
PLQLPDO ULJKWV LQ FODLPV SUREOHPV-

Fduphq Khuuhur--

ZS0DG <;053

Fruuhvsrqghqfh= Xqlyhuvlw| ri Dolfdqwh1 Idfxowdg gh Flhqfldv Hfrqöplfdv | Hp0

suhvduldohv1

Ghsduwphqwr gh Ixqgdphqwrv gho Dqäolvlv Hfrqöplfr1 Fwud Vdq Ylfhqwh gho

Udvshlj/ v2q1

363;3 Dolfdqwh1 Who1= 67 <9 8<3 694; 2 Id{= 67 <9 8<3 6;<; 2 H0pdlo= fduphq1

khuuhurCxd1hv

Hglwru= Lqvwlwxwr Ydohqfldqr gh Lqyhvwljdflrqhv Hfrqöplfdv/ v1d1

Iluvw Hglwlrq Vhswhpehu 4<<;

LVEQ= ;707;504;9704

Ghsövlwr Ohjdo= Y05;;604<<;

LYLH zrunlqj0sdshuv r�hu lq dgydqfh wkh uhvxowv ri hfrqrplf uhvhdufk xqghu zd|

lq rughu wr hqfrxudjh d glvfxvvlrq surfhvv ehiruh vhqglqj wkhp wr vflhqwl�f mrxuqdov iru

wkhlu �qdo sxeolfdwlrq1
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-Wklv sdshu zdv zulwwhq gxulqj p| ylvlw wr wkh Hfrqrplfv Ghsduwphqw ri

wkh Xqlyhuvlw| ri Urfkhvwhu lq Pdufk/ 4<<;1 P| vshfldo judwlwxgh wr Zlooldp
Wkrpvrq iru klv frpphqwv/ dgylvh dqg nlqgqhvv1 L dp dovr judwhixo wr \rxqjvxe
Fkxq/ Dqwrqlr Yloodu dqg Rvfdu Yrolm iru khosixo vxjjhvwlrqv1 Ilqdqfldo vxssruw

iurp wkh Plqlvwhulr gh Hgxfdflrq | Fxowxud/ SU<:046943;7 dqg SE<:03388 duh

judwhixoo| dfnqrzohgjhg1
-- Xqlyhuvlw| ri Dolfdqwh dqg Lqvwlwxwr Ydohqfldqr gh Lqyhvwljdflrqhv Hfrqöpl0

fdv1



PLQLPDO ULJKWV LQ FODLPV SUREOHPV

Fduphq Khuuhur

D E V W U D F W

Wklv sdshu irfxvhv rq vrph zhoo0nqrzq surshuwlhv iru fodlpv sureohpv/ dv zhoo

dv rq gxdolw|1 Rxu pdlq uhvxow lv wkdw wkh Frqvwudlqhg Htxdo0Orvvhv Uxoh lv wkh

rqo| uxoh vdwlvi|lqj htxdo wuhdwphqw ri htxdov/ frpsrvlwlrq iurp plqlpdo uljkwv/

dqg sdwk lqghshqghqfh1
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41 Lqwurgxfwlrq

D jurxs ri djhqwv kdyh fodlpv ryhu dq hvwdwh/ dqg wkh hvwdwh lv lqvx!flhqw wr

fryhu doo wkh fodlpv1 Krz vkrxog wkh hvwdwh eh glylghg dprqj wkh djhqwvB Lq wklv

sdshu zh ghdo zlwk vxfk fodlpv sureohpv/ dqg h{soruh vrph uxohv wr vroyh wkhp1

Dv h{dpsohv ri fodlpv sureohpv/ zh pd| wklqn ri edqnuxswf| vlwxdwlrqv/ zkhq
wkh qhw zruwk ri d �up lv qrw hqrxjk wr fryhu wkh ghewv/ ru lqkhulwdqfh vlwxdwlrqv/
zkhq wkh hvwdwh lv qrw hqrxjk wr fryhu wkh ehtxhdwkhg dprxqwv1 Wkrpvrq +4<<8,
lv dq h{fhoohqw vxuyh| rq wkh olwhudwxuh rq fodlpv sureohpv1

Zh irfxv rq wzr zhoo0nqrzq uxohv= wkh frqvwudlqhg htxdo0dzdugv uxoh dqg wkh
frqvwudlqhg htxdo0orvvhv uxoh1 Wkh| erwk ixo�oo vrph dsshdolqj surshuwlhv= htxdo
wuhdwphqw ri htxdov/ frpsrvlwlrq/ dqg sdwk lqghshqghqfh1 Wkh frqvwudlqhg htxdo0
dzdugv uxoh dovr vdwlv�hv lqghshqghqfh ri fodlpv wuxqfdwlrq/ d surshuw| vwdwlqj
wkdw dq| fodlp h{fhhglqj wkh hvwdwh fdq eh vxevwlwxwhg e| wkh hvwdwh ydoxh zlwk0
rxw d�hfwlqj wkh glvwulexwlrq1 Gdjdq +4<<9, fkdudfwhul}hv wkh frqvwudlqhg htxdo0
dzdugv uxoh dv wkh rqo| uxoh vdwlvi|lqj htxdo wuhdwphqw ri htxdov/ frpsrvlwlrq/ dqg
lqghshqghqfh ri fodlpv wuxqfdwlrq1

