(I11) = o(1).
Finally note that, for fixed y, (1+2){f,(u)/F;()"2 = )/ f;(y)/2}2 — 0; now

(11) and assumption 1 ensure that the uniform integrability results apply and

hence (IV') = o(1). Thus, the proof of (15) is now complete.
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To prove that (3) follows from (15), we use the contiguity result derived
in Lemma 3. Define now djyi(u) := {p;(Xji,0;)— p;(Xji,u)}/0;(Xji,u) and

ejnji(u) := 0;(Xji,0;)/0;(Xjs,u). From assumption 2 and Lemma 4 we obtain

sup max 3, s(u) < (M?*3/53) max My(X5)? /S = O(L)op(n; ") = 0,(1),
SN <tsny

Jnjt J J
u

where, as above, sup, denotes the supremum for ||u —6,|| < M nj_l/ ? for a fixed

M. Similarly,

suplrgzi)é_{ejnﬂ( u) — 1} < (M2°‘23/S2) max MQJ(X i)2/n5 = o0p(1).

On the other hand,

Supz Jn; z < {n 1ZM1J JZ) }M2a1] . alj/S2 ( )O(l) = Op(l)v

and similarly sup, > ;7 {ejn,i(u) — 1}2 = O,(1). Then, taking into account the
root-n -consistency of /Q\j, the result derived in Lemma 3 and the relationship
between ¢;,,, and €j,;, using a similar argument to that in Bickel (1982, p. 657),
it follows that the measure induced by {€j1, ...,€jn,} is contiguous to the measure

induced by {;1, ..., jn, }; therefore, (3) follows from (15). W

Proof of Proposition 5: Let g;(y), E(y), fj(y) and CN;'J(y) be as defined in

Proposition 4. Reasoning as in the proof of Proposition 4, we only have to show:
n;

2N (e > @) @) — i)} — /Oo{aj(y) - Clj(y)}fj(y)dy]H = 0p(1).

i=1

sup
z€eR

To keep the proof readable we only present the line of argument for the second

component of ¢;(y) — ¢;(y), that is

LW i) L0 -5
L) L f(y)? (14 74n, (4)).
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where 7, (y) = (f;(y) — f;(y))/ﬁ(y) and we assume in the following |y| < ajn,,
E(y) > bjn,, |}](y)| < cjnjfj(y) (i.e. y € Aj,, with the definition from the proof
of Proposition 4, where P(y € A]-Cn],) = o(1) was shown). For the remainder we
have uniformly in y € R,

01 = O(2) + 0ot —) =) 16)

n

(see e.g. Silverman, 1978, for uniform rates of kernel density estimators). Thus,

in the following we concentrate on proving sup,c |Vjn, (7)| = 0,(1), where

V() = ny ”22[I<eﬁzx>fj<5ﬁ>ff<€ﬂ> e |

I(f3(e) = byn,)

fj (€5i)
/ f )fi(y J)CJ( )fj(wj(f](y) > bjn;) fi(y)dy
B n]\/_zz:kz; |:I it =7 (hJQTbJ ( jih;nj jk)

1
1 =g filg)y 1
hjnjgp( Jh’jnjj )fj‘(E;i))fj(Eji)

_/I(y2$)<h21 sb(y,;nij’ﬂ—hjnjw(y >§E§§)

I(fi(eji) > bjn,)

XI(F5(y) = bin,)y|.

With some straightforward calculations one can show E{Vj,(z)} = o(1) and
Var(Vj,;(x)) = o(1) for each fixed x. However, to derive the result uniformly in
x € R we will use empirical process and U-process theory.

The indicators (J?] > bjn,) assure the existence of expectations. Note that
fi > f; - |}; — fj|. The term in absolute value is uniformly almost surely of
order o(b;n,) (compare (16)). Therefore on the event {E > bjn, } We can assume
fi = bjn,/2 and obtain, e.g., for the expectation of the term appearing in the

above double sum for the special case i = k,

ol G ) iy 0 2 ] < O =t
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For ease of notation in the following we omit the indicators and implicitly assume
that we only consider sets where fj > bjn, and f; > bjy, /2 is valid. We concen-
trate our considerations on the following (symmetrized) U-process (compare the
definition of Vj,, (z)),

