
EX\LQJ VHYHUDO LQGLYLVLEOH JRRGV-

Fduphq Ehylä/ Pduwlqh Txlq}ll dqg Mrvì D1 Vloyd--

ZS0DG <:05:

Hglwru= Lqvwlwxwr Ydohqfldqr gh Lqyhvwljdflrqhv Hfrqöplfdv/ V1D1

Iluvw Hglwlrq Ghfhpehu 4<<:

LVEQ= ;707;50497909

Ghsövlwr Ohjdo= Y0795<04<<:

LYLH zrunlqj0sdshuv r�hu lq dgydqfh wkh uhvxowv ri hfrqrplf uhvhdufk xqghu zd| lq

rughu wr hqfrxudjh d glvfxvvlrq surfhvv ehiruh vhqglqj wkhp wr vflhqwl�f mrxuqdov iru wkhlu

�qdo sxeolfdwlrq1

- Wklv sdshu zdv ghyhorshg zkloh wkh �uvw dxwkru zdv ylvlwlqj wkh Hfrqrplfv Ghsduwphqw

dw wkh Xqlyhuvlw| ri Fdoliruqld dw Gdylv/ dqg wkh wklug dxwkru zdv ylvlwlqj wkh Hfrqrplfv Gh0

sduwphqw dw Eurzq Xqlyhuvlw|1 Wkh krvslwdolw| ri erwk ghsduwphqwv lv judwhixoo| dfnqrzohgjh1

Zh wkdqn K1 Prxolq dqg G1 Sìuh} iru khosixo frpphqwv1 Iluvw dqg wklug dxwkruv dovr wkdqn

�qdqfldo vxssruw iurp Vsdqlvk Plqlvwu| ri Hgxfdwlrq/ Lqvwlwxwr Ydohqfldqr gh Lqyhvwljdflrqhv

Hfrqöplfdv dqg GJF\W xqghu sur|hfw SE<609<731

-- F1 Ehylä= Xqlyhuvlgdg Dxwöqrpd gh Edufhorqd> P1 Txlq}ll= Xqlyhuvlw| ri Fdoliruqld dw

Gdylv> M1D1 Vloyd= Xqlyhuvlw| ri Dolfdqwh1



EX\LQJ VHYHUDO LQGLYLVLEOH JRRGV

Fduphq Ehylä/ Pduwlqh Txlq}ll dqg Mrvì D1 Vloyd

D E V W U D F W

Wklv sdshu vwxglhv hfrqrplhv zkhuh djhqwv h{fkdqjh lqglylvleoh jrrgv dqg

prqh|1 Djhqwv kdyh srwhqfldo xvh iru doo lqglylvleoh jrrgv dqg wkh lqglylvleoh

jrrgv duh gl�huhqwldwhg1 Zh dvvxph wkdw djhqwv kdyh txdvlolqhdu xwlolwlhv lq

prqh|/ kdyh vx!flhqwo| prqh| hqgrzphqwv wr d�rug dq| jurxs ri remhfwv sulfhg

ehorz wkhlu uhvhuydwlrq ydoxhv/ kdyh uhvhuydwlrq ydoxhv zklfk duh vxeprgxodu dqg

vdwlvi| wkh Fduglqdolw| Frqglwlrq1 Wklv Fduglqdolw| Frqglwlrq uhtxluhv wkdw iru

hdfk djhqw wkh pdujlqdo xwlolw| ri dq remhfw rqo| ghshqgv rq wkh qxpehu ri remhfwv

wr zklfk lw lv dgghg/ qrw rq wkhlu fkdudfwhulvwlfv1 Xqghu wkhvh dvvxpswlrqv/ zh

vkrz wkdw wkh vhw ri frpshwlwlyh htxloleulxp sulfhv lv d qrq hpsw| odwwlfh dqg

wkdw/ lq dq| htxloleulxp/ wkh sulfh ri dq remhfw lv ehwzhhq wkh vrfldo ydoxh ri wkh

remhfw dqg lwv vhfrqg ehvw xvh1

NH\ ZRUGV= Lqglylvleoh Jrrgv/ Frpshwlwlyh Htxloleulxp Sulfhv/ Sulfhv

Odwwlfh1
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41 LQWURGXFWLRQ

Wklv sdshu frqvlghuv hfrqrplhv zkhuh djhqwv fdq ex| dqg vhoo lqglylvleoh jrrgv

dqg lq zklfk doo sd|phqwv duh pdgh lq xqlwv ri d glylvleoh jrrg wkdw/ iroorzlqj

vwdqgdug xvh/ zh zloo fdoo prqh|1 Wklv prgho lv suredeo| forvhu wr pdq| flufxp0

vwdqfhv ri h{fkdqjh lq wkh uhdo zruog wkdq wkh vwdqgdug prgho lq zklfk doo jrrgv

duh dvvxphg wr eh shuihfwo| glylvleoh/ exw lv dovr pruh gl!fxow wr dqdo|}h1 Wkh

xvh ri pdujlqdo fdofxoxv lv suhfoxghg/ dqg wkh dssolfdwlrq ri �{hg srlqw wkhr0

uhpv edvhg rq frqwlqxlw| surshuwlhv/ vwloo srvvleoh lq vrph fdvhv/ lv fhuwdlqo| qrw

vwudljkwiruzdug1 Lq frqvhtxhqfh wkh prgho kdv ehhq vwxglhg xqghu uhvwulfwlyh dv0

vxpswlrqv/ zklfk duh surjuhvvlyho| ehlqj uhod{hg1 Xqwlo uhfhqwo| lw zdv dvvxphg

hlwkhu wkdw doo wkh lqglylvleoh jrrgv zhuh doo xqlwv ri wkh vdph jrrg +Khqu| +4<:3,/

ru wkdw ex|huv kdg xvh rqo| iru rqh w|sh ri lqglylvleoh jrrg +Ndqhnr0\dpdprwr

+4<;9,,/ ru mxvw iru rqh ri wkh lqglylvleoh jrrgv= wklv fdvh fryhuv prvw ri wkh olw0

hudwxuh rq dvvljqphqw jdphv dqg pdwfklqj prghov +vhh Urwk dqg Vrwrpd|ru iru

d frpsuhkhqvlyh dffrxqw ri wkh uhvxowv, dqg frpshwlwlyh htxloleuld ri hfrqrplhv

zlwk lqglylvlelolwlhv +Ndqhnr +4<;5,/ Txlq}ll +4<;7,/ Jdoh +4<;7,,1 Uhfhqwo| vhy0

hudo sdshuv +Elnkfkdqgdql dqg Pdphu +4<<7,/ Ydq ghu Oddq/ Wdopdq dqg \dqj

+4<<8,/ Jxo dqg Vwdffkhwwl +4<<9,, kdyh uhod{hg wklv dvvxpswlrq/ dqg dvvxphg

wkdw djhqwv kdyh xvh iru vhyhudo xqlwv ri wkh lqglylvleoh jrrgv/ xqlwv zklfk pd|

eh gl�huhqwldwhg1

Zlwk wkh h{fhswlrq ri Elnkfkdqgdql dqg Pdphu +4<<:, zkr vkrz wkdw/ li

wkhuh duh wzr w|shv ri djhqwv zlwk txdvlolqhdu xwlolwlhv vxfk wkdw doo djhqwv ri wkh

vdph w|sh kdyh wkh vdph vxshuprgxodu dqg lqfuhdvlqj uhvhuydwlrq ydoxhv/ d frp0

shwlwlyh htxloleulxp h{lvwv/ doo wkh uhvxowv ri wkhvh sdshuv iroorz iurp dvvxpswlrqv

ri wkh djhqwv* ghpdqg ixqfwlrqv udwkhu wkdq rq wkhlu xwlolw| ixqfwlrqv1 Ydq ghu

Oddq dqg Wdopdq +4<<:, lpsrvh d frqglwlrq rq djhqwv* ghpdqgv zklfk vhhpv wr
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uhtxluh vhsdudelolw| ri wkh xwlolw| ixqfwlrqv zlwk uhvshfw wr wkh lqglylvleoh jrrgv

exw qrw txdvl0olqhdulw| lq prqh|/ zkloh Jxo dqg Vwdffkhwwl lpsrvh wkdw wkh xwlol0

wlhv eh txdvl0olqhdu lq prqh| dqg wkdw wkh ghpdqgv vdwlvi| wkh surshuw| ri Jurvv

Vxevwlwxwdelolw| +wr eh irupdoo| gh�qhg lq Vhfwlrq 5, lqwurgxfhg e| Nhovr dqg

Fudzirug +4<;5, iru d wzr0vlghg pdwfklqj prgho ehwzhhq �upv dqg zrunhuv1 Lq

frqwudvw/ wklv sdshu vwxglhv d fodvv ri hfrqrplhv zklfk lv gh�qhg e| uhvwulfwlrqv

rq wkh djhqwv* xwlolw| ixqfwlrqv1 Iluvw/ wkh xwlolwlhv duh txdvl0olqhdu lq prqh| vr

wkdw wkh suhihuhqfhv fdq eh uhsuhvhqwhg e| uhvhuydwlrq ydoxhv iru vxevhwv ri wkh

dydlodeoh lqglylvleoh remhfwv1 Vhfrqg/ wkhvh uhvhuydwlrq ydoxhv duh vxeprgxodu l1h1

wkh pdujlqdo xwlolw| ri dq remhfw ghfuhdvhv zkhq wkh vhw ri remhfwv wr zklfk lw lv

dgghg ehfrphv odujhu1 Odvw dqg qrw wkh ohdvw/ wklv pdujlqdo xwlolw| ghshqgv rqo|

rq wkh qxpehu ri remhfwv dqg qrw rq wkh frpsrvlwlrq ri wkh vhw wr zklfk lw lv

dgghg1

Wklv odvw dvvxpswlrq/ wkdw zh fdoo wkh Fduglqdolw| Frqglwlrq/ lv fhuwdlqo|

vwurqj1 Dw wkh prphqw krzhyhu/ lw lv wkh rqo| lqwhusuhwdeoh frqglwlrq wkdw zh

kdyh irxqg zklfk suhfoxghv wkdw/ iru dw ohdvw rqh djhqw/ vrph remhfwv ��w� ehw0

whu wrjhwkhu wkdq zkhq wkh| duh dvvrfldwhg zlwk rwkhu remhfwv�d vlwxdwlrq zklfk

vhhpv wr fdxvh qrqh{lvwhqfh ri dq htxloleulxp hyhq zlwk ghfuhdvlqj pdujlqdo xwlol0

wlhv +vhh wkh h{dpsoh ri qrq0h{lvwhqfh lq Vhfwlrq 5 ru wkh rqh lq Jxo dqg Vwdffkhwwl

+4<<9,,1 Xqghu wkh dvvxpswlrq wkdw xwlolwlhv duh vxeprgxodu dqg vdwlvi| wkh Fdu0

glqdolw| Frqglwlrq zh vkrz wkdw wkh vhw ri htxloleulxp sulfhv lv qrq0hpsw|/ lv d

frqyh{ frpsohwh odwwlfh dqg wkxv dgplwv d yhfwru s� ri pd{lpxp dqg d yhfwru s6

ri plqlpxp htxloleulxp sulfhv1 Pruhryhu wkhvh sulfhv kdyh d qdwxudo hfrqrplf

lqwhusuhwdwlrq= wkh pd{lpxp sulfh s
�+�, ri dq remhfw � lv wkh frqwulexwlrq ri

wklv remhfw wr wkh vrfldo zhoiduh/ ru lwv vrfldo ydoxh/ zkloh lwv plqlpxp sulfh s6+�,

lv lwv ydoxh lq lwv vhfrqg ehvw xvh +wkhvh qrwlrqv duh suhflvho| gh�qhg lq Vhfwlrq
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6,1

Wkh surriv ri wkh sdshuv iroorz wkh urxwh ri wkh Vhfrqg Zhoiduh Wkhruhp

ri Zhoiduh Hfrqrplfv= zh fkdudfwhul}h wkh sulfhv zklfk vxssruw wkh h!flhqw

dvvljqphqwv ri wkh remhfwv/ dqg xvh yhu| ihz surshuwlhv ri djhqwv* ghpdqgv1 Lq

sduwlfxodu zh gr qrw xvh wkh surshuw| ri Jurvv Vxevwlwxwdelolw|/ zklfk lv wkh

edvlv iru wkh surriv ri vlplodu uhvxowv e| Jxo dqg Vwdffkhwwl +4<<9,/ dowkrxjk

wklv surshuw| lv vdwlv�hg e| wkh ghpdqgv ri djhqwv zkrvh xwlolw| ixqfwlrqv vdwlvi|

rxu dvvxpswlrqv1 Rxu surriv duh wkxv dowhuqdwlyh surriv wr wkrvh ri Jxo dqg

Vwdffkhwwl1 Ehlqj edvhg rq wkh vwxg| ri wkh h!flhqw dvvljqphqwv ri wkh remhfwv/

wkh| xqfryhu surshuwlhv ri wkhvh h!flhqw dvvljqphqwv zklfk duh ri lqwhuhvw lq

wkhpvhoyhv/ dqg pd| eh xvhg wr rewdlq uhvxowv ri frpsdudwlyh vwdwlfv iru wklv

fodvv ri hfrqrp| +vhh lq sduwlfxodu Ohppd 616 zklfk ghvfulehv vrph uhjxodulwlhv

ri wkh h!flhqw dvvljqphqwv zkhq qhz remhfwv duh dgghg wr wkh dydlodeoh remhfwv,

Wkh sdshu lv rujdql}hg dv iroorzv= wkh prgho dqg dq h{dpsoh ri qrqh{lv0

whqfh ri htxloleulxp prwlydwlqj wkh Fduglqdolw| Frqglwlrq lv suhvhqwhg lq Vhf0

wlrq 51 Wkh fkdudfwhul}dwlrq ri wkh sulfhv vxssruwlqj wkh h!flhqw dvvljqphqwv

ri hfrqrplhv zlwk vxeprgxodu xwlolw| ixqfwlrqv vdwlvi|lqj wkh Fduglqdolw| Frq0

glwlrq lv wkh vxemhfw ri Vhfwlrq 61 Vhfwlrq 7 glvfxvvhv wkh uhodwlrq ehwzhhq wkh

Fduglqdolw| Frqglwlrq dqg wkh surshuw| ri Jurvv Vxevwlwxwdelolw| ri ghpdqgv1

51 Wkh Prgho

Frqvlghu dq h{fkdqjh hfrqrp| h zlwk d �qlwh vhw L ri djhqwv +zkrvh hohphqwv duh

ghqrwhg e| l> m> ===,/ d �qlwh vhw 
 ri lqglylvleoh remhfwv +zkrvh hohphqwv duh ghqrwhg

e| �>�> ===,/ dqg d shuihfwo| glylvleoh jrrg fdoohg prqh|1 Djhqwv* suhihuhqfhv duh

txdvl0olqhdu= wkh xwlolw| wkdw djhqw l 5 L ghulyhv iurp frqvxplqj d vhw ri remhfwv D

fdq eh fkdudfwhul}hg e| d uhvhuydwlrq ydoxh Y +l>D, zklfk uhsuhvhqwv wkh txdqwlw|
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ri prqh| wkdw djhqw l lv uhdg| wr vdful�fh lq rughu wr frqvxph wkh remhfwv lq D1

Wkh xwlolw| ri djhqw l kroglqj p� xqlwv ri prqh| dqg wkh vhw D ri remhfwv lv wkxv

x�+D>p�, @ Y +l>D, .p�

Iru doo l 5 L/ wkh uhvhuydwlrq ydoxh ixqfwlrq Y +l> =,> gh�qhg rq wkh srzhu vhw

S +
,> lv dvvxphg wr eh zhdno| lqfuhdvlqj +Y +l>D, � Y +l>E, zkhqhyhu D � E,

dqg wr vdwlvi| Y +l> >, @ 3=

Djhqwv* hqgrzphqwv/ +D�>p�,�MU / zlwkp� � 3 / ^�MUD� @ 
> dqg D� bD� @ >

iru doo l> m 5 L> l 9@ m> duh dvvxphg wr eh vxfk wkdw p� � Y +l>
, iru doo l 5 L= Wklv

dvvxpswlrq lpsolhv wkdw zkhqhyhu wkh sulfh ri d vhw D ri remhfwv lv ohvv wkdq wkh

uhvhuydwlrq ydoxh Y +l>D,/ djhqw l fdq d�rug wr ex| wkh remhfwv lq D=

Ohw H ghqrwh wkh vhw ri hfrqrplhv vdwlvi|lqj wkh deryh frqglwlrqv1 Iru dq

hfrqrp| h 5 H dq dvvljqphqw � ri remhfwv wr djhqwv lv wkxv d sduwlwlrq ri wkh

remhfwv dprqj wkh djhqwv1 Ohw 	+L>
, ghqrwh doo srvvleoh dvvljqphqwv1 D ihdvleoh

doorfdwlrq ri h lv d sdlu +�>p, 5 	+L>
,�U
�U �
n vxfk wkdw

S
�MU
p� @

S
�MU
p�1

D Sduhwr rswlpdo doorfdwlrq lv d ihdvleoh doorfdwlrq +�>p, vxfk wkdw wkhuh grhv

qrw h{lvw dq| rwkhu ihdvleoh doorfdwlrq zhdno| suhihuuhg e| doo djhqwv dqg vwulfwo|

suhihuuhg e| dw ohdvw rqh djhqw1 Ri vshfldo lqwhuhvw lq txdvl0olqhdu hfrqrplhv

lq zklfk hqgrzphqwv ri prqh| duh vxfk wkdw wkh qrqqhjdwlylw| frqvwudlqwv rq

prqh| kroglqjv qhyhu elqg/ duh wkh Sduhwr rswlpdo doorfdwlrqv lq zklfk doo djhqwv*

frqvxpswlrq ri prqh| lv srvlwlyh1 Wkhvh duh wkh rqo| Sduhwr rswlpdo doorfdwlrqv

zklfk fdq srvvleo| eh rewdlqhg dv frpshwlwlyh htxloleulxp doorfdwlrqv1 Dv lv zhoo

nqrzq/ wkh| duh irxqg e| pd{lpl}lqj wkh vxp ri djhqwv* xwlolwlhv vxemhfw wr wkh

ihdvlelolw| frqvwudlqwv1 Lq wklv prgho wkh| duh wkh ihdvleoh doorfdwlrqv dvvrfldwhg

wr wkh dvvljqphqwv zklfk pd{lpl}h wkh vxp ri wkh djhqwv* uhvhuydwlrq ydoxhv1
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Vxfk dq dvvljqphqw �/ vdwlvi|lqj

[

�MU

Y +l> �+l,, �
[

�MU

Y +l> �+l,,> ;� 5 	+L>
,>

lv fdoohg dq h!flhqw dvvljqphqw1

Vxssrvh wkdw wkh remhfwv duh h{fkdqjhg rq d pdunhw dw sulfhv +s+�,,kMl1

+Sulfhv duh h{suhvvhg lq xqlwv ri prqh|,1 Li djhqw l ex|v wkh vhw D ri remhfwv kh

zloo sd| s+D, @
S

kM�
s+�,1 Wkh ghpdqg ri remhfwv G+l> s, ri djhqw l dw wkh sulfh

yhfwru s @ +s+�,,kMl lv gh�qhg e|

G+l> s, @ iD 5 S+
, m Y +l>D,� s+D, � Y +l>E,� s+E,>;E 5 S+
,j

Wkh ghpdqg ri djhqw l iru prqh| lv wkhq p� @ p� . s+D�,� s+D,= Wklv qxpehu

lv dozd|v qrq qhjdwlyh vlqfh/ iru D 5 G+l> s,> Y +l>D, � s+D, � 3 +wkh hpsw| vhw

lv dozd|v d srvvleoh fkrlfh,/ dqg vlqfh e| dvvxpswlrq p� � Y +l>
,= Wkh sulfh

yhfwru s lv d frpshwlwlyh htxloleulxp sulfh yhfwru li/ iru hdfk l 5 L/ wkhuh h{lvwv

D� 5 G+l> s, vxfk wkdw wkh pds l $ D� lv dq dvvljqphqw1 E| Zdoudv Odz/ wklv

frqglwlrq/ zklfk hqvxuhv htxloleulxp rq wkh pdunhw iru wkh lqglylvleoh jrrgv/

lpsolhv wkdw wkh pdunhw iru prqh| lv dovr lq htxloleulxp1 Wkxv d frpshwlwlyh

htxloleulxp iru wkh hfrqrp| h fdq eh gh�qhg dv d sdlu +�> s, 5 	+L>
,�U
�l�
n vxfk

wkdw �+l, 5 G+l> s, iru doo l 5 L1 Lw lv hdv| wr fkhfn wkdw/ li +�> s, lv d frpshwlwlyh

htxloleulxp/ wkhq � lv dq h!flhqw dvvljqphqw1 Zh vd| wkdw dq h!flhqw dvvljqphqw

� lv vxssruwhg e| d sulfh yhfwru s 5 U
�l�
n li +�> s, lv d frpshwlwlyh htxloleulxp1

Sursrvlwlrq 5141 Dq hfrqrp| h 5 H kdv d frpshwlwlyh htxloleulxp li dqg rqo|

li hyhu| h!flhqw dvvljqphqw � ri h fdq eh vxssruwhg e| d sulfh yhfwru1

Surri1 Li +�> s, lv d frpshwlwlyh htxloleulxp/ e| gh�qlwlrq � lv vxssruwhg e| s=

Vxssrvh wkdw � lv dqrwkhu h!flhqw dvvljqphqw1 Wkhq

Y +l> �+l,,� s+�+l,, � Y +l> �+l,,� s+�+l,,> ;l 5 L=
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Wkh sdlu +� > s, lv qrw dq htxloleulxp li dw ohdvw rqh ri wkh lqhtxdolwlhv lv vwulfw1

Exw wkhq/ vxpplqj wkh lqhtxdolwlhv ohdgv wr

[

�MU

Y +l> �+l,,� s+
, A
[

�MU

Y +l> �+l,,� s+
,

zklfk frqwudglfwv wkdw � lv h!flhqw1 Wkxv +� > s, lv dq htxloleulxp1

Wkhuh h{lvwv d frpshwlwlyh htxloleulxp li dqg rqo| li wkhuh lv dw ohdvw rqh

h!flhqw dvvljqphqw vxssruwhg e| d sulfh yhfwru1 E| wkh deryh uhdvrqlqj/ wklv

krogv li dqg rqo| li hyhu| h!flhqw dvvljqphqw lv vxssruwhg e| d sulfh yhfwru1

Wkh h{lvwhqfh ri dq htxloleulxp lv jxdudqwhhg +hyhq zlwkrxw wkh dvvxpswlrq

ri txdvl0olqhdulw| ri suhihuhqfhv, li wkh djhqwv kdyh xwlolw| iru dw prvw rqh re0

mhfw +Y +l>D, @ pd{kMl Y +l> �,, + Vkdsoh|0Vkxeln +4<:5,/ Ndqhnr +4<;5,/ Txlq}ll

+4<;7,,1 Lq wkh fdvh zkhuh djhqwv fdq frqvxph vhyhudo lqglylvleoh remhfwv/ dq htxl0

oleulxp h{lvwv/ lq wkh txdvl0olqhdu fdvh wkdw zh duh frqvlghulqj/ li wkh uhvhuydwlrq

ydoxh ixqfwlrqv duh dgglwlyh +Y +l>D, @
S

kMl
Y +l> �,,1 Lq wklv fdvh lw lv h!flhqw

wr jlyh hdfk remhfw wr wkh djhqw zklfk ydoxhv lw prvw/ dqg wkh sulfh yhfwru s vxfk

wkdw s+�, @ pd{�MU Y +l> �, vxssruwv vxfk dq dvvljqphqw1 Lq jhqhudo dq htxlole0

ulxp pd| qrw h{lvw +Khqu| +4<:3,/ Elnfkdqgdql0Pdphu +4<<:,, dqg dgglwlrqdo

uhvwulfwlrqv pxvw eh sodfhg rq wkh uhvhuydwlrq ydoxh ixqfwlrqv1

D frqglwlrq wkdw vhhpv sduwlfxoduo| dwwudfwlyh vlqfh lw h{suhvvhv/ lq wkh fdvh ri

lqglylvleoh jrrgv/ wkh lghd wkdw wkh pdujlqdo xwlolw| ri dq dgglwlrqdo lwhp ghfuhdvhv

zkhq wkh exqgoh ri jrrgv wr zklfk lw lv dgghg jhwv odujhu/ lv wkh dvvxpswlrq ri

vxeprgxodulw|1

Gh�qlwlrq 5151 D uhvhuydwlrq ydoxh ixqfwlrq lv vdlg wr eh vxeprgxodu li lw lv

vdwlv�hv iru doo D> E lq S+
,

Y +l>D^E, � Y +l>D, . Y +l> E,� Y +l> D_E,

;



ru htxlydohqwo|

Y +l>D,� Y +l> Dq�, � Y +l>E,� Y +l>Eq�,> iru doo � 5 E � D

Xqghu vxeprgxodu uhvhuydwlrq ydoxh ixqfwlrqv/ wkh h{lvwhqfh ri dq htxloleulxp

lv jxdudqwhhg li doo remhfwv duh lghqwlfdo ++Y +l>D, @ Y +l> mDm, +Khqu| +4<:3,,1 Exw

xqiruwxqdwho|/ wklv dvvxpswlrq lv qrw vx!flhqw wr lpso| h{lvwhqfh ri dq htxlole0

ulxp iru wkh fdvh zkhuh wkh lqglylvleoh remhfwv duh qrw shuihfw vxevwlwxwhv iru rqh

dqrwkhu/ dv vkrzq e| wkh iroorzlqj h{dpsoh1

H{dpsoh 41 Ohw h 5 H eh vxfk wkdw L @ i4> 5> 6j> 
 @ i�>�> �j= Wkh

vxeprgxodu uhvhuydwlrq ydoxhv ri wkh djhqwv iru wkh gl�huhqw vxevhwv ri remhfwv

duh jlyhq lq wkh iroorzlqj wdeoh

Y qD � � � �� �� �� ���

Y +4>D, 43 ; 5 46 44 < 47

Y +5>D, ; 8 43 46 47 46 48

Y +6>D, 4 4 ; 5 < < 43

Wkh rqo| h!flhqw dvvljqphqw � ri remhfwv lq wklv hfrqrp| lv vxfk wkdw �+4, @

�> �+5, @ �>�+6, @ �= Vxssrvh wkdw s vxssruwv wklv dvvljqphqw1 Lq rughu wkdw

ex|lqj i��j lv qrw ehwwhu iru djhqw 5 wkdq ex|lqj rqo| �/ s pxvw eh vxfk wkdw

s+�, � 8= Lq rughu wkdw ex|lqj qr remhfw lv qrw ehwwhu iru djhqw 6 wkdq ex|lqj

�> s pxvw eh vxfk wkdw s+�, � ;= Lq rughu wkdw ex|lqj � lv qrw ehwwhu iru djhqw

4 wkdq ex|lqj �> s pxvw eh vxfk wkdw s+�, � s+�, . 5= Lq rughu wkdw ex|lqj �

lv qrw ehwwhu iru djhqw 5 wkdq ex|lqj �> s pxvw eh vxfk wkdw s+�, � s+�, . 5=

Frpelqlqj wkhvh lqhtxdolwlhv jlyhv : � 5 . s+�, � s +�, � s+�,� 5 � 9> zklfk lv

lpsrvvleoh1

Vxeprgxodulw| ri wkh uhvhuydwlrq ydoxhv vwloo shuplwv frpsolfdwhg lqwhughshq0

ghqfh lq xwlolw| dprqj remhfwv/ zklfk pd| suhyhqw wkh h{lvwhqfh ri dq htxloleulxp1

<



Lq wkh suhylrxv h{dpsoh/ li djhqw 5 kdv remhfwv � dqg �/ wkhq wkh pdujlqdo frqwul0

exwlrq ri � lv htxdo wr lwv ydoxh Y +5> �, vlqfh Y +5> ��,� Y +5> �, @ 46� 8 @ ; @

Y +5> �,> zkloh li remhfwv � dqg � duh frpelqhg wkh pdujlqdo frqwulexwlrq ri � lv

pxfk orzhu= Y +5> ��,� Y +5> �, @ 47� 43 ? Y +5> �,1 Wkxv/ iru djhqw 5/ kdylqj

remhfw � dw wkh vdph wlph grhv qrw vxewudfw dq| ri wkh ydoxh ri � zkloh kdylqj �

orzhuv wkh ghvludelolw| ri �1

D vx!flhqw frqglwlrq zklfk hqvxuhv wkdw wkh lqwhughshqghqfh dprqj remhfwv

lv zhdn dqg wkdw jxdudqwhhv wkh h{lvwhqfh ri dq htxloleulxp lv wkdw wkh ghpdqgv

ri doo djhqwv vdwlvi| wkh Jurvv Vxevwlwxwh +JV, dvvxpswlrq lqwurgxfhg e| Nhovr0

Fudzirug +4<;5,1 Khxulvwlfdoo| wkh ghpdqg ri djhqw l vdwlv�hv wkh JV frqglwlrq

li/ zkhq wkh sulfh ri dq remhfw �ohw xv vd| � �lqfuhdvhv zkloh wkh sulfhv ri doo

rwkhu remhfwv vwd| wkh vdph/ wkhq wkh remhfwv rwkhu wkdq � zklfk zhuh ghpdqghg

e| djhqw l duh vwloo ghpdqghg e| wklv djhqw1 Wklv lpsolhv wkdw wkhuh lv qr remhfw

zklfk zdv ghpdqghg e| djhqw l ehfdxvh lw ��wwhg� hvshfldoo| zhoo zlwk �> exw lv

qr orqjhu ghvludeoh zkhq � ehfrphv wrr h{shqvlyh1 Wr vwdwh wkh irupdo gh�qlwlrq

ri wkh JV surshuw|/ ohw xv dgrsw wkh iroorzlqj frqyhqwlrq= zh vd| wkdw wkh remhfw

� lv lq wkh ghpdqg ri djhqw l dw sulfhv s li lw ehorqjv wr dw ohdvw rqh vxevhw ri

remhfwv ghpdqghg e| djhqw l dw s=

� 5 G+l> s,/ � 5 D iru vrph D 5 G+l> s,

Gh�qlwlrq 5161 Wkh ghpdqg ri djhqw l vdwlv�hv wkh Jurvv Vxevwlwxwh surshuw|

li iru dq| s 5 U�l�/ dqg dq| �s 5 U�l�
> �s � s/ zlwk �s+�, @ s+�, iru vrph � 5 
/

wkhq � 5 G+l> s, lpsolhv � 5 G+l> �s,=

Wkh Jurvv Vxevwlwxwh surshuw| krzhyhu lv qrw d frqglwlrq rq wkh sulplwlyh

fkdudfwhulvwlfv ri wkh hfrqrp| +wkh xwlolw| ixqfwlrqv Y +l> �,, exw d frqglwlrq rq

wkh ghulyhg ghpdqg ixqfwlrqv +ru pruh dffxudwho| ghpdqg fruuhvsrqghqfhv,1 Lq
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wklv sdshu zh zloo vwxg| d frqglwlrq lq wkh vdph vslulw/ zklfk lv vwurqjhu/ exw

lv pdgh gluhfwo| rq wkh xwlolw| ixqfwlrqv1 Wkh �Fduglqdolw| Frqglwlrq� wkdw zh

lpsrvh uhtxluhv wkdw wkh pdujlqdo frqwulexwlrq ri dq remhfw rqo| ghshqgv rq wkh

qxpehu ri remhfwv wr zklfk lw lv dgghg1 Wklv frqglwlrq suhyhqw lqwhudfwlrqv lq

xwlolwlhv dprqj remhfwv�olnh remhfwv � dqg � �wwlqj hvshfldoo| zhoo wrjhwkhu�

zklfk fuhdwh sureohpv iru wkh h{lvwhqfh ri htxloleulxp1

Gh�qlwlrq 5171 Wkh xwlolw| ixqfwlrq Y +l> �, vdwlv�hv wkh Fduglqdolw| Frqglwlrq

li wkh pdujlqdo frqwulexwlrq ri dq remhfw wr djhqw l
�v xwlolw| ghshqgv rqo| rq

wkh qxpehu ri remhfwv wr zklfk lw lv dgghg/ l1h1/ iru doo D>E 5 S+
, vxfk wkdw

mDm @ mEm dqg � 5 D_E

Y +l>D,� Y +l>Dq�, @ Y +l>E,� Y +l>Eq�,

Lw lv vwudljkwiruzdug wr vhh wkdw d uhvhuydwlrq ydoxh ixqfwlrq vdwlv�hv Vxeprg0

xodulw| dqg wkh Fduglqdolw| Frqglwlrq li dqg rqo| li

Y +l> D, @
[

kM�

Y +l> �,� i+q,> zkhuh q @ mDm > i+3, @ i+4, @ 3>

dqg i lv vxshuprgxodu +i+q. 4,� i+q, � i+q,� i+q� 4, iru doo q,

Wkh Fduglqdolw| Frqglwlrq pdnhv vhqvh rqo| iru lqglylvleoh remhfwv zklfk kdyh

wkh vdph ixqfwlrq/ vlqfh rwkhuzlvh wkh pdujlqdo xwlolw| ri dq remhfw iru dq djhqw

ghshqgv rq wkh frpsrvlwlrq ri wkh vhw ri remhfwv wr zklfk lw lv dgghg/ qrw mxvw rq

lwv fduglqdolw| +lq sduwlfxodu lw ghshqgv rq zkhwkhu ru qrw wkh djhqw douhdg| srv0

vhvvhv dq remhfw shuiruplqj wkh vdph ixqfwlrq,1 Krzhyhu li wkhuh duh lqglylvleoh

remhfwv ri gl�huhqw qdwxuh dqg li wkh xwlolw| ri wkh djhqwv duh dgglwlyh ehwzhhq

jurxsv ri remhfwv ri gl�huhqw qdwxuh/ wkhq hdfk jurxs ri remhfwv fdq eh dwwulexwhg

+dxfwlrqhg/ vrog, vhsdudwho|1 Xqghu wkh vhsdudelolw| dvvxpswlrq/ lw lv vx!flhqw wr
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vwxg| �wzr jrrg� hfrqrplhv zlwk prqh| dqg lqglylvleoh remhfwv zklfk duh doo ri

wkh vdph qdwxuh1 Wkh prgho vwxglhg lq wklv sdshu jhqhudol}hv/ lq wkh txdvl0olqhdu

fdvh wkh wzr0jrrg prgho vwxglhg e| Khqu| +4<:3, wr wkh fdvh zkhuh wkh lqglylvl0

eoh remhfwv duh gl�huhqwldwhg1 Dq h{dpsoh ri vxfk remhfwv frxog eh sdlqwlqjv�ru

pruh jhqhudoo| duw remhfwv� froohfwhg e| djhqwv iru sxusrvh ri ghfrudwlrq1 Wkh

remhfwv w|slfdoo| kdyh gl�huhqw �hvwkhwlf ydoxhv� iru gl�huhqw djhqwv/ dqg li wkh

djhqwv duh pruh vhqvlwlyh wr wkh h�hfw ri hdfk remhfw wkdq wr wkh jhqhudo h�hfw

wkdw d jurxs ri remhfwv surgxfh wrjhwkhu/ wkhq wkh Fduglqdolw| Frqglwlrq fdq eh

d uhdvrqdeoh dssur{lpdwlrq1 Wkh dvvxpswlrq wkdw wkh djhqwv* uhvhuydwlrq ydo0

xhv duh vxeprgxodu vhhpv dovr uhdvrqdeoh lq wklv fdvh/ xqohvv vrph djhqwv duh

revhvvlyh froohfwruv1

Elnkfkdqgdql dqg Pdqhu +4<<:, vkrz wkdw/ li wkhuh duh wzr w|shv ri djhqwv

vxfk wkdw doo djhqwv ri wkh vdph w|sh kdyh wkh vdph vxshuprgxodu dqg lqfuhdvlqj

uhvhuydwlrq ixqfwlrqv/ d frpshwlwlyh htxloleulxp h{lvwv1 Wkh| dovr jlyh dq h{dpsoh

vkrzlqj wkdw vxshuprgxodulw| lv qrw vx!flhqw iru wkh h{lvwhqfh ri htxloleulxp1 Lq

wkh qh{w h{dpsoh zh vkrz wkdw/ hyhq lpsrvlqj wkh Fduglqdolw| Frqglwlrq/ zlwk

vxshuprgxodu uhvhuydwlrq ixqfwlrqv zh fdq qrw jxdudqwhh h{lvwhqfh ri htxlole0

ulxp14

H{dpsoh 51 Ohw h 5 H vxfk wkdw L @ i4> 5> 6j>
 @ i�>�> �j= Wkh uhvhuydwlrq

ydoxhv ri wkh djhqwv iru wkh gl�huhqw vxevhwv ri remhfwv duh jlyhq lq wkh iroorzlqj

4Qrwlfh wkdw Vxshuprgxodulw| dqg wkh Fduglqdolw| Frqglwlrq lpsolhv wkdw wkh uhvhuydwlrq

ydoxh ixqfwlrqv fdq eh zulwwhq dv T E�c�� '
S

kM�
T E�c k�3 sE?�c zkhuh sEf� ' sE�� ' fc dqg

s lv vxeprgxodu +sE?n ��3 sE?� $ sE?�3 sE?3 �� iru doo ?��
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wdeoh=

Y qD � � � �� �� �� ���

Y +4>D, 7 7 3 43 9 9 46

Y +5>D, 3 7 7 9 9 43 46

Y +6>D, 7 3 7 9 43 9 46

Dprqj rwkhuv/ wkh h!flhqw dvvljqphqwv ri remhfwv lq wklv hfrqrp| duh=�+4, @

i��j> �+5, @ i�j> �+6, @ i>j> �+4, @ i�j> �+5, @ i��j> �+6, @ i>j> �+4, @

i�j> �+5, @ i>j> �+6, @ i��j> �+4, @ i>j> �+5, @ i�j> �+6, @ i��j

Wkhuhiruh d frpshwlwlyh sulfh yhfwru vkrxog vdwlvi|/

Y +4> ��,� s+�,� s+�, @ Y +4> �,� s+�, @ Y +4> �,� s+�, @ Y +4> >,

43� s+�,� s+�, @ 7� s+�, @ 7� s+�, @ 3

zklfk lv lqfrpsdwleoh1

Lq wkh iroorzlqj vhfwlrq zh suryh wkdw li wkh xwlolw| ixqfwlrqv duh vxeprgxodu

dqg vdwlvi| wkh Fduglqdolw| Frqglwlrq/ wkh vhw ri htxloleulxp sulfhv kdv wkh odwwlfh

surshuw| irxqg lq wkh pdwfklqj prghov zlwk txdvl0olqhdu xwlolwlhv1 Wkxv li s� +�,

lv wkh pd{lpxp ydoxh ri remhfw � iru dq| htxloleulxp dqg s6+�, lwv orzhvw ydoxh

lq dq| htxloleulxp/ wkhq wkh yhfwruv s� dqg s6 duh dovr htxloleulxp sulfhv1 Ri

frxuvh s
� lv wkh yhfwru ri htxloleulxp sulfhv zklfk lv wkh prvw idyrudeoh iru wkh

vhoohuv dqg s6 wkh prvw idyrudeoh iru wkh ex|huv1 Pruhryhu wkh sulfhv s� dqg s6

kdyh d qdwxudo hfrqrplf lqwhusuhwdwlrq= s
� +�, lv wkh vrfldo vxusoxv fuhdwhg e|

remhfw � +wr eh suhflvho| gh�qhg lq Vhfwlrq 6, zkloh s6+�, lv wkh ydoxh ri � lq lwv

vhfrqg ehvw xvh +dovr wr eh gh�qhg lq Vhfwlrq 6,1

Vlplodu surshuwlhv ri wkh htxloleulxp sulfhv kdyh ehhq lqghshqghqwo| ghulyhg

lq d uhfhqw sdshu e| Jxo dqg Vwdffkhwwl +4<<9, xqghu wkh dvvxpswlrq wkdw wkh

ghpdqgv ri doo djhqwv vdwlvi| wkh Jurvv Vxevwlwxwh surshuw|1 Krzhyhu wkh surriv
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duh gl�huhqw lq qdwxuh iurp wkh surriv ri wklv sdshu1 Lq wkh txdvl0olqhdu hfrqrplhv

zlwk odujh hqgrzphqwv ri prqh| wkdw zh duh frqvlghulqj wkh h{lvwhqfh ri htxlole0

ulxp dqg wkh Vhfrqg Wkhruhp ri Zhoiduh hfrqrplfv +Sduhwr rswlpdo doorfdwlrqv

pd{lpl}lqj wkh vxp ri djhqwv* xwlolwlhv fdq eh vxssruwhg e| sulfhv, duh htxlyd0

ohqw/ vlqfh wkh htxloleulxp sulfhv gr qrw ghshqg rq wkh lqfrph glvwulexwlrq +vhh

Sursrvlwlrq 514,1 Zkloh Vwdffkhwwl dqg Jxo fdoo rq wkh surshuwlhv ri wkh djhqwv*

ghpdqg ixqfwlrqv wr suryh h{lvwhqfh ri dq htxloleulxp dqg ghulyh wkh surshuwlhv

ri htxloleulxp sulfhv/ wkh dqdo|vlv ri wklv sdshu iroorzv wkh urxwh ri wkh vhfrqg

Wkhruhp ri Zhoiduh hfrqrplfv dqg vkrzv wkdw wkh sulfhv s� dqg s
6 dv zhoo dv

d frqyh{/ frpsohwh odwwlfh ri lqwhuphgldwh sulfhv vxssruw wkh h!flhqw doorfdwlrqv

ri wkh remhfwv dprqj wkh djhqwv1

61 Htxloleulxp Sulfhv

6141 Gh�qlwlrq ri s
�

dqg s6

Wkh dqdo|vlv ri wklv vhfwlrq lv pdgh xqghu wkh iroorzlqj dvvxpswlrq rq wkh xwlolw|

ixqfwlrq1

DVVXPSWLRQ VF = Iru doo l 5 L / wkh xwlolw| ixqfwlrq Y +l> �, lv vxeprgxodu

dqg vdwlv�hv wkh Fduglqdolw| Frqglwlrq

Ohw � eh dq h!flhqw dvvljqphqw ri wkh remhfwv 
 wr wkh L djhqwv1 Wkh jrdo

ri wklv vhfwlrq lv wr ghulyh wkh sulfhv vxssruwlqj wklv doorfdwlrq ri wkh remhfwv1 Lq

d prgho zlwk glylvleoh jrrgv dqg txdvl0olqhdu xwlolwlhv/ wkh sulfhv vxssruwlqj d

Sduhwr rswlpdo doorfdwlrq duh jlyhq e| wkh pxowlsolhuv dvvrfldwhg wr wkh vfduflw|

frqvwudlqwv lq wkh surjudp ri pd{lpl}dwlrq ri wkh vxp ri wkh xwlolwlhv +vrfldo

zhoiduh, vxemhfw wr wkh ihdvlelolw| frqvwudlqwv1 Wkh hqyhorsh wkhruhp wkhq shuplw

lqwhusuhwlqj wkh pxowlsolhu dvvrfldwhg wr wkh vfduflw| frqvwudlqw iru d jrrg +ohw xv
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vd| jrrg �, dv wkh fkdqjh lq vrfldo zhoiduh uhvxowlqj iurp d pdujlqdo ghfuhdvh ru

lqfuhdvh lq wkh vxsso| ri wklv jrrg1 Vxssrvh qrz wkdw jrrg � lv lqglylvleoh dqg

h{lvwv lq d vlqjoh xqlw1 Li zh surfhhg e| dqdorj|/ wkhuh duh wzr fkdqjhv lq wkh

vxsso| ri � zklfk sod| wkh uroh ri d pdujlqdo fkdqjh lq wkh vxsso| ri � zkhq wkh

jrrg lv glylvleoh= wkh vxsso| fdq eh ghfuhdvhg e| rqh xqlw e| wdnlqj wkh jrrg �

rxw ri wkh dydlodeoh vxsso| ri jrrgv> ru wkh vxsso| fdq eh lqfuhdvhg e| rqh xqlw

e| dgglqj d frs| ri � wr wkh vxsso| ri dydlodeoh jrrgv1 Wkhvh fkdqjhv lqgxfh

fkdqjhv lq vrfldo zhoiduh dqdorjrxv wr wkh fkdqjhv lq vrfldo zhoiduh dffrpsdq|lqj

d pdujlqdo fkdqjh lq wkh vxsso| ri d glylvleoh jrrg1 Zh zloo suryh wkdw wkhvh

fkdqjhv lq vrfldo zhoiduh gh�qh wkh pd{lpxp dqg plqlpxp sulfhv vxssruwlqj

wkh h!flhqw doorfdwlrq �1

Ohw xv wkxv gh�qh wkh vrfldo zhoiduh fuhdwhg e| d vxsso| 
 ri remhfwv e|

X+
,
=
@
[

�MU

Y +l> �+l,,> iru dq| h!flhqw dvvljqphqw � ri 


Gh�qh s� dv wkh fkdqjh lq vrfldo zhoiduh zkhq wkh remhfw � lv wdnhq rxw ri

wkh dydlodeoh remhfwv/ l1h1

s
�+�, @ X+
,�X+
q�,> � 5 


ru dowhuqdwlyho| dv wkh frqwulexwlrq ri � wr wkh vrfldo zhoiduh1 Wr gh�qh wkh

plqlpxp sulfhv/ iru doo � 5 
 ohw h� ghqrwh dq h{dfw frs| ri remhfw �= Wr gh�qh

wkh vrfldo zhoiduh dvvrfldwhg wr 
 ^ h�> zh qhhg wr h{whqg wkh xwlolw| ixqfwlrqv wr

vxevhwv ri 
^ h� frqwdlqlqj erwk � dqg h�= Wkh h{whqvlrq lv pdgh lq wkh iroorzlqj

zd|= li D lv d vxevhw ri 
^ h� vxfk wkdw � 5 D> h� 5 D> wkhq Y +l> D, @ Y +l>Dqh�,=

Wkxv qr djhqw ehqh�wv iurp kdylqj wzr frslhv ri wkh vdph remhfw1 Zlwk wklv

frqyhqwlrq/ wkhuh lv dozd|v dq h!flhqw dvvljqphqw ri 
 ^ h� zklfk grhv qrw jlyh

� dqg h� wr wkh vdph djhqw +hyhq li rqo| rqh djhqw kdv dq| xvh iru �> dv orqj
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dv zh dvvxph iuhh glvsrvdo,1 Lq doo wkdw iroorzv/ zh zloo rqo| frqvlghu h!flhqw

dvvljqphqwv � ri 
 ^ h� vxfk wkdw �+l, 5 
= Lq wkh qrupdo fdvh zkhuh vhyhudo

djhqwv kdyh d srvlwlyh xwlolw| iru �> dq h!flhqw doorfdwlrq ri 
 ^ h� gh�qhv wkh

vhfrqg ehvw xvh ri �> vlqfh lw ehfrphv srvvleoh wr jlyh � wr wkh djhqw l zkr kdv

lw lq dq h!flhqw doorfdwlrq ri 
> dqg wr jlyh d frs| wr wkh djhqw zkr zrxog prvw

ehqh�w iurp � diwhu djhqw l +vhh wkh Uhpdun diwhu Ohppd 616,1 Li zh gh�qh

s6+�, @ X+
 ^ h�,� X+
,> � 5 


zh fdq lqwhusuhw s6+�, dv wkh vrfldo ydoxh ri � lq lwv vhfrqg ehvw xvh1 Gh�qh

s
�
@ +s�+�,,kMl dqg s6 @ +s6+�,,kMl1 Zh �uvw vkrz wkdw s

�+�, dqg s6+�,

jlyh uhvshfwlyho| wkh kljkhvw dqg orzhvw srvvleoh htxloleulxp sulfhv iru remhfw �1

Sursrvlwlrq 6141 Ohw � eh dq h!flhqw dvvljqphqw ri 
/ dqg vxssrvh wkdw wkhuh

h{lvwv s 5 U
�l�
n vxssruwlqj wkh dvvljqphqw �=Wkhq iru doo � 5 
/ X+
^h�,�X+
, �

s+�, � X+
,�X+
q�,=

Surri1 Vlqfh wkh yhfwru s lv vxssruwlqj wkh dvvljqphqw �> iru doo l 5 L> dqg iru doo

D 5 S+
,> Y +l> �+l,,� s+�+l,, � Y +l>D,� s+D,= Lq sduwlfxodu/ jlyhq � 5 
> ohw �

eh dq h!flhqw dvvljqphqw ri 
q� dprqj L / dqg ohw � eh dq h!flhqw dvvljqphqw ri


^ h�1 Dv qrwhg deryh/ dvvxph z1o1r1j1 wkdw �+l, 5 
 iru doo l1 Wkhq/ Y +l> �+l,,�

s+�+l,, � Y +l> �+l,, � s+�+l,, dqg Y +l> �+l,, � s+�+l,, � Y +l> �+l,, � s+�+l,, iru

doo l 5 L= Vxpplqj xs wklv lqhtxdolwlhv/ zh jhw X+
, � s+�, � X+
q�, dqg

X+
, � X+
 ^ h�,� s+�,=

Wkh qh{w wzr ohppdv zloo eh iuhtxhqwo| xvhg lq surylqj wkdw s� dqg s6 duh

htxloleulxp sulfh yhfwruv1
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Ohppd 6151 Ohw � dqg � eh wzr remhfwv lq 
 dqg ohw F dqg G eh wzr vxevhwv

ri 
 vxfk wkdw i�>�j _ F @ > dqg i�> �j _G @ >1 Wkhq iru doo l 5 L

Y +l>F ^ �,� Y +l>F ^ �, @ Y +l>G ^ �,� Y +l>G ^ �,

Surri1 Vxssrvh �uvw wkdw mFm @ mGm1 Wkhq e| wkh fduglqdolw| frqglwlrq

Y +l> F ^ �,� Y +l> F, @ Y +l> G ^ �,� Y +l> G,

Y +l>F ^ �,� Y +l> F, @ Y +l> G ^ �,� Y +l> G,

Vxewudfwlqj wkh vhfrqg htxdolw| iurp wkh �uvw jlyhv wkh uhvxow1 Vxssrvh qrz wkdw

mFm @ mGm � 41 Wkhq mF ^ �m @ mF ^ �m @ mGm1 Wkh fduglqdolw| frqglwlrq wkhq

lpsolhv

Y +l> F ^ � ^ �,� Y +l>F ^ �, @ Y +l>G ^ �,� Y +l> G,

Y +l>F ^ � ^ �,� Y +l>F ^ �, @ Y +l>G ^ �,� Y +l>G,

Vxewudfwlqj wkh vhfrqg lqhtxdolw| iurp wkh �uvw jlyhv wkh uhvxow1 Vxssrvh wkdw

mFm @ mGm� 51 Wkhq frqvlghu d vxevhw G
�

� G vxfk wkdw mFm @ mG�m� 4= Dsso|lqj

wzlfh wkh suhylrxv vwhs jlyhv

Y +l> F^�,�Y +l> F^�, @ Y +l>G�
^�,�Y +l>G�

^�, @ Y +l>G^�,�Y +l>G^�,

Wkxv wkh surshuw| krogv li mFm 9 mGm= Vlqfh F dqg G sod| d v|pphwulfdo uroh/

wkh surshuw| krogv iru doo vxevhwv F dqg G zklfk gr qrw frqwdlq � ru �1

Ohppd 6161 Ohw � eh dq h!flhqw dvvljqphqw ri 
 wr wkh djhqwv1 Iru dq| � 5 


wkhuh lv dq h!flhqw dvvljqphqw � ri 
q� dqg dq h!flhqw dvvljqphqw � ri 
 ^ h�

vxfk wkdw m�+l,m � m�+l,m � m�+l,m iru doo l 5 L1 Pruhryhu � fdq eh frqvwuxfwhg vxfk

wkdw wkh djhqw zkr kdv � lq wkh dvvljqphqw � dovr kdv lw lq wkh dvvljqphqw �=

4:



Surri1 Vwhs 4= Ohw � eh dq h!flhqw dvvljqphqw ri 
q� dprqj L1 Sduwlwlrq wkh

vhw L ri djhqwv ehwzhhq wkh vxevhwv

L� @ il 5 L m m�+l,m A m�+l,mj> L2 @ il 5 L m m�+l,m @ m�+l,mj> L� @ il 5 L m m�+l,m ? m�+l,mj

dqg vxssrvh wkdw L� lv qrw hpsw|/ wkdw lv iru vrph l 5 L> m�+l,m A m�+l,m = Fkrrvh

dq djhqw l 5 L��

Wkhuh h{lvw � 5 �+l, vxfk wkdw � 5 �+m, iru vrph djhqw m 9@ l1

Vxssrvh �uvw wkdw m 5 L�> l1h1 m�+m,m ? m�+m,m = Frqvlghu d qhz dvvljqphqw

�W zkhuh djhqw m jhwv �+m, ^ � dqg djhqw l jhwv �+l,q�1 Vlqfh m�+m,m ? m�+m,m/

m�+m, ^ �m � m�+m,m/ wkhq e| Dvvxpswlrq VF zh rewdlq wkdw

Y +m> �+m, ^ �,� Y +m> �+m,, � Y +m> �+m,,� Y +m> �+m,q�,

Vlqfh � lv dq h!flhqw dvvljqphqw ri 
 dprqj L/

Y +m> �+m,,� Y +m> �+m,q�, � Y +l> �+l, ^ �,� Y +l> �+l,,

Vlqfh m�+l,m ? m�+l,m/ m�+l, ^ �m � m�+l,m/ dqg e| Dvvxpswlrq VF/

Y +l> �+l,^ �,� Y +l> �+l,, � Y +l> �+l,,� Y +l> �+l,q�,

Wkhuhiruh/

Y +m> �+m,^ �,� Y +m> �+m,, � Y +l> �+l,,� Y +l> �+l,q�,

zklfk suryhv wkdw wkh qhz dvvljqphqw ri 
q� lv dv h!flhqw dv � 1 Li wkh lqhtxdolw|

lv vwulfw/ wklv lv d frqwudglfwlrq zlwk wkh idfw wkdw � lv dq h!flhqw dvvljqphqw ri


q� dprqj L1 Wkxv wkhuh pxvw eh htxdolw|/ dqg wkh qhz dvvljqphqw �W rewdlqhg

e| vkliwlqj � iurp djhqw l wr djhqw m lv dq h!flhqw dvvljqphqw ri 
q� dprqj L

zklfk kdv ghfuhdvhg e| rqh wkh qxpehu ri remhfwv dwwulexwhg wr wkh djhqwv ri L�=

Vxssrvh qrz wkdw m�+m,m � m�+m,m > wkdw lv m 5 L� ^ L21 Wkhq wkhuh h{lvwv dq

remhfw �
�
lq �+m, zklfk lv qrw lq �+m, dqg lv wkxv lq �+m�, iru vrph djhqw m�1

4;



Iru v|pphwu| ri qrwdwlrq fdoo mf wkh djhqw zkr kdv � xqghu � +m @ mf, dqg fdoo

� @ �f
1 Li m� lv lq L� wkhq frqvlghu wkh dvvljqphqw �

W rewdlqhg e| wudqvihuulqj

�
f

wr djhqw mf dqg �
�
wr djhqw m�= Li djhqw m� lv lq L� ^ L2> wkhq frqwlqxh wkh

surfhgxuh e| �qglqj dq remhfw �
2
lq �+m�, zklfk lv qrw lq �+m�, dqg lv wkxv lq

�+m2, iru vrph djhqw m2 � � �xqwlo dq djhqw ri L� lv uhdfkhg1 Li wkh vdph djhqw lq

L� ^ L2 lv vhohfwhg dw vhyhudo vwdjh ri wkh surfhgxuh dozd|v fkrrvh d qhz remhfw/

vr wkdw �
f 9@ �� 9@ �2 9@ � � �1 Wklv lv srvvleoh vlqfh iru wkhvh djhqwv m�+l,m � m�+l,m

vr wkdw hdfk remhfw zklfk lv dwwulexwhg wr l xqghu � dqg qrw xqghu � kdv ehhq

uhsodfhg e| d qhz remhfw1 Vlqfh L� lv qrq hpsw|/ +wkhuh duh ohvv remhfwv lq 
q�

wkdq lq 
, diwhu d �qlwh qxpehu ri vwhsv wkh surfhgxuh pxvw vwrs e| uhdfklqj

dq djhqw m& lq L�1 Frqvlghu wkh dvvljqphqw �
Wrewdlqhg e| wudqvihuulqj �

f
iurp

l wr mf/ �
�
iurp mf wr m�> � � �> �

&
wr m&1 Qrwh wkdw zlwkrxw orvv ri jhqhudolw| zh

fdq dvvxph wkdw wkh djhqwv mf> m�> = = = > m& duh doo gl�huhqw1 Iru li wkh vdph djhqw lv

fkrvhq dw gl�huhqw vwdjh ri wkh surfhgxuh/ l1h1 li/ iru c � 3> u � 4> m� @ m�no> wkhq

lw lv srvvleoh wr fkrrvh gluhfwo| wkh remhfw �
�non� lqvwhdg ri �

�n� lq �+m�, wkh �uvw

wlph wkdw djhqw m� lv uhdfkhg/ dyrlglqj wkh f|foh m�> m�n�> = = = > m�no= Ohw xv vkrz

wkdw wkh dvvljqphqw �W lv h!flhqw1 Dsso|lqj Ohppd 615 zlwk F @ �+m�,q��n�

dqg G @ �+m�,q��
jlyhv iru djhqwv mf> = = = > m&3�

Y +m�> �+m�,q��n� ^ ��,� Y +m�> �+m�,, @ Y +m�> �+m�,,� Y +m�> �+m�,q�� ^ ��n�,

Iru djhqw l> vlqfh m�+l,m A m�+l,m/ e| wkh fduglqdolw| frqglwlrq

Y +l> �+l, ^ �
f
,� Y +l> �+l,, � Y +l> �+l,,� Y +l> �+l,q�

f
,

dqg iru djhqw m& / vlqfh m� +m&,m ? m�+m&,m

Y +m&> �+m&, ^ �
&
,� Y +m&> �+m&,, � Y +m&> �+m&,,� Y +m&> �+m&,q�&,
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Dgglqj xs wkhvh htxdolwlhv dqg lqhtxdolwlhv ohdgv wr

^Y +l> �+l,q�
f
,. Y +mf> �+mf,q�� ^ �f

, . = = =. Y +m& > �+m&,^ �
&
,`

� ^Y +l> �+l,, . Y +mf> �+mf,, . = = =. Y +m&> �+m&,,`

� ^Y +l> �+l,, . Y +mf> �+mf,, . = = =. Y +m&> �+m&,,`

� ^Y +l> �+l, ^ �f
,. Y +mf> �+mf,q�f ^ ��

, . = = =. Y +m& > �+m&,q�&
,`

� 3

zkhuh wkh odvw lqhtxdolw| lv lpsolhg e| wkh h!flhqf| ri �1

Wkxv dv orqj dv dq h!flhqw dvvljqphqw � ri 
q� lv vxfk wkdw L� lv qrw hpsw|

lw lv srvvleoh wr frqvwuxfw dqrwkhu h!flhqw dvvljqphqw �
W zlwk rqh ohvv remhfw

dwwulexwhg wr wkh djhqwv ri L� dqg rqh pruh wr wkh djhqwv ri L�1 Lq d �qlwh

qxpehu ri vxfk vwhsv zh pxvw �qg dqg h!flhqw dvvljqphqw � ri 
q� vxfk wkdw

L� lv hpsw|1

Vwhs 5= Frqvlghu qrz dq h!flhqw dvvljqphqw � ri 
^ h� dqg sduwlwlrq wkh vhw

L lqwr

M� @ il 5 L m m�+l,m A m�+l,mj> M2 @ il 5 L m m�+l,m @ m�+l,mj>

M� @ il 5 m m�+l,m ? m�+l,mj

Li M� lv qrq hpsw|/ fkrrvh dq djhqw l lq M�1 Wkhuh lv dq remhfw �
f
zklfk lv

lq �+l, dqg qrw lq �+l,> wkxv zklfk lv lq �+mf, iru vrph djhqw mf1 Li mf lv lq M�>

wudqvihu �
f
iurp djhqw mf wr djhqw l dqg vwrs wkhuh1 Li djhqw mf lv lq M� ^ M2

wkhuh lv dq remhfw �
�
zklfk lv lq �+mf, dqg lq �+m�, iru vrph djhqw m� gl�huhqw

iurp mf= Wudqvihu �
�
iurp m� wr mf dqg frqwlqxh wkh surfhgxuh xqwlo dq djhqw ri

M� lv uhdfkhg zklfk kdv wr kdsshq vlqfh wkh remhfwv �
f
> �

�
> = = = fdq eh fkrvhq wr

eh gl�huhqw dqg vrph remhfwv pxvw ehorqj wr djhqwv ri M� zklfk lv d qrq hpsw|
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vhw1 Wkh vdph w|sh ri htxdolwlhv2lqhtxdolwlhv dv lq Vwhs 4 vkrz wkdw wkh qhz

dvvljqphqw ri 
 ^ h� vr rewdlqhg lv h!flhqw dqg jlyhv rqh pruh remhfw wr wkh

djhqwv ri M�= Wudqvihuulqj remhfwv wr wkhvh djhqwv pxvw ohdg lq d �qlwh qxpehu ri

vwhs wr dq h!flhqw doorfdwlrq ri 
 ^ h� iru zklfk wkh vhw M� lv hpsw|1

Vwhs 6= Ohw � eh dq h!flhqw dvvljqphqw ri 
 ^ h�> zklfk/ e| Vwhs 5/ fdq eh

fkrvhq vxfk wkdw m�+l,m � m�+l,m iru doo l +dqg dovr vxfk wkdw �+l, 5 
 iru doo l,1

Ohw l eh wkh djhqw zkr kdv � xqghu �= Vxssrvh wkdw l grhv qrw kdyh � xqghu �=

Wkhq/ vlqfh
�
��+l,

�
� �

�
��+l,

�
� wkhuh h{lvwv dq remhfw � lq �+l, zklfk lv qrw lq �+l,

dqg lv wkxv lq �+l�, iru vrph djhqw l�= Li � +ru ��, 5 �+l�, wkhq h{fkdqjh � dqg �>

l1h1 jlyh � +ru ��, wr �l dqg � wr l�= E| Ohppd 615 +zlwk F @ �+�l,q�/ G @ �+�l,q�

iru djhqw �l> F �
@ �+l�,q�> G�

@ �+l�,q� iru djhqw l�,

Y +�l> �+�l,q� ^ �,� Y +l> �+�l,, @ Y +l> �+�l,,� Y +�l> �+�l, ^ �q�,

Y +l�> �+l�, ^ �q�,� Y +l�> �+l�,, @ Y +l> �+l�,,� Y +l�> �+l�,q� ^ �,

Dgglqj wklv htxdolwlhv dqg h{sorlwlqj wkh rswlpdolw| ri � ohdgv wr

Y +�l> �+�l,q� ^ �,. Y +l�> �+l�, ^ �q�, � Y +l> �+�l,, . Y +l�> �+l�,,

vr wkdw wkh qhz dvvljqphqw lv dv h!flhqw dv �=

Li � @5 �+l�, frqwlqxh iroorzlqj wkh remhfwv zklfk duh dvvljqhg lq wkh dvvljqphqw

� gl�huhqwo| wkdq lq �= wkhuh h{lvwv �� lq �+l�, zklfk lv qrw lq �+l�, dqg wkxv

zklfk lv lq �+l2, iru l2 9@ l�= Hlwkhu � lv lq �+l2, lq zklfk fdvh wkh surfhgxuh

vwrsv/ ru wkhuh h{lvwv �
2
lq �+l2, dqg qrw lq �+l2,> vr wkdw �

2
lv lq �+l�, = = = Qrwh

wkdw hyhq li wkh vdph djhqw lv vhohfwhg vhyhudo wlphv/ wkh remhfwv �> �
�
> �

2
> = = =

fdq eh fkrvhq wr eh gl�huhqw vlqfh/ hdfk wlph dq remhfw lv lq �+l, dqg qrw lq �+l,

iru vrph djhqw l lw pxvw kdyh ehhq uhsodfhg e| d gl�huhqw remhfw1 Vlqfh wkhuh duh
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d �qlwh qxpehu ri gl�huhqw remhfwv/ dw vrph srlqw dq djhqw l6 pxvw eh uhdfkhg

vxfk wkdw � +ru ��, lv lq �+l6,= Wkhq uhsodfh � e| � iru djhqw �l> ��
e| � iru

djhqw l�> = = = > � e| �
63�

iru djhqw l6= Dv h{sodlqhg lq Vwhs 4 wkh surfhgxuh fdq

dozd|v eh prgl�hg vr wkdw djhqwv �l> l�> = = = > l6 duh doo gl�huhqw1 Wkh vdph w|sh ri

htxdolwlhv wkdq lq wkh vlpsoh fdvh zkhuh p @ 4 frqvlghuhg deryh/ frpelqhg zlwk

wkh rswlpdolw| ri �> lpsolhv wkdw wkh dvvljqphqw vr rewdlqhg lv dv h!flhqw dv �=

Uhpdun 41 Wkh surshuw| suryhg lq Vwhs 6/ qdpho| wkdw wkh djhqw �l zkr lv

dvvljqhg � xqghu � dovr uhfhlyhv � xqghu �> mxvwl�hv wkh lqwhusuhwdwlrq ri s6+�,

dv wkh ydoxh ri � lq lwv vhfrqg ehvw xvh= � dwwulexwhv wkh remhfw � wr wkh djhqw �l

zkr kdv lw xqghu � dqg dwwulexwhv wkh vhfrqg frs| ri � wr wkh djhqw zkr/ diwhu

�l> zrxog ehqh�w prvw ri frqvxplqj ��shukdsv diwhu d uhdoorfdwlrq ri wkh rwkhu

remhfwv1

Zh qrz suryh wkdw s� dqg s6 duh htxloleulxp sulfhv vxssruwlqj wkh h!flhqw

doorfdwlrqv ri wkh remhfwv 
=

6151 s� vxssruwv wkh h!flhqw dvvljqphqwv ri 
 wr L

Ohppd 6171 Ohw � eh dq h!flhqw dvvljqphqw ri 
 dprqj L= Iru doo l 5 L

+l, li � 5 �+l,> wkhq s
�+�, � Y +l> �+l,,� Y +l> �+l,q�,

+ll, li � @5 �+l,> wkhq s� +�, � Y +l> �+l, ^ �,� Y +l> �+l,,

Surri1 +l, Ohw � 5 �+l,> wkhq X+
q�, �
S

�MUc� �'�
Y +m> �+m,,.Y +l> �+l,q�,= Vlqfh

s� +�, @ X+
,� X+
q�,/

s
� +�, �

[

�MU

Y +m> �+m,,�
[

�MUc� �'�

Y +m> �+m,,�Y +l> �+l,q�, @ Y +l> �+l,,�Y +l> �+l,q�,

+ll, Ohw � @5 �+l,> dqg vxssrvh wkdw

s
�+�, @ X+
,�X+
q�, ? Y +l> �+l, ^ �,� Y +l> �+l,,
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wkhq/

X+
, ? X+
q�, . Y +l> �+l,^ �,� Y +l> �+l,,

E| Ohppd 616 wkhuh h{lvwv dq dvvljqphqw/ � > ri 
q� dprqj L vxfk wkdw

m�+l,m � m�+l,m > dqg e| Dvvxpswlrq VF

Y +l> �+l, ^ �,� Y +l> �+l,, � Y +l> �+l, ^ �,� Y +l> �+l,,

Wkhq/

X+
, ? X+
q�, . Y +l> �+l, ^ �,� Y +l> �+l,, � X+
,

zklfk lv d frqwudglfwlrq1

Ohppd 6181 Iru doo l 5 L> wkhuh lv D 5 S+
, vxfk wkdw mDm @ m�+l,m dqg

D 5 G+l> s� ,=

Surri1 +d, Vxssrvh wkdw wkhuh lv E 5 G+l> s�, vxfk wkdw mEm ? m�+l,m = Iurp

sduw +l, ri Ohppd 617 zh nqrz wkdw s
� +�, � Y +l> �+l,, � Y +l> �+l,q�, iru doo

� 5 �+l,= Vlqfh mEm ? m�+l,m/ li � @5 E> s�+�, � Y +l> E ^ �, � Y +l>E, vr wkdw

E ^ � 5 G+l> s� ,= Iroorzlqj wklv surfhvv/ zh fdq dgg hohphqwv wr E dqg rewdlq

d vhw EW
vxfk wkdw mEWm @ m�+l,m dqg E

W
5G+l> s�,=

+e, Vxssrvh wkdw wkhuh lv E 5 G+l> s�, vxfk wkdw mEm A m�+l,m1 Wkhq e| sduw +ll, ri

Ohppd 617 zh nqrz wkdw iru doo � 5 E vxfk wkdw � @5 �+l,> s� +�, � Y +l> �+l,^�,�

Y +l> �+l,,1 Wklv lpsolhv/ vlqfh mEm A m�+l,m> wkdw s�+�, � Y +l>E, � Y +l> Eq�,=

Vlqfh E 5 G+l> s� ,> lw pxvw eh wkdw s�+�, @ Y +l>E, � Y +l>Eq�,> vr wkdw

Eq� 5 G+l> s� ,= Iroorzlqj wklv surfhvv/ zh fdq vxewudfw hohphqwv iurp E dqg

rewdlq d vhw EW
vxfk wkdw mEWm @ m�+l,m dqg E

W
5 G+l> s� ,=

Wkhruhp 6191 Li � lv dq h!flhqw dvvljqphqw ri 
 dprqj L/ wkhq s� vxssruwv

�=
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Surri= Lq rughu wr suryh wkh wkhruhp/ zh pxvw suryh wkdw li � lv dq h!flhqw

dvvljqphqw ri wkh remhfwv/ wkhq iru doo l 5 L> �+l, 5 G+l> s� ,= E| Ohppd 618/

wkhuh h{lvw D 5 G+l> s�, vxfk wkdw mDm @ m�+l,m= Vxssrvh wkdw D 9@ �+l,= Wkhq

wkhuh h{lvwv � 5 �+l, vxfk wkdw � @5 D dqg wkhuh lv � 5 D vxfk wkdw � @5 �+l,= Ohw

xv vkrz wkdw D^ �q� lv dovr lq G+l> s�,=

Vxssrvh wklv lv qrw wuxh1 Wkhq lw pxvw eh wkdw Y +l>D, � s
�+D, A Y +l>D ^

�q�, � s� +D ^ �q�,/ zklfk lv htxlydohqw wr s
� +�, � s

� +�, A Y +l>D ^ �q�, �

Y +l> D,= E| Ohppd 615 +zlwk F @ Dq� dqg G @ �+l,q�, wklv lv htxlydohqw wr

X+
q�,�X+
q�, A Y +l>�+l,,� Y +l> �+l,^ �q�, +614,

Wr vkrz wkdw klv lqhtxdolw| lv lpsrvvleoh/ frqvlghu dq h!flhqw dvvljqphqw �

ri 
q� vxfk wkdw m�+m,m � m�+m,m iru doo m 5 L= E| Ohppd 616 vxfk dq dvvljqphqw

h{lvwv1 Lq rughu wr frqwudglfw lqhtxdolw| +614, zh frqvwuxfw dq dvvljqphqw ri


q� iurp � e| uhprylqj wkh remhfw � iurp wkh djhqw zkr kdv lw xqghu � dqg

�dssursuldwho|� dvvljqlqj wkh remhfw �=

Frqvlghu wkh djhqw m� zkr uhfhlyhv � xqghu � = Li m� @ l/ wkhq wdnh � iurp

djhqw l dqg uhsodfh lw e| �= Li m� 9@ l wkhq vlqfh � 5 �+m�, dqg � @5 �+m�,/ dqg

vlqfh m�+m�,m � m�+m�,m/ wkhuh lv dq remhfw �
�
lq �+m�, zklfk lv qrw lq �+m�,= Li wklv

remhfw lv hlwkhu � ru lv vxfk wkdw lw ehorqjv wr �+l,/ wkhq wkh surfhgxuh vwrsv= lq

wkh �uvw fdvh uhsodfh � e| � lq wkh dvvljqphqw ri djhqw m�/ lq wkh vhfrqg uhsodfh

� e| �
�
iru djhqw m� dqg uhsodfh �

�
e| � iru djhqw l= Li �

�
fdqqrw eh hlwkhu � ru

dq remhfw ri �+l,/ wkhq wkhuh h{lvwv dq djhqw m2 vxfk wkdw �
� 5 �+m2,1 E| wkh vdph

uhdvrqlqj / vlqfh �
�
@5 �+m2, wkhuh h{lvw dq remhfw �

2
lq �+m2, zklfk lv qrw lq �+m2,1

Li hlwkhu wklv remhfw lv � ru li lw ehorqjv wr �+l,/ wkhq surfhgxuh vwrsv e| uhsodflqj

� e| ��
iru djhqw m�/ dqg �

�
e| � iru djhqw m2 lq wkh �uvw fdvh/e| �

2
lq wkh vhfrqg

fdvh dqg �
2
e| � iru djhqw l> rwkhuzlvh lw frqwlqxhv1 Dv orqj dv wkh surfhgxuh

frqwlqxhv wkh remhfwv �
�
> �

2
> = = = > fdq eh fkrvhq vr dv wr eh gl�huhqw iurp hdfk
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rwkhu vlqfh hdfk wlph wkdw dq remhfw lq �+m, dqg qrw lq �+m,> vlqfh m�+m,m � m�+m,m/

wkhuh lv d fruuhvsrqglqj remhfw lq �+m,= Vlqfh wkhuh lv d �qlwh qxpehu ri remhfwv

wkh surfhgxuh pxvw hqg �qglqj dq djhqw m6 vxfk wkdw wkhuh h{lvwv dq remhfw �
6
lq

�+m6, zklfk lv hlwkhu � ru lv vxfk wkdw �
6
5 �+l,= lq wkh �uvw fdvh frqvlghu wkh

dvvljqphqw ri 
q� vxfk wkdw � lv uhsodfhg e| �� iru djhqw m�/ �
�
lv uhsodfhg e|

�
2
iru djhqw m2> = = = > dqg �

63�
lv uhsodfhg e| � iru djhqw m61 Lq wkh vhfrqg fdvh

� lv uhsodfhg e| �
�
iru djhqw m�/ �

�
lv uhsodfhg e| �

2
iru djhqw m2> = = = > �

63�
lv

uhsodfhg e| �
6

iru djhqw m6 dqg �
6

lv uhsodfhg e| � iru djhqw l1 Qrwh wkdw wkh

djhqwv m�> = = = > m6 fdq eh fkrvhq vr dv wr eh gl�huhqw iurp hdfk rwkhu vlqfh/ li wkh

vdph djhqw m� lv fkrvhq wzlfh/ l1h1 li iru vrph c � 4> u � 4> m� @ m�no> wkhq wkh

remhfw �
�no

fdq gluhfwo| eh fkrvhq lq �+m�, lqvwhdg ri �
�
wkh �uvw wlph wkdw djhqw

m� lv vhohfwhg1 Zh qrz xvh wkh dvvljqphqw mxvw frqvwuxfwhg wr �qg d erxqg rq

wkh gl�huhqfh X+
q�,� X+
q�,1 Frqvlghu wkh �uvw fdvh zkhuh �
6
@ �=

X+
@�,�X+
q�, � Y +m�> �+m�,,� Y +m�> �+m�,q� ^ �
�
,

.Y +m2> �+m2,,� Y +m2> �+m2,q�� ^ �2
,

. = = =

.Y +m6> �+m6,,� Y +m6> �+m6,q�
63� ^ �,

E| Ohppd 615 +zlwk F @ �+m�,q��3� dqg G @ �+m�,q�� iru c @ 4> = = = >p ,

X+
@�,� X+
q�, � Y +l> �+m�,q�� ^ �,� Y +m�> �+m�,,

.Y +m2> �+m2,q�2 ^ ��
,� Y +m2> �+m2,,

. = = =

.Y +m6> �+m6,q� ^ �
63�

,� Y +m6> �+m6,,
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E| wkh h!flhqf| ri wkh dvvljqphqw �

Y +l> �+l,,. Y +m�> �+m�, . � � � . Y +m6> �+m6,, � Y +l> �+l, ^ �q�,

.Y +m�> �+m�,q�� ^ �, . � � �

.Y +m6> �+m6,q� ^ �
63�

,

zklfk/ frpelqhg zlwk wkh suhylrxv lqhtxdolw| lpsolhv

X+
@�,�X+
q�, � Y +l> �+l,,� Y +l> �+l,q� ^ �,

dqg frqwudglfwv +614,1 Wkh surri iru wkh fdvh �
6
5 �+l, lv vlplodu dqg ohiw wr wkh

uhdghu1 Qrwh wkdw lw fryhuv/ zlwk p @ 3/ wkh fdvh zkhuh � 5 �+l,=

Wkxv lqhtxdolw| +614, lv lpsrvvleoh vr wkdw li D 5 G+l> s� , lv gl�huhqw iurp

�+l, wkhq hdfk remhfw ri D zklfk lv qrw lq �+l, fdq eh uhsodfhg e| d fruuhvsrqglqj

remhfw ri �+l, dqg wkh qhz vxevhw rewdlqhg lq wklv zd| lv vwloo lq wkh ghpdqg ri

D1 Diwhu d �qlwh qxpehu ri vxfk uhsodfhphqwv wkh vxevhw �+l, zloo eh rewdlqhg/

vr wkdw �+l, 5 G+l> s� ,=

6161 s6 vxssruwv wkh h!flhqw dvvljqphqwv ri 
 wr L

Ohppd 61:1 Ohw � eh dq h!flhqw dvvljqphqw ri 
 dprqj L= Iru doo l 5 L

+l, li � 5 �+l,> wkhq s6+�, � Y +l> �+l,,� Y +l> �+l,q�,

+ll, li � @5 �+l,> wkhq s6+�, � Y +l> �+l,^ �,� Y +l> �+l,,

Surri1 +l, Vlqfh zh kdyh suryhg wkdw s� lv dq htxloleulxp sulfh/ Sursrvlwlrq 614

lpsolhv wkdw s6 � s
�

= Vlqfh/ e| Ohppd 617/ s
� vdwlv�hv wkh lqhtxdolw| +l,/ vr

grhv s6=
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+ll, Li � @5 �+l,> dgglqj � wr wkh remhfwv ri l fuhdwhv dq dvvljqphqw ri 
 ^ h�=

Wkxv X+
 ^ h�, � X+
, � Y +l> �+l,, . Y +l> �+l, ^ �,> zklfk lv htxlydohqw wr wkh

lqhtxdolw| lq +ll,1

Ohppd 61;1 Iru doo l 5 L> wkhuh lv D 5 S+
, vxfk wkdw mDm @ m�+l,m dqg

D 5 G+l> s6,=

Surri1 Wkh surri lv lghqwlfdo wr wkh surri ri Ohppd 6181

Wkhruhp 61<1 Li � lv dq h!flhqw dvvljqphqw ri 
 dprqj L/ wkhq s6 vxssruwv �=

Surri1 Zh pxvw suryh wkdw iru doo l> �+l, 5 G+l> s6,= E| Ohppd 61;/ wkhuh h{lvwv

D lq wkh ghpdqg ri djhqw l vxfk wkdw mDm @ m�+l,m= Ohw xv vkrz wkdw li D 9@ �+l,>

wkhq hyhu| remhfw � lq D dqg qrw lq �+l, fdq eh uhsodfhg e| dq remhfw � lq �+l,

dqg qrw lq D> vr wkdw D^�q� lv lq wkh ghpdqg ri djhqw l= E| wkh vdph uhdvrqlqj

wkdq lq wkh surri ri Wkhruhp 619/ li D^ �q� zhuh qrw lq wkh ghpdqg ri djhqw l>

wkhq wkh iroorzlqj lqhtxdolw| zrxog kdyh wr krog

X+
 ^ h�,� X+
 ^ h�, A Y +l> �+l,,� Y +l> �+l, ^ �q�, +615,

Wr vkrz wkdw wklv htxdolw| lv lpsrvvleoh/ fkrrvh dq h!flhqw dvvljqphqw � ri


^ h� vxfk wkdw �+m, 5 
/ m�+m,m � m�+m,m> iru doo m 5 L dqg vxfk wkdw � 5 �+l,1 E|

Ohppd 616 vxfk dq dvvljqphqw h{lvwv1 Wkhuh duh wzr srvvleoh fdvhv=

Fdvh 4= � dvvljqv � dqg qrw � wr djhqw l1 Wkhq frqvlghuv wkh dvvljqphqw ri


 ^ �� rewdlqhg lq uhsodflqj � e| �=

X+
^h�, � X+
^h�,�Y +l> �+l,,.Y +l> �+l,q�^�, @ X+
^h�,�Y +l> �+l,,.Y +l> �+l,q�^�,

zkhuh wkh odvw htxdolw| iroorzv iurp Ohppd 615 zlwk F @ �+l,q�> G @ �+l,q�=

Wklv frqwudglfwv lqhtxdolw| +615,1

5:



Fdvh 51 � dvvljqv � dqg � wr djhqw l= Ohw m eh wkh djhqw zkr uhfhlyhv � xqghu

�> dqg ohw n eh wkh djhqw zkr uhfhlyhv wkh frs| h� ri � xqghu �1 Li m @ n> wkhq

wdnh h� iurp djhqw m dqg uhsodfh lw e| h�=

X+
^h�,�X+
^h�, � Y +m> �+m,,�Y +m> �+m,^�q�, @ Y +m> �+m,^�q�,�Y +m> �+m,,

zkhuh wkh odvw htxdolw| iroorzv iurp Ohppd 615 zlwk F @ �+m,q� dqgG @ �+m,q�=

E| h!flhqf| ri wkh dvvljqphqw �>

Y +m> �+m, ^ �q�,� Y +m> �+m,, � Y +l> �+l,,� Y +l> �+l,^ �q�,

Wklv frqwudglfwv lqhtxdolw| +615,1 Li m 9@ n/ wkhq vlqfh � 5 �+m,/ � @5 �+m,> dqg

m�+m,m � m�+m,m > wkhuh lv dq remhfw �
f
lq �+m, zklfk lv qrw lq �+m,= Li wklv remhfw

�
f
ehorqjv wr �+n, ru �+l,> wkhq wkh surfhgxuh vwrsv= lq wkh �uvw fdvh uhsodfh �

f

e| h� iru djhqw m> dqg uhsodfh h� e| �
f
iru djhqw n1 Lq wkh vhfrqg fdvh uhsodfh

�
f
e| h� iru djhqw m> dqg uhsodfh � e| �

f
iru djhqw l= Li �

f
lv qhlwkhu lq �+n, qru

lq �+l,> wkhq wkhuh lv dq djhqw m� vxfk wkdw �
f 5 �+m�,= E| wkh vdph uhdvrqlqj/

vlqfh �
f
@5 �+m�,> dqg m�+m�,m � m�+m�,m > wkhuh lv dq remhfw �

�
lq �+m�, zklfk lv

qrw lq �+m�,1 Li �
�
ehorqjv wr �+n, ru �+l,> wkhq wkh surfhgxuh vwrsv e| uhsodflqj

�
f
e| h� iru djhqw m> �

�
e| �

f
iru djhqw m�> dqg h� e| �� iru djhqw n lq wkh �uvw

fdvh/ dqg � e| �
�
iru djhqw l lq wkh vhfrqg fdvh> rwkhuzlvh lw frqwlqxhv1 Dv

orqj dv wkh surfhgxuh frqwlqxhv wkh remhfwv �
�
> �

2c
====> fdq eh fkrvhq vr dv wr eh

gl�huhqw iurp hdfk rwkhu vlqfh hdfk wlph wkdw dq remhfw lq �+o, lv qrw lq �+o,>

dqg vlqfh m�+o,m � m�+o,m > wkhuh lv d fruuhvsrqglqj remhfw lq �+o,= Vlqfh wkhuh lv d

�qlwh qxpehu ri remhfwv wkh surfhgxuh pxvw hqg �qglqj dq djhqw m6 vxfk wkdw

�
6
5 �+m6,> dqg �

6
@5 �+m6,> dqg vxfk wkdw �

6
lv lq �+n, ru �+l,= Lq wkh �uvw fdvh

frqvlghu wkh dvvljqphqw ri 
 ^ h� vxfk wkdw �f lv uhsodfhg e| h� iru djhqw m> �� lv

uhsodfhg e| �
f
iru djhqw m�> �

2
lv uhsodfhg e| �

�
iru djhqw m2> =====> �6 lv uhsodfhg

5;



e| �
63� iru djhqw m6> dqg h� lv uhsodfhg e| �

6
iru djhqw n1 Lq wkh vhfrqg fdvh

�
f
lv uhsodfhg e| h� iru djhqw m> �

�
lv uhsodfhg e| �

f
iru djhqw m�> �

2
lv uhsodfhg

e| �
�
iru djhqw m2> =====> �6 lv uhsodfhg e| �

63�
iru djhqw m6> dqg � lv uhsodfhg e|

�
6

iru djhqw l1 Qrwh wkdw/ dv lq wkh surriv ri Ohppd 616 dqg Wkhruhp 619/ zh

fdq dvvxph z1o1r1j1 wkdw wkh djhqwv m�> = = = > m6 duh doo gl�huhqw1

Zh qrz xvh wkh dvvljqphqw mxvw frqvwuxfwhg wr �qg d erxqg rq wkh gl�huhqfh

X+
 ^ h�,� X+
 ^ h�,= Frqvlghu wkh fdvh zkhuh �
6
5 �+l,=

X+
 ^ h�,�X+
 ^ h�, � Y +m> �+m,,� Y +m> �+m, ^ �q�
f
,

.Y +m�> �+m�,,� Y +m�> �+m�, ^ �
fq��

,

.===

.Y +m6> �+m6,,� Y +m6> �+m6, ^ �
63�q�6,

.Y +l> �+l,,� Y +l> �+l, ^ �
6
q�,

E| Ohppd 615 +zlwk F @ �+m,,q�,
dqg G @ �+m,,q�,3�

iru o @ 3> 4> ===>p zkhuh

mf @ m> dqg �
f3�

@ �> dqg F
�
@ �+l,q�> G�

@ �+l, ^ �qi�> �
6
j

X+
 ^ h�,�X+
 ^ h�, � Y +m> �+m, ^ �
fq�,� Y +m> �+m,,

.Y +m�> �+m�,^ �
�q�f

,� Y +m�> �+m�,,

.===

.Y +m6> �+m6, ^ �
6
q�
63�

,� Y +m6> �+m6,,

.Y +l> �+l, ^ �q�
6
,� Y +l> �+l,,

.Y +l> �+l,,� Y +l> �+l, ^ �q�,

E| wkh h!flhqf| ri wkh dvvljqphqw �

Y +m> �+m,, . ===. Y +m6> �+m6,, . Y +l> �+l,, �

5<



Y +m> �+m, ^ �fq�,. ===. Y +m6> �+m6, ^ �
6
q�
63�,. Y +l> �+l,^ �q�

6
,

zklfk/ frpelqhg zlwk wkh suhylrxv lqhtxdolw| lpsolhv

X+
 ^ h�,� X+
 ^ h�, � Y +l> �+l,,� Y +l> �+l, ^ �q�,

dqg frqwudglfwv lqhtxdolw| +615,1 Wkxv +615, lv lpsrvvleoh vr wkdw li D 5 G+l> s6,

lv gl�huhqw iurp �+l, wkhq hdfk remhfw ri D zklfk lv qrw lq �+l, fdq eh uhsodfhg

e| d fruuhvsrqglqj remhfw ri �+l,> dqg wkh qhz vxevhw rewdlqhg lq wklv zd| lv vwloo

lq wkh ghpdqg ri D1 Diwhu d �qlwh qxpehu ri vxfk uhsodfhphqwv wkh vxevhw �+l,

zloo eh rewdlqhg/ vr wkdw �+l, 5 G+l> s6,= Wkh fdvh zkhuh �
6

ehorqj wr �+n, lv

vlplodu dqg ohiw wr wkh uhdghