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MINIMAL RIGHTS IN CLAIMS PROBLEMS

Carmen Herrero

ABSTRACT

This paper focuses on some well-known properties for claims problems, as well
as on duality. Our main result is that the Constrained Equal-Losses Rule is the
only rule satisfying equal treatment of equals, composition from minimal rights,
and path independence.



1. Introduction

A group of agents have claims over an estate, and the estate is insufficient to
cover all the claims. How should the estate be divided among the agents? In this
paper we deal with such clazms problems, and explore some rules to solve them.
As examples of claims problems, we may think of bankruptcy situations, when
the net worth of a firm is not enough to cover the debts, or inheritance situations,
when the estate is not enough to cover the bequeathed amounts. Thomson (1995)
is an excellent survey on the literature on claims problems.

We focus on two well-known rules: the constrained equal-awards rule and the
constrained equal-losses rule. They both fulfill some appealing properties: equal
treatment of equals, composition, and path independence. The constrained equal-
awards rule also satisfies independence of claims truncation, a property stating
that any claim exceeding the estate can be substituted by the estate value with-
out affecting the distribution. Dagan (1996) characterizes the constrained equal-
awards rule as the only rule satistying equal treatment of equals, composition, and
independence of claims truncation.

In solving a claims problem, any part of the estate which is left after fully
honoring all agents’ claims but one, can be interpreted as a minimal right of
the remaining agent. This idea appears in the contested garment problem, one of
the examples of claims problems discussed in the Talmud ( Aumann and Maschler,
1985). The idea to fully honoring at least minimal rights underlies the property of
composition from minimal rights. It recommends to assign any agent her minimal
right as a first step, and then to divide the remainder after adjusting the claims
down by these amounts. The constrained equal-losses rule satisfies composition
from minimal rights.

Our main result is that the constrained equal-losses rule is the only rule satis-
fying equal treatment of equals, path independence and composition from minimal
rights.

A rule provides a division method. A new rule, its dual, can be obtained by
first assigning to everyone his claim, and then applying that method to allocate
losses. The constrained equal-losses and the constrained equal-awards rules are
dual rules. Dual rules satisfy dual properties. By noting so, we obtain our main
result from Dagan’s characterization of the constrained equal-awards rule and
duality.

The interest of this characterization is twofold. On the one hand, it is made
out of well-known and widely accepted properties, something of particular interest



in order to support rules from an axiomatic prespective. On the other hand, it
is an example of the powerness of the idea of dual properties. Dual rules were
introduced by Aumann and Maschler (1985), but duality of properties is a novel
idea no used so far.

The paper is organized as follows. Section 2 describes the model, the rules
and the properties. Section 3 introduces dual rules and dual properties, and by
exploiting these ideas, provides with a characterization of the constrained equal-
losses rule. An alternative (direct) proof of our main result is presented in an
Appendix..

2. The Model

Let N ={1,2,..., n} be a set of agents. A claims problem (O’'Neill, 1988) is a
pair (¢, F), where E € Ry, ¢ € R} and ), ¢; > E. These data are interpreted as
a list of claims, ¢, where ¢; is the claim of agent ¢ € N, over an estate F. Let C
denote the class of all problems.

A rule is a mapping F' : C — R", that associates with every (¢, F) € C a
unique point of R", F'(¢, E) such that: (i) For alli € N, 0 < Fi(¢, F) < ¢;, and
(ii) > Fi(c, E) = E. The point F'(c, ) is interpreted as a desirable way of dividing
E. Requirement (1) is that each agent receives an award that is non-negative and
bounded above by her claim. Requirement (ii) is that the entire estate must be
allocated. Let F be the set of all rules on C.

Next we introduce two well-known rules. The constrained equal-awards
rule makes awards as equal as possible, subject to the condition that no agent
receives more than her claim. The constrained equal-losses rule makes losses
as equal as possible, subject to the condition that no agent ends up with a negative
award.! Formally:

Constrained equal-awards rule, CEA: For all (¢, F) € C and all i € N,
CFEA;(c, ') = min{e;, A}, where A solves " min{c;, A\} = E.

Constrained equal-losses rule, CEL: Lor all (¢, F) € C and all i € N,
CELi(c, F) = max{0,c; — A}, where A solves Y max{0,¢; — A} = E.

I The principle underlying this rule, the equal-loss principle, has been applied to other
distribution problems, such as cost-sharing, taxation or axiomatic bargaining [see for instance
Young (1987), (1988), Chun (1988b), Herrero and Marco (1993)].



Next, we formulate several properties of rules. The first one is a basic equity
requirement: agents with identical claims should be treated identically. Formally:

Equal treatment of equals: For all (¢, F/) € C and all i,j € N, if ¢; = ¢;, then
Fi<cuE> = Fj<cuE)‘

To motivate the next two properties, suppose that a tentative distribution is
made by first forecasting the value of the estate. Assume that, once the tentative
division 1s done, the actual value of the estate is greater than initially thought.
Then, two options are open: either the tentative division is cancelled altogether
and the actual problem is solved, or the rule is applied to the problem of dividing
the incremental value of the estate, after adjusting the claims down by the amounts
assigned in the tentative division. Composition states that the rule should be
invariant with respect to the chosen option. Alternatively, assume that, once the
tentative division is done, it turns out that the actual value of the estate falls
short of what was expected. Path independence requires that the solution of
the actual problem should be the same as that of the problem resulting from
adjusting the claims down to the tentative solution. Formally:

Composition (Young, 1988): For all (¢, F,) € C and all Fy, s € R, such that
Byt By = B, F(e,B) = Fle,y) + Fle— Fle, 1), ).

Path Independence (Moulin, 1987): For all (¢, F) € C, and all £/ > F|,
Fle, B) = FF(c, '), E.

Remark. It is easy to see that if a rule satisfies either composition or path
independence it is monotonic and continuous with respect to estate.

The constrained equal-awards and the constrained equal-losses rules satisfy
equal treatment of equals, composition and path independence.

The next property states that a rule should not consider any claim that is
greater than the estate: namely, replacing c; by E if ¢; > E should not affect the
recommendation.

Independence of claims truncation (Dagan, 1996): For all (¢,F) € C,
F(e,E) = F(c'' E), where, for all i € N, ¢! = min{FE, ¢;}.

Finally, consider a property related to composition, but obtained by requir-
ing first the rule to respect minimal rights. The minimal right of an agent



corresponds to that part of the estate which is left after fully honoring the
claims of all other agents, or zero, if the previous amount is negative.Composition
from minimal rights establishes that each agent should receive first her mini-
mal right, whereas the remainder should be divided after adjusting the claims
down by these amounts. Formally, let (¢, /) € C. For all i € N, let m;(c, E) =

max{0, £ — >, ¢}

Composition from minimal rights: For all (¢, ) € C, F(c¢, E) = m(e, E) +
Fle—m(c, B), E =5 ym(c, E)].

The following theorem provides a characterization of the constrained equal-
awards rule on the basis of some of the properties just defined:

Theorem 1. (Dagan, 1996): The constrained equal-awards rule is the only rule
satisfying equal treatment of equals, composition and independence of claims trun-
cation.

3. Duality and our Main Result.

Let us now consider an operator on F. Given a rule ' € F, we define its dual,
F*, as follows (Aumann and Maschler, 1985): For all b = (¢, E) € C, F*(c, F) =
c—Fle,> ¢; — F).

Note that for all b = (¢, F) € C,we have that ¢; — F € Ry, and ) ¢ >
(3" ¢; — E), and consequently, the problem (¢, ¢; — E) € C. Additionally,
0< F(c,d.¢;—F)<cand ) Fi(c,> ¢;—FE) = C—F,and thus, 0 < F*(c, E) < ¢
and Y F¥(c,F) = FE, that is, I'* € F.

Rules I' and F™* are related in a simple way: F™ divides what is available in
the same way as F' divides what is missing (see Aumann and Maschler, 1985). It
is immediate that CEL = CEA*.

A rule I is self-dual if I"™* = F. Examples of self-dual rules are the proportional
rule and the
Talmud rule, T (Aumann and Maschler, 1985): For all N € F, all (¢, F) € C,

in{lc. i < 1 .
and all i € N, Ty(c, F}) = { Ezj{?%ii}_ ) ig > %3 2
where A and p are chosen so that Y. Ti(c, ) = E. Talmud rule.?



Given two properties P, P*, we say that P* is the dual property of P if for
all F' € F, it happens thalt F' that satisfies P iff its dual rule, F'*, satisfies P*. A
property P is self-dual if P* = P. It is immediate that equal treatment of equals
is self-dual. We also have the following results:

Lemma 1. Composition and path independence are dual properties.

Proof: ForallF € F, all (¢, E) € C, and all By, By € R such that F1+ Fy = E,
F*(¢,E)=c—F(¢,>c;—E)=c—F(¢,Y ¢; — By — E»).