njg Ny

1

——U. (o E § . 0

Qh?ng ’ ]<9 ’h]nj) 2h2 n]\/_ i=1 k=1 Geshing 53 gjk
k#1

where

Gen(u,v) = I(uzx)((tb(u_v)—hgp(u_v)fj(U)>fj1

- [tz (s - <y2v>Jffj§Z;>dy
Iz a)(¢(7) = <Uhu)£8 ij@>

- /J(y > ) (e(f=) — (= u>§jéz§>dy

We denote by G the function class {g, sz € R,h € (0,1)} and by G the class of

conditional expectations {g, |z € R, h € (0,1)}, where

Gep(v) = Elgen(eji,v)]

_ 1(02@/(;0(”;“)% ) fchZ )f (v)

— [ [z (o5 - no )fjgyi)dfy()

Hoeffding’s decomposition gives Ujn,(gen) = Ujn;(Gan) + 20, 1/2 S Gen(Eji),s

where o n(u,v) = gon (1, v) = Jon(¥) — Gon(v) and Ujy,(gen) is a degenerate U-
process. With some tedious calculations using Lemma 22(ii), Corollary 17 about
sums of Euclidean classes, a similar result on products of bounded Euclidean
classes, and Corollary 21 of Nolan and Pollard (1987) it can be shown that the
function classes G and G are Euclidean (see Definition 8 in Nolan and Pollard,
1987, p. 789). Then it is easy to see that the assumptions of Theorem 5 in Nolan
and Pollard (1988, p. 1294) are satisfied and from the proof of this Theorem it
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can be concluded that sup,cg ye(0,1) [Ujn; (Gz.1)| = Op(nj_l/Q) (compare the proof

of Lemma 5.3.a, Neumeyer and Dette (2003) for a similar argument). Therefore

we obtain
1 —1/2; —2
2h2 Slelp |UJ”J (gx h]’ﬂ )| = p(nj hj'”]') - 0p<1)
Jn; T

and in the following we only have to consider the empirical process part of Hoeff-

ding’s decomposition, that is

"

—1/2, — ~ ~

0y RS Ga, G = W25 (P Gin,) = PlGann,))
i=1

where P and Pj,; denote the measure and empirical measure of €;;, respectively.
The rest of our proof uses ideas from Theorem 37 in Pollard (1984, p. 34). We
cannot apply this theorem directly because our function class G has no constant
envelope. For the complete line of arguments we refer to the proof of Lemma

5.3.a in Neumeyer and Dette (2003). Note that the function class G is Euclidean.

We define the following sequences of real numbers, «aj,, = nil/ 2hjn?j 245 jn,; and
6? = hj: 2d’b ! , (using d; from assumption 7) such that
PG ,,.)
J

) = e ) )]

= i [ (et [ oot pmadi)

< ]n]/ /fJ Yy — hjn,2) (Z)dz_/fj(y_hjnjzw(zngg;yfi‘z)
= <5J2'nj)

IA
&
—
/N
~
—~~
™
I
V
&
/N
BN
Q(‘f)
QDN =
S

uniformly in z € R (using our implicit assumption f; > bj,,/2). Additionally, we
have logn; = o(n]cS2 ) and njéinjajnj — 00. Using the argument in Lemma

5.3.a, Neumeyer and Dette (2003), we obtain
Slelg "Pjnj (g337hjnj) - P(gxyhjnj” = Op(éin] ajnj)
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and conclude the assertion from h]’nz] \ /njo(éjznj Qjn;) =o0(1). W

Proof of Theorem 3: First we prove that under Hy /I/I7jnj () = ﬁjnj {F;l()}
converges weakly to a standard Brownian motion. Let DI[0,b] (b > 0) denote
the space of cadlag functions endowed with the Skorohod metric, and define the
mapping I';(-) from DI0, 1] to D0, 1] as follows:

¢ 1

FAOH = [ P YO 6 ol s

It is easy to check that I';(-) is a linear mapping. Note that ¢;{F;'(-)} is

the derivative of Q;(-) = (Qu;(+), Q2;(+), Q3;(-))", where Qu;(t) = t, Q;(t) :=
fj{Fj_l(t)}, Q3;(t) := Fj_l(t)fj{Fj_l(t)}. With this notation, observe that