Lq vroylqj d fodlpv sureohp/ dq| sduw ri wkh hvwdwh zklfk lv ohiw diwhu ixoo|
krqrulqj doo djhqwv* fodlpv exw rqh/ fdq eh lqwhusuhwhg dv d plqlpdo uljkw ri
wkh uhpdlqlqj djhqw1 Wklv lghd dsshduv lq wkh frqwhvwhg jduphqw sureohp/ rqh ri
wkh h{dpsohv ri fodlpv sureohpv glvfxvvhg lq wkh Wdopxg +Dxpdqq dqgPdvfkohu/
4<;8,1 Wkh lghd wr ixoo| krqrulqj dw ohdvw plqlpdo uljkwv xqghuolhv wkh surshuw| ri
frpsrvlwlrq iurp plqlpdo uljkwv1 Lw uhfrpphqgv wr dvvljq dq| djhqw khu plqlpdo
uljkw dv d �uvw vwhs/ dqg wkhq wr glylgh wkh uhpdlqghu diwhu dgmxvwlqj wkh fodlpv
grzq e| wkhvh dprxqwv1 Wkh frqvwudlqhg htxdo0orvvhv uxoh vdwlv�hv frpsrvlwlrq
iurp plqlpdo uljkwv1

Rxu pdlq uhvxow lv wkdw wkh frqvwudlqhg htxdo0orvvhv uxoh lv wkh rqo| uxoh vdwlv0
i|lqj htxdo wuhdwphqw ri htxdov/ sdwk lqghshqghqfh dqg frpsrvlwlrq iurp plqlpdo
uljkwv1

D uxoh surylghv d glylvlrq phwkrg1 D qhz uxoh/ lwv gxdo/ fdq eh rewdlqhg e|
�uvw dvvljqlqj wr hyhu|rqh klv fodlp/ dqg wkhq dsso|lqj wkdw phwkrg wr doorfdwh
orvvhv1 Wkh frqvwudlqhg htxdo0orvvhv dqg wkh frqvwudlqhg htxdo0dzdugv uxohv duh
gxdo uxohv1 Gxdo uxohv vdwlvi| gxdo surshuwlhv1 E| qrwlqj vr/ zh rewdlq rxu pdlq
uhvxow iurp Gdjdq*v fkdudfwhul}dwlrq ri wkh frqvwudlqhg htxdo0dzdugv uxoh dqg
gxdolw|1

Wkh lqwhuhvw ri wklv fkdudfwhul}dwlrq lv wzrirog1 Rq wkh rqh kdqg/ lw lv pdgh
rxw ri zhoo0nqrzq dqg zlgho| dffhswhg surshuwlhv/ vrphwklqj ri sduwlfxodu lqwhuhvw
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lq rughu wr vxssruw uxohv iurp dq d{lrpdwlf suhvshfwlyh1 Rq wkh rwkhu kdqg/ lw
lv dq h{dpsoh ri wkh srzhuqhvv ri wkh lghd ri gxdo surshuwlhv1 Gxdo uxohv zhuh
lqwurgxfhg e| Dxpdqq dqg Pdvfkohu +4<;8,/ exw gxdolw| ri surshuwlhv lv d qryho
lghd qr xvhg vr idu1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghvfulehv wkh prgho/ wkh uxohv
dqg wkh surshuwlhv1 Vhfwlrq 6 lqwurgxfhv gxdo uxohv dqg gxdo surshuwlhv/ dqg e|
h{sorlwlqj wkhvh lghdv/ surylghv zlwk d fkdudfwhul}dwlrq ri wkh frqvwudlqhg htxdo0
orvvhv uxoh1 Dq dowhuqdwlyh +gluhfw, surri ri rxu pdlq uhvxow lv suhvhqwhg lq dq
Dsshqgl{11

51 Wkh Prgho

Ohw � ' i�c 2c � � � c ?j eh d vhw ri djhqwv1 D fodlpv sureohp +R*Qhloo/ 4<;;, lv d
sdlu ESc.�c zkhuh . 5 Un/ S 5 U

?

n
dqg
S

�
S� : .� Wkhvh gdwd duh lqwhusuhwhg dv

d olvw ri fodlpv/ Sc zkhuh S� lv wkh fodlp ri djhqw � 5 � / ryhu dq hvwdwh .� Ohw F

ghqrwh wkh fodvv ri doo sureohpv1

D uxoh lv d pdsslqj 8 G F$ U
?c wkdw dvvrfldwhv zlwk hyhu| ESc.� 5 F d

xqltxh srlqw ri U?c 8 ESc .� vxfk wkdw= +l, Iru doo � 5 � / f � 8�ESc .� � S�c dqg
+ll,
S
8�ESc.� ' .� Wkh srlqw 8 ESc.� lv lqwhusuhwhg dv d ghvludeoh zd| ri glylglqj

.� Uhtxluhphqw +l, lv wkdw hdfk djhqw uhfhlyhv dq dzdug wkdw lv qrq0qhjdwlyh dqg
erxqghg deryh e| khu fodlp1 Uhtxluhphqw +ll, lv wkdw wkh hqwluh hvwdwh pxvw eh
doorfdwhg1 Ohw I eh wkh vhw ri doo uxohv rq F�

Qh{w zh lqwurgxfh wzr zhoo0nqrzq uxohv1 Wkh frqvwudlqhg htxdo0dzdugv

uxoh pdnhv dzdugv dv htxdo dv srvvleoh/ vxemhfw wr wkh frqglwlrq wkdw qr djhqw

uhfhlyhv pruh wkdq khu fodlp1 Wkh frqvwudlqhg htxdo0orvvhv uxoh pdnhv orvvhv

dv htxdo dv srvvleoh/ vxemhfw wr wkh frqglwlrq wkdw qr djhqw hqgv xs zlwk d qhjdwlyh

dzdug14 Irupdoo|=

Frqvwudlqhg htxdo0dzdugv uxoh/ �,�= Iru doo ESc .� 5 F dqg doo � 5 �c

�.��ESc .� ' 4�?iS�c bjc zkhuh b vroyhv
S

4�?iS�c bj ' .�

Frqvwudlqhg htxdo0orvvhv uxoh/ FHO= Iru doo ESc .� 5 F dqg doo � 5 �c

�.u�ESc .� ' 4@ ifc S� � bjc zkhuh b vroyhv
S

4@ ifc S� � bj ' .�

4 Wkh sulqflsoh xqghuo|lqj wklv uxoh/ wkh htxdo0orvv sulqflsoh/ kdv ehhq dssolhg wr rwkhu
glvwulexwlrq sureohpv/ vxfk dv frvw0vkdulqj/ wd{dwlrq ru d{lrpdwlf edujdlqlqj ^vhh iru lqvwdqfh
\rxqj +4<;:,/ +4<;;,/ Fkxq +4<;;e,/ Khuuhur dqg Pdufr +4<<6,`1
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Qh{w/ zh irupxodwh vhyhudo surshuwlhv ri uxohv1 Wkh �uvw rqh lv d edvlf htxlw|

uhtxluhphqw= djhqwv zlwk lghqwlfdo fodlpv vkrxog eh wuhdwhg lghqwlfdoo|1 Irupdoo|=

Htxdo wuhdwphqw ri htxdov= Iru doo ESc .� 5 F dqg doo �c � 5 �c li S� ' S�c wkhq

8�ESc.� ' 8�ESc.��

Wr prwlydwh wkh qh{w wzr surshuwlhv/ vxssrvh wkdw d whqwdwlyh glvwulexwlrq lv
pdgh e| �uvw iruhfdvwlqj wkh ydoxh ri wkh hvwdwh1 Dvvxph wkdw/ rqfh wkh whqwdwlyh
glylvlrq lv grqh/ wkh dfwxdo ydoxh ri wkh hvwdwh lv juhdwhu wkdq lqlwldoo| wkrxjkw1
Wkhq/ wzr rswlrqv duh rshq= hlwkhu wkh whqwdwlyh glylvlrq lv fdqfhoohg dowrjhwkhu
dqg wkh dfwxdo sureohp lv vroyhg/ ru wkh uxoh lv dssolhg wr wkh sureohp ri glylglqj
wkh lqfuhphqwdo ydoxh ri wkh hvwdwh/ diwhu dgmxvwlqj wkh fodlpv grzq e| wkh dprxqwv
dvvljqhg lq wkh whqwdwlyh glylvlrq1 Frpsrvlwlrq vwdwhv wkdw wkh uxoh vkrxog eh
lqyduldqw zlwk uhvshfw wr wkh fkrvhq rswlrq1 Dowhuqdwlyho|/ dvvxph wkdw/ rqfh wkh
whqwdwlyh glylvlrq lv grqh/ lw wxuqv rxw wkdw wkh dfwxdo ydoxh ri wkh hvwdwh idoov
vkruw ri zkdw zdv h{shfwhg1 Sdwk lqghshqghqfh uhtxluhv wkdw wkh vroxwlrq ri
wkh dfwxdo sureohp vkrxog eh wkh vdph dv wkdw ri wkh sureohp uhvxowlqj iurp
dgmxvwlqj wkh fodlpv grzq wr wkh whqwdwlyh vroxwlrq1 Irupdoo|=

Frpsrvlwlrq +\rxqj/ 4<;;,= Iru doo ESc .c � 5 F dqg doo .�c .2 5 Un vxfk wkdw

.� n .2 ' .c 8 ESc.� ' 8 ESc.�� n 8 dS� 8 ESc.��c .2o�

Sdwk Lqghshqghqfh +Prxolq/ 4<;:,= Iru doo ESc .� 5 F/ dqg doo . � : .c

8 ESc.� ' 8 d8 ESc. ��c.o�

Uhpdun1 Lw lv hdv| wr vhh wkdw li d uxoh vdwlv�hv hlwkhu frpsrvlwlrq ru sdwk

lqghshqghqfh lw lv prqrwrqlf dqg frqwlqxrxv zlwk uhvshfw wr hvwdwh1

Wkh frqvwudlqhg htxdo0dzdugv dqg wkh frqvwudlqhg htxdo0orvvhv uxohv vdwlvi|

htxdo wuhdwphqw ri htxdov/ frpsrvlwlrq dqg sdwk lqghshqghqfh1

Wkh qh{w surshuw| vwdwhv wkdw d uxoh vkrxog qrw frqvlghu dq| fodlp wkdw lv

juhdwhu wkdq wkh hvwdwh= qdpho|/ uhsodflqj S� e| . li S� : . vkrxog qrw d�hfw wkh

uhfrpphqgdwlrq1

Lqghshqghqfh ri fodlpv wuxqfdwlrq +Gdjdq/ 4<<9,= Iru doo ESc .� 5 Fc

8 ESc.� ' 8 ESA c .�/ zkhuh/ iru doo � 5 � / S
A

�
' 4�?i.c S�j�

Ilqdoo|/ frqvlghu d surshuw| uhodwhg wr frpsrvlwlrq/ exw rewdlqhg e| uhtxlu0

lqj �uvw wkh uxoh wr uhvshfw plqlpdo uljkwv1 Wkh plqlpdo uljkw ri dq djhqw

8



fruuhvsrqgv wr wkdw sduw ri wkh hvwdwh zklfk lv ohiw diwhu ixoo| krqrulqj wkh

fodlpv ri doo rwkhu djhqwv/ ru }hur/ li wkh suhylrxv dprxqw lv qhjdwlyh1Frpsrvlwlrq

iurp plqlpdo uljkwv hvwdeolvkhv wkdw hdfk djhqw vkrxog uhfhlyh �uvw khu plql0

pdo uljkw/ zkhuhdv wkh uhpdlqghu vkrxog eh glylghg diwhu dgmxvwlqj wkh fodlpv

grzq e| wkhvh dprxqwv1 Irupdoo|/ ohw ESc .� 5 F� Iru doo � 5 � / ohw 6�ESc .� '
4@ ifc . �

S
� �'�

S�j�

Frpsrvlwlrq iurp plqlpdo uljkwv= Iru doo ESc .� 5 F/ 8 ESc.� ' 6ESc.� n
8 dS�6ESc.�c . �

S
�
6�ESc.�o�

Wkh iroorzlqj wkhruhp surylghv d fkdudfwhul}dwlrq ri wkh frqvwudlqhg htxdo0

dzdugv uxoh rq wkh edvlv ri vrph ri wkh surshuwlhv mxvw gh�qhg=

Wkhruhp 41 +Gdjdq/ 4<<9,= Wkh frqvwudlqhg htxdo0dzdugv uxoh lv wkh rqo| uxoh

vdwlvi|lqj htxdo wuhdwphqw ri htxdov/ frpsrvlwlrq dqg lqghshqghqfh ri fodlpv wuxq0

fdwlrq1

61 Gxdolw| dqg rxu Pdlq Uhvxow1

Ohw xv qrz frqvlghu dq rshudwru rq I � Jlyhq d uxoh 8 5 I / zh gh�qh lwv gxdo/

8
W

/ dv iroorzv +Dxpdqq dqg Pdvfkohu/ 4<;8,= Iru doo K ' ESc.� 5 F/ 8
WESc .� '

S� 8 ESc
S

S� � .��
Qrwh wkdw iru doo K ' ESc.� 5 Fczh kdyh wkdw

S
S� � . 5 Unc dqg

S
S� :

E
S

S� � .�c dqg frqvhtxhqwo|/ wkh sureohp ESc
S

S� � .� 5 F1 Dgglwlrqdoo|/

f � 8 ESc
S

S��.� � S dqg
S
8�ESc

S
S��.� ' ��.c dqg wkxv/ f � 8 WESc.� � S

dqg
S
8

W

�
ESc .� ' .c wkdw lv/ 8 W

5 I �

Uxohv 8 dqg 8
W duh uhodwhg lq d vlpsoh zd|= 8

W glylghv zkdw lv dydlodeoh lq
wkh vdph zd| dv 8 glylghv zkdw lv plvvlqj +vhh Dxpdqq dqg Pdvfkohu/ 4<;8,1 Lw
lv lpphgldwh wkdw �.u ' �.�W

�

D uxoh 8 lv vhoi0gxdo li 8 W

' 8� H{dpsohv ri vhoi0gxdo uxohv duh wkh sursruwlrqdo

uxoh dqg wkh
Wdopxg uxoh/ W +Dxpdqq dqg Pdvfkohu/ 4<;8,= Iru doo � 5 Ic doo ESc .� 5 Fc

dqg doo � 5 �c A�ESc .� '

�
4�?i�

2
S�c bj li . � �

2

S
�M�

S�

4@ i�

2
S�c S� � >j li . � �

2

S
�M�

S�

zkhuh b dqg > duh fkrvhq vr wkdw
S

�M�
A�ESc.� ' .�Wdopxg uxoh15
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Jlyhq wzr surshuwlhv S/ SW

/ zh vd| wkdw SW lv wkh gxdo surshuw| ri S li iru

doo 8 5 I / lw kdsshqv wkdw 8 wkdw vdwlv�hv S l� lwv gxdo uxoh/ 8 W

c vdwlv�hv SW

� D

surshuw| S lv vhoi0gxdo li SW

' S� Lw lv lpphgldwh wkdw htxdo wuhdwphqw ri htxdov

lv vhoi0gxdo1 Zh dovr kdyh wkh iroorzlqj uhvxowv=

Ohppd 41 Frpsrvlwlrq dqg sdwk lqghshqghqfh duh gxdo surshuwlhv1

Surri= Iru doo 8 5 I c doo ESc.� 5 Fc dqg doo .�c .2 5 Un vxfk wkdw .�n.2 ' .c
8 WESc.� ' S� 8 ESc

S
S� �.� ' S� 8 ESc

S
S� � .� � .2��

Ohw 5 ' 8 ESc
S

S��.��� Li 8 vdwlv�hv sdwk lqghshqghqfh/ 8 ESc
S

S��.��.2� '
8 E5c
S

S��.��.2� ' 8 E5c
S

5��.2� ' 5�8
WE5c.2�� Wkxv/ 8 WESc.�n.2� ' S�

5n8 WE5c.2� ' S�8 ESc
S

S��.��n8 WE5c.2� ' 8 WESc.��n8 WES�8 WESc.��c.2��
Wkhuhiruh/ 8 W vdwlv�hv frpsrvlwlrq1

Vlploduo|/ 8 ESc .� n .2� ' S� 8 WESc
S

S� � .� �.2��
Ohw + ' 8 WESc

S
S� � .��� Li 8

W vdwlv�hv frpsrvlwlrq/ 8 ESc.� n .2� ' S �

8
WE+c
S

S� � .� � .2� ' S � 5 n 8 E5c.2� ' 8 ESc.�� n 8 E5c.2�� Wkhuhiruh/ 8 W

vdwlv�hv sdwk0lqghshqghqfh1 �

Ohppd 51 Frpsrvlwlrq iurp plqlpdo uljkwv dqg lqghshqghqfh iurp fodlpv

wuxqfdwlrq duh gxdo surshuwlhv1

Surri= Ohw 8 eh d uxoh vdwlvi|lqj frpsrvlwlrq iurp plqlpdo uljkwv1 Iru doo

ESc.� 5 F zh kdyh 8
WESc .� ' S� 8 ESc

S
S� � .� '

S�6ESc
S

S� �.�� 8 dS�6ESc
S

S� �.�c
S

S� � . �
S
6�ESc

S
S� � .�o�

Ohw S
�
' S �6ESc

S
S� � .�� Wkxv/

S
S

�

�
'

S
S� �

S
6�ESc

S
S� � .�� Wkhq/

8
WESc .� ' S� � 8 ES�c

S
S

�

�
� .� ' 8 WES�c .��

Qrwh wkdw S
�

&
' S&�6&ESc

S
S��.� ' S& �4@ ifc

S
S��.�

S
�M�.t&� S�j '

S& � 4@ ifc S& � .j ' 4�?iS&c .j�dqg wkxv/ 8 W vdwlv�hv lqghshqghqfh iurp

fodlpv wuxqfdwlrq1

Vlploduo|/ dvvxph wkdw 8 W vdwlv�hv lqghshqghqfh iurp fodlpv wuxqfdwlrq1 Wkhq/

8 ESc.� ' S� 8 WESc
S

S� � .� ' S� 8 WES�c
S

S� �.�c
zkhuh S

�

&
' 4�?iS&c

S
S� � .� ' S& �4@ ifc S& �

S
S� n .j ' S& �6&ESc.��

5Sursruwlrqdo uxoh/ S= Iru doo +f>H, 5 F dqg doo l 5 Q> Sl+f>H, @ �fl> zkhuh � vroyhvS
�fl @ H=

Wdopxg uxoh/ W +Dxpdqq dqg Pdvfkohu/ 4<;8,= Iru doo Q 5 I> doo +f>H, 5 F> dqg doo l 5 Q>

Wl+f> H, @

�
plqi 4

5
fl> �j li H � 4

5

S
l5Q

fl

pd{i 4

5
fl> fl � �j li H � 4

5

S
l5Q

fl

zkhuh � dqg � duh fkrvhq vr wkdw
S

l5Q
Wl+f>H, @ H=

:



Wkxv/ 8 ESc.� ' S�S�n8 ES�c
S

S
�

�
�

S
S�n.� ' 6ESc.�n8 dS�6ESc.�c .�S

6�ESc .�o� Wkhuhiruh/ 8 vdwlv�hv frpsrvlwlrq iurp plqlpdo uljkwv1 �

Wkhruhp 51 Wkh frqvwudlqhg htxdo0orvvhv uxoh lv wkh rqo| uxoh vdwlvi|lqj htxdo

wuhdwphqw ri htxdov/ frpsrvlwlrq iurp plqlpdo uljkwv/ dqg sdwk lqghshqghqfh1

Surri= Lv d gluhfw frqvhtxhqfh ri Wkhruhp 4/ Ohppdv 4 dqg 5 dqg vhoi0gxdolw| ri

htxdo wuhdwphqw ri htxdov1�

Uhpdun1 Wkh surshuwlhv lq Wkhruhp 5 duh lqghshqghqw1 Zh surylgh h{dpsohv

ri uxohv ixo�oolqj doo exw rqh surshuw| dw dq| wlph1 Zh phqwlrq lq hdfk fdvh wkh

surshuw| wkdw lv qrw ixo�oohg=

Htxdo wuhdwphqw ri htxdov= Fkrrvh dq djhqw � 5 � 1 Qrz/ iru doo ESc .�c wdnh

8�ESc.� ' 6�ESc.�c dqg iru doo � 5 �qi�jc 8�ESc.� ' 4@ ifc S� � bjc zkhuh b

vroyhv
S

�M�.t��4@ ifc S� � bj ' . �6�ESc.��
Frpsrvlwlrq iurp plqlpdo uljkwv= Wkh frqvwudlqhg htxdo0dzdugv uxoh1
Sdwk lqghshqghqfh= Wkh Wdopxg uxoh1

;



Uhihuhqfhv

^4` Dxpdqq/ U1 dqg Pdvfkohu/ P1 +4<;8,/ Jdph Wkhruhwlf Dqdo|vlv ri d
Edqnuxswf| Sureohp iurp wkh Wdopxg/ Mrxuqdo ri Hfrqrplf Wkhru|/ 69 = 4<8�
5461

^5` Fkxq/ \1 +4<;;,/ Wkh Htxdo0Orvv Sulqflsoh iru Edujdlqlqj Sureohpv/ Hfr0
qrplfv Ohwwhuv/ 59 = 43604391

^6` Gdjdq/ Q1 +4<<9,/ Qhz Fkdudfwhul}dwlrqv ri Rog Edqnuxswf| Uxohv/ Vrfldo
Fkrlfh dqg Zhoiduh/ 46 = 84�8<1

^7` Khuuhur/ F1 dqg Pdufr/ P1F1 +4<<6,/ Udwlrqdo Htxdo Orvv Vroxwlrqv iru Edu0
jdlqlqj Sureohpv/ Pdwkhpdwlfdo Vrfldo Vflhqfhv/ 59 = 5:6�5;91

^8` Prxolq/ K1 +4<;:,/ Htxdo ru Sursruwlrqdo Glylvlrq ri d Vxusoxv/ dqg rwkhu
Phwkrgv/ Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru|/ 49 +6, = 49404;91

^9` R*Qhloo/ E1 +4<;5,/ D Sureohp ri Uljkwv Duelwudwlrq iurp wkh Wdopxg/ Pdwk0
hpdwlfdo Vrfldo Vflhqfhv/ 5 = 678�6:41

^:` Wkrpvrq/ Z1 +4<<8,/ D{lrpdwlf Dqdo|vhv ri Edqnuxswf| dqg Wd{dwlrq Sure0
ohpv= D Vxuyh|/ Plphr/ Xqlyhuvlw| ri Urfkhvwhu1

^;` \rxqj/ S1 +4<;:,/ Rq Glylglqj dq Dprxqw Dffruglqj wr Lqglylgxdo Fodlpv ru
Oldelolwlhv/ Pdwkhpdwlfv ri Rshudwlrqv Uhvhdufk/ 45 = 6<;�7471

^<` \rxqj/ S1 +4<;;,/ Glvwulexwlyh Mxvwlfh lq Wd{dwlrq/ Mrxuqdo ri Hfrqrplf Wkh0
ru|/ 76 = 654�6681

<



71 Dsshqgl{= D Gluhfw Fkdudfwhul}dwlrq ri wkh frqvwudlqhg

htxdo0orvvhv uxoh1

Wkhruhp 51 Wkh frqvwudlqhg htxdo0orvvhv uxoh lv wkh rqo| uxoh vdwlvi|lqj htxdo

wuhdwphqw ri htxdov/ frpsrvlwlrq iurp plqlpdo uljkwv/ dqg sdwk lqghshqghqfh1

Surri= Wkh �.u uxoh vdwlv�hv doo wkh surshuwlhv1

Frqyhuvho|/ ohw 8 eh d uxoh wkdw vdwlv�hv doo wkh surshuwlhv1 Ohw xv vkrz wkdw

8 ' �.u�

Ohw ESc.� 5 F1 Ohw �ES� '
S

�
S�c BES� ' 4�?� S�/ dqg (ES� ' �ES� � BES� '

4@ �M�i
S

�M�.t�� S�j� Dovr/ ohw 6�ESc .� ' 4@ ifc. �
S

� �'�
S�j

Fdvh 41 �ES�� BES� � .�

E| frpsrvlwlrq iurp plqlpdo uljkwv/ 8 ESc.� ' 6ESc.� n 8 dS�6ESc.�c . �S
�
6�ESc.�o�
Qrwh wkdw iru doo � 5 �c 6�ESc .� ' .��ES�nS� dqg S��6�ESc .� ' �ES��.�

Wkxv/ e| htxdo wuhdwphqw ri htxdov/ iru doo & 5 �c zh kdyh 8&dS �6ESc.�c . �S
�
6�ESc.�o ' ?3�

?
d�ES� � .o� Wkxv/ iru doo � 5 �c 8�ESc .� ' S� n . � �ES� n

?3�

?
d�ES��.o ' S� �

�ES�3.
?

' �.u�ESc.��

Fdvh 51 �ES�� ?BES� 	 . � �ES�� BES��
Zlwkrxw orvv ri jhqhudolw|/ dvvxph wkdw S� � S2 � � � � � S?� Wkxv/ BES� ' S�c

dqg (ES� ' S2 n � � �n S?�

Vwhs 41 Qrwh wkdw ESc(ES�� 5 F dqg e| frqvwuxfwlrq/ lw lv fryhuhg e| Fdvh 41

Wkxv/ iru doo � 5 �c 8�ESc(ES�� ' �.u�ESc(ES�� ' S� �
BES�
?
' S

�
�
�

E| sdwk lqghshqghqfh/ 8 ESc.� ' 8 ES�c .��
Qrz/ qrwh wkdw S�

�
� S

�

2
� � � � � S

�

?
� Wkxv/ BES�� ' S

�

�
' ?3�

?
BES�c dqg (ES�� '

�ES��� BES�� ' �ES�� BES�� ?3�

?
BES��

Qrz/ wzr srvvlelolwlhv duh rshq= hlwkhu (ES�� � .c ru (ES�� : .�

Li (ES�� � .cwkhq ES�c .� lv fryhuhg e| Fdvh 41 Wkxv/ 8 ES�c .� ' �.u�ES
�c .�1

Vlqfh �.u vdwlv�hv sdwk lqghshqghqfh/ �.uES�c .� ' �.uESc.�c dqg wkxv/

8 ESc.� ' �.uESc.��
Li (ES�� : .c jr wr vwhs 51

Vwhs n1 Qrwh wkdw ES&3�c(ES&3��� 5 F dqg e| frqvwuxfwlrq/ lw lv fryhuhg e| Fdvh

41 Wkxv/ iru doo � 5 �c 8�ES&3�c(ES&3��� ' �.u�ES&3�c(ES&3��� ' S
&3�

�
�

BES&3��
?

'

S� �
BES�
?

k
� n

?3�

?
n

�
?3�

?

�
2

n � � �n
�
?3�

?

�
&3�

l
' S

&

�
�

E| sdwk lqghshqghqfh/ 8 ES&3�c.� ' 8 ES&c.�� Qrwh wkdw S&
�
� S

&

2
� � � � � S

&

?
�

Wkxv/ BES&� ' S
&

�
'

�
?3�

?

�
&

BES� dqg(ES&� ' �ES&��BES&� ' �ES��BES�
k
� n

?3�

?
n

�
?3�

?

�
2

n � � �
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Qrz/ wzr srvvlelolwlhv duh rshq= hlwkhu (ES&� � .c ru (ES&� : .�

Li(ES&� � .c wkhq ES&c.� lv fryhuhg e| Fdvh 41 Wkxv/ 8 ES&c .� ' �.u�ES
&c .�1

Vlqfh �.u vdwlv�hv sdwk lqghshqghqfh/ 8 ESc.� ' �.uESc.��
Li (ES&� : .c jr wr vwhs n.4� � �

Zh fodlp wkdw iru vrph & 5 Qc (ES&� � .� Vxssrvh qrw1 Wkhq/ iru doo & 5 Qc

(ES&� : .� Wkxv/ *�4&<"(ES&� � .� Wkdw lv/

. � �ES� � BES� *�4&<"

k
� n

?3�

?
n

�
?3�

?

�
2

n � � �n
�
?3�

?

�
&
l
' �ES� � ?BES�c

zklfk frqwudglfwv wkh idfw wkdw ESc.� lv fryhuhg e| Fdvh 51 Wkxv/ 8 ESc.� '
�.uESc.��

Fdvh 61 . ' �ES�� ?BES��
Ohw i.&j eh d vhtxhqfh vxfk wkdw .& : .&n�/ dqg i.&j $ .� Wkxv/ wkh

vhtxhqfh ri sureohpv iESc.&�j frqyhujhv wr ESc .�� Doo sureohpv ESc.&� lq wkh

vhtxhqfh duh fryhuhg e| Fdvh 51 Wkxv/ iru doo & 5 Q/ 8 ESc .&� ' �.uESc.&�� E|
sdwk lqghshqghqfh/ 8 lv frqwlqxrxv zlwk uhvshfw wr wkh hvwdwh1 Wkxv/ 8 ESc.� '
*�4&<" 8 ESc.&� ' �.uESc.��

Fdvh 71 . 	 �ES�� ?BES��
Ohw ��ES� ' i� 5 � m S� ' BES�jc dqg ohw ?� ' m��ES�m� E| sdwk lqghshqghqfh/

8 ESc.� ' 8 E8 ESc �ES��?BES��c .�� Iru doo � 5 ��ES�c 8�ESc �ES��?BES�� ' fc dqg
iru dq| rwkhu � 5 �q��ES�c 8�ESc �ES� � ?BES�� ' S� � BES�� Ohw _ ' 8 ESc �ES� �
?BES��� Wkhq/ 8 ESc.� ' 8 E_c.�� Ohw B2E_� ' 4�?i_� m _� : fj� Zh frqvlghu

vhyhudo vxefdvhv=

71d1 �E_�� B2E_� � . 	 �ES�� ?BES� ' �E_�1
Iru doo � 5 �q��ES�c 6�E_c.� ' _�n.��E_�c dqg wkxv/ .�

S
�M�

6�E_c.� '
E?�?����d�E_��.o� E| htxdo wuhdwphqw ri htxdov/ iru doo � 5 �q��c 8�E_c.� '
_� ��E_� n . n ?3?�3�

?�

d�E_�� .o ' �.u�E_c.��

71e1 �E_�� E?� ?��B2E_� 	 . 	 �E_�� B2E_��
Ohw (2E_� ' �E_� � B2E_�c dqg frqvlghu wkh sureohp E_c(2E_��1 Qrwh wkdw

8 E_c(2E_�� ' �.uE_c(2E_�� ' _�� E| sdwk lqghshqghqfh/ 8 E_c.� ' 8 E_�c .��
Qrz/ wzr rswlrqv duh rshq= hlwkhu �E_��� B2E_

�� � ./ ru wkh rssrvlwh1 Wkhq/ zh

pd| uhshdw wkh surfhgxuh ri Fdvh 5/ e| rqo| frqvlghulqj wkh djhqwv lq �q���

71f1 . ' �E_��E?�?��B2E_�1 Uhshdw wkh surfhgxuh lq Fdvh 6 rqo| frqvlghulqj

wkh djhqwv lq �q���

71g1 Iurp wkhq rq/ uhshdw wkh surfhgxuh/ frqvlghulqj dw dq| vwhs rqo| wkh

djhqwv lq �q�� ^ � � � ^�&/ xqwlo doo srvvleoh ydoxhv ri . duh fryhuhg1 �
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