Let z = Fle, > e;—Ey). If F satisfies path independence, F(e, > ¢;—E1—Fy) =
F(z,> c;—E1—Fs) = F(z,) z;—Fy) = 2— F*(z, By). Thus, F*(c, E1+ Es) = c—
2+ F*(z, FBy) =c—F(e, Y c;—Er)+ F*(2, Ey) = F*(c, E1)+ F*(c— F*(c, Er), ).
Therefore, F* satisfies composition.

Similarly, F(c, E1+ Ey) = ¢ — F*(¢, > ¢; — By — Ey).

Let y = F*(¢,> ¢; — Ey). If F* satisfies composition, F(c, Ey + Ey) = ¢ —
F*(y,> ¢c; — By — By) = ¢ — z+ F(z, By) = F(c, Eh) + F(z, By). Therefore, F*
satisfies path-independence. [J

Lemma 2. Composition from minimal rights and independence from claims
truncation are dual properties.

Proof: Let F' be a rule satisfying composition from minimal rights. For all
(e, B) € C we have F*(¢,E) =c—F(¢,Y.¢c; — F) =

c—m(e,Y ;= E)—=Flc—m(e,> ¢, — E), > c; — E—=> m(c,Y ¢; — E)).

Let ¢ = c—m(e,> ¢; — E). Thus, Y . = > ¢; — > my(c, ¢; — E). Then,
F*(c,B)=d — F(d,Y . — E)=F*(d,E).

Note that ¢;, = cg —my(c, > ¢; — B) = ey —max{0, Y c; = B =3 py iy G} =

cr, — max{0,c; — E} = min{cy, E'}.and thus, F'* satisfies independence from
claims truncation.

Similarly, assume that F™* satisfies independence from claims truncation. Then,

Fle,B)=c—F*(¢,> . c; — E)=c—F*(,> ¢; — E),

where ¢, = min{cg, Y ¢; — F) = ¢y —max{0,¢;, — > ¢; + B} = ¢ —my(c, ).

2Proportional rule, P: For all (¢,E) € C and all i € N, P;(c, E) = Ac;, where ) solves
Z )\Ci =F.

Talmud rule, T (Aumann and Maschler, 1985): For all N € F, all (¢, £) € C, and all { € N,
inflc. i < 15 X
men={ i) ESiEe
sCici—pp HEZ>355ya
where A and g are chosen so that Y.\ Ti(c, E) = E.



Thus, F(e, E) =c—d+F(d,Y i => ¢;+ E) =m(c, E)+ Flc—m(c, E), E —
S m;(e, E)]. Therefore, F' satisfies composition from minimal rights. O

Theorem 2. The constrained equal-losses rule is the only rule satisfying equal
treatment of equals, composition from minimal rights, and path independence.
Proof: Is a direct consequence of Theorem 1, Lemmas 1 and 2 and self-duality of
equal treatment of equals.[]

Remark. The properties in Theorem 2 are independent. We provide examples
of rules fulfilling all but one property at any time. We mention in each case the
property that is not fulfilled:

Fqual treatment of equals: Choose an agent i € N. Now, for all (¢, E), take
Fi(e, E) = my(e, E), and for all j € N\{i}, Fj(c, F) = max{0,¢; — A}, where A
solves D~ o iy max{0,¢; — A} = ' —my(c, B).

Composition from minimal rights: The constrained equal-awards rule.

Path independence: The Talmud rule.
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4. Appendix: A Direct Characterization of the constrained
equal-losses rule.

Theorem 2. The constrained equal-losses rule is the only rule satisfying equal
treatment of equals, composition from minimal rights, and path independence.

Proof: The CEL rule satisfies all the properties.

Conversely, let F' be a rule that satisfies all the properties. Lel us show that
F=CFL.

Let (¢, B) € C. Let C(c) = >, ¢, 6(c) = min;¢;, and D(c) = C(c) — 6(c) =
max;en{) e &1 Also, let my(c, B) = max{0, = 3", ¢;}

Case 1. C(c) — 6(c) < E.

By composition from minimal rights, F(c, E) =m(c,E) + Flc—m(c, E), E —
S mile, B)

Note that for alli € N, m;(c, E) = E—C(c)+c¢; and c;—my(c, E) = C(c)— E.
Thus, by equal treatment of equals, for all k € N, we have Fylc —m(c, B), F —
> imi(e, B)] = 22[C(c) — E). Thus, for alli € N, Fi(c,E) = ¢;+ E — C(c) +
10(e) — B] = ¢; — YL = CEL(c, E).

Case 2. C(c) —né(c) < E < C(c) — 6(c).

Without loss of generality, assume that ¢y < cg < -+ < ¢,. Thus, 6(c) = ¢4,
and D(c) = co+ -+ + cn.

Step 1. Note that (¢, D(c)) € C and by construction, it is covered by Case 1.
Thus, for alli € N, Fi(c,D(c)) = CEL;(c, D(c)) = ¢; — 5(0) =c}

By path independence, F(c, E) = F( LE).

Now, note that ¢} < cj < --- < cl. Thus, §(c*) = ¢f = 226(c), and D(c') =
C() — 5(e) = C(e) — 5(6) — 2=26(c)

Now, two possibilities are open: either D(c') < E, or D(c') > E.

If D(c') < E,then (¢', E) is covered by Case 1. Thus, F(c', E) = CEL;(c', E).
Since CEL satisfies path independence, CEL(c',E) = CEL(c,E), and thus,
F(e,E) =CEL(c, E).

If D(cY) > E, go to step 2.

Step k. Note that (c*~1 D(c 1)) €
1. Thus, for alli € N, F;(c¢" ! D(cF1)) =
¢ - 42 [1+%+<”T*>2+---+<—1>’“ 1} 4

By path independence, F(c*1 E) = F(c* E). Note that ¢§ < c§ < ... < .

)=

Thus, §(c*) = ¢ = (%)ké( ) and D(c*) = C(c”

€eCa by construction, it is covered by Case
) = CEL(c" 1, D(eh 1)) = ¢f 1252 =

n

b

10

6(cF) = C(0)=8(e) |1+ 2L + (22



Now, two possibilities are open: either D(c*) < FE, or D(c*) > E.

If D(c*) < E, then (c*, E) is covered by Case 1. Thus, F(c", E) = CEL;(c* E).
Since CEL satisfies path independence, F(c, ) = CEL(c, ).

If D(c*) > E, go to step k+1. ..

We claim that for some k € N, D(c*) < E. Suppose not. Then, for allk € N,
D(c*) > E. Thus, limy_,o D(c") > E. That is,

E < C(c) — 8§(c) limy, o [1 pooly (ny gy ("7*1)’“} = O(c) — nd(e),
which contradicts the fact that (¢, E) is covered by Case 2. Thus, F(c,FE) =
CEL(c, E).

Case 3. E = C(c) —né(c).

Let {Ey} be a sequence such that Ey > FEy,1, and {Ey} — E. Thus, the
sequence of problems {(c, E¥)} converges to (c, E). All problems (c, E*) in the
sequence are covered by Case 2. Thus, for all k € N, F(c, E*) = CEL(c, E*). By
path independence, I is continuous with respect to the estate. Thus, F(c, E) =
limy o F(c, E*) = CEL(c, E).

Case 4. FE < C(c)—né(c).

Let Ni(c) ={i € N | ¢; = 6(c)}, and let nq = |N1(c)|. By path independence,
F(e,E) = F(F(c,C(c)—nb(c)), E). For alli € Ny(c), Fi(c,C(c)—nd(c)) =0, and
for any other i € N\Ny(c), Fi(c,C(c) —né(c)) = ¢; — 6(c). Let d = F(c,C(c) —
né(c)). Then, F(c,E) = F(d,E). Let 63(d) = min{d; | d; > 0}. We consider
several subcases:

4.a. C(d) — 65(d) < E < C(c) —né(c) = C(d).

For alli € N\Nq(c), my(d, E) = d;+ E—C(d), and thus, E—=) ", ym;(d, E) =
(n—mny —1)[C(d) — E]. By equal treatment of equals, for alli € N\Ny, F;(d, E) =
d; — C(d) + E + =2-1C(d) — E] = CELi(d, F).

Let Dyo(d) = C(d) — 62(d), and consider the problem (d,Ds(d)). Note that
F(d, Dy(d)) = CEL(d, Dy(d)) = d'. By path independence, F(d,F) = F(d', E).
Now, two options are open: either C(d') — 6,(d") < E, or the opposite. Then, we
may repeat the procedure of Case 2, by only considering the agents in N\ Nj.

4.c. B =C(d)—(n—n1)bs(d). Repeat the procedure in Case 3 only considering
the agents in N\ Nj.

4.d. From then on, repeat the procedure, considering at any step only the
agents in N\Ny U .-+ U Ny, until all possible values of E are covered. [

11