Pi{@Qu ()} = Qi(), (17)

for | = 1,2,3; this follows because Cj{Fj’l(s)}_le{F{l(s)} = I3 implies that
CHF (5)} " J7 Q(r)dQus(r) = (1,0,0)' hence Ty {Qu () 1(t) = J¢ Qy(s)(1,0,0)ds
= ()1;(t), and a similar reasoning applies to Q2;(-), @3;(-). Using now the relation-
ship ‘A/Jn]() = n1/2[ﬁ}nj{ijl(‘)} — Q1;(+)], the linearity of I';(+) and (17), routine
calculations yield that, under Hy, \//\;n]() - F]{ij()} = /V[an() Using (2) it
also follows from there that

Win,(-) = Vin, () = T3{Vin, ()} + 0p(1),
because I'j{g;(-)'€;n, } = 9;(-)'§;p, by (17). Thus, as Vjy,,(-) converges weakly to
a standard Brownian bridge V'(+), /V[En]() converges weakly to V(-) — I';{V (")},
which is a standard Brownian motion in [0, 1] (see Khmaladze, 1981).
Now define /V[an() = ﬁjnj{Fj_l()} To prove that anj (1) = /M7jnj () +op(1),
we follow a similar approach to that used in Theorem 4 of Bai (2003), though now

some additional terms turn up because the estimated functions ]?]() also appear

45



in the integrals to be computed. Observe that for every ¢, € (0, 1),

Wi, (t) —%(t)\ <

2 @s-i(y)' Csj( v) S, @i 2)dFj, (2)}
{Faiy) = fosly }dy) -

D 1)) )f”” B0/ {Cs s (9) "~ Tasly) ™}
Uy -3 (2)dEn, ()} o)y +
SUP e (oot ™y | [qs 5 Coms () T By (2)A By, (2)} =
43-5(y)' Ca— () ;" a5 (2)A 5, (2)}] fo—s(y dy‘

=(I)+ (II)+ (III), say,

SUP¢e(0,0)

nl/?

SUPze(—o0,F; (t0)) 'Y

where we define C;(y) = [ q;(w)g;(w) fj(w)dw. We prove below that (I),

Y

(I1) and (I11) are all 0,(1). Hence, under Hy, ﬁ;]n]() also converges weakly to
a Brownian motion W®(.) in the space DI0,,]. Thus, K = ﬁ}'nj (z0) /2

n1,12,20
SUDye(0, F; (20)] ‘/V\an] (t)) converges in distribution to Fj (o) /2 supse(o g, (o) | W (#)]
= sup;c(oq | W (t)], where W (t) := Fj(xo)/2WW{F;(x0)t} is a Brownian motion
in the space D0, 1] On the other hand, reasoning as in Theorem 1, it follows

that 07 = Fy (20)2 [ 1(z < 20){ W, (2)}2dF}(x) + 0,(1); thus O

n1,Mm2,20

converges in distribution to Fj(zq) > fo 3@ Ly () (4)}2dt = fo {W(t)}2dt.

ni1,n2,To

Therefore, to derive the result under Hg it only remains to prove that (I),
(II) and (III) are o,(1). First, we prove that (/1) is 0,(1). To simplify no-
tation, hereafter we drop the argument s and denote g; = Z]}{ijl(s)}, C; =
CAE Y (s)}, 5 = ¢;{F; '(s)}, C; = C{F;'(s)}. Note that the first column
in C; is quAj{lfjfl(r)}dr' hence 6~_16~ = I3 implies that 6~_1 fIZ]\J-{F-’l(T)}dr
= (1,0,0)". Thus, |, qj ; f ¢{F; ' (r)}dr]ds = t; on the other hand, (17) for

[ =1 can be rewritten as fo ¢Ct fs ¢;{F; '(r)}dr]ds = t. These two equalities
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imply that (I11) can also be expressed as

__1 ~ _ f
Iy @585 1) @y B )}V, (1)
dh O3 [ s L) 1AV, ()] ds

SUP¢e(0,t0)

<

~ AL ~ — — i
SWie10) Jy |BosCirsy J) G iU (1)} = 55 {F; (1)D)AV;0, (1) dst - (18)
~ Al - - 1
SUPyeio) Jo (@5 (Cay — Cs'y) [ as—i {5 (r)}dVi, (r)| ds+

t
SUP¢e0,t0) fo

(@-s— 453 C [ 551 Fy (1)} AV, (1) s

Now observe that, for all s in (0, ), from (2) we derive that

@s-5C5 2 @i (F ()} = as-f LF (1) DAV, ()] < g1l
@it )} (2 oA F 00} = s (B 1)}V, ()| +
L IGAE ) = g (B 0| a2
{2 19501 dr20,(1) + 0,(1)]) = -3l Opl(L)oy (1),

where the last equality follows from (4) and (3). Similarly,

(19)

——1

405 = O J) s U ()}, ()] <

las511||C5y = €5 | || as5 45 () bW, (1)

-1 |Css = G54 [ ) as-5(F7 93V, ()| + (1)
= Il op(1)0p(1).

where the second inequality follows using (2) and reasoning as in (19), and the last

<

(20)

equality follows because by the functional central limit theorem | ' gs—i{F;H(r)}
dVjn,(r) = O,(1) and, using the same argument as in Bai (2003, p. 548), it follows
that HU;]- — Oy

= 0p(1), uniformly in s. Finally,

(@5 = 53 Csy [, a5y )}V, (1)
55 — a5l [|Cs- LBy (1)} || 2 as-s (B )V, )| 21)
= 1335 — a3 Op(1)Op(1).

Thus, from (18), (19), (20) and (21), and using (3) it follows that

<

(I1T) < 0,(1)( / G2 ds)2 + 0,(1)( / 1 — syl ds)2 = 0,(1).
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To analyze (1) and (1) observe that, under our assumptions, using the results in
Silverman (1978) and Lemma 3 in the same way as in Proposition 4, it follows that
SUP,cR Fi(y) — £i(y)| = 0,(1), which implies that SUD,y e (—o0,z0] Ci(y)™ = Cy(y)
= 0,(1). Thus, using the same arguments as above it also follows that (1) = 0,(1)
and (/1) = 0,(1). This completes the proof of part a.

Under Hy, note that the probability limit of nj_l/ Q%jnj (x) is

=(z) == Fy(z) - / " )Gy (y) / " ()22} fay (0)dy

Assume that Z(z) = 0 for every z € R. Then Z(z) = 0, i.e.,

fi(@) = gs—3(x) L (2) f5—5(x) =0, (22)
where Y(z) := Cs_j(z) {7 qs_;(2)f;j(z)dz}; but using the rules for matrix
derivatives it follows that T(z) = —Cg_j(x)_ng §(@)Cs(2) " [7 g3-5(2) fi(2)dz}

— Cy_j(z)Ygs_(2) fj(z) = —Cs_(x)*gs_;(x)=(z) = 0 and hence T() is con-
stant, say (A1, A2, A3)’. Therefore, (22) implies that f;(z) = (A + X3) fs—;(z) +
Xafs_j(z) + Asxfs_j(z). Now, if we integrate the two terms in this equation,
and also the two terms premultiplied by  and by 22, taking into account that
E(ej;) = 0, E(e5;) = 1 and E(e3;) < oo, we derive three equations which imply
that Ay = 1, Ay = A3 = 0. This proves that if Z(x) = 0 for every z € R, then

Hyp holds. Hence, under H; there exists x, such that =(z,) # 0; thus, if xy > .,
n71/2_(j)

J n1,n2,T0

n /2709 converges in probability to Fj(zo)? [*7 E(z)*dFj(x) > 0, and part

J n1,n2,T0o

converges in probability to Fj(x0) /2 SUp,e (4o 12(2)] > 0 and

b follows from there. B

Proof of the Corollary: Let W(-) := (Wi(-), Wa(-)) be a Gaussian process
on D[0,1] x D[0,1] with zero mean vector and Cov{W (s), W(t)} = min(s,t)I,
where I denotes the identity matrix. As /Wml(') and /ng(-) are constructed
with independent random samples, it follows from the proof of Theorem 3 that

under Hy \/7\\7”6) = (/V[Zn1 (+), /V[72n2(~))' convergesTweakly o'W (J). Thus, the result
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in part a follows because sup,¢ | H\/K\/'n(t) - Wn(t)H = 0p(1) where Wn() =
(Wlm (+), /—Wvgn2(')),, and the result in part b follows from part b of Theorem 3. B
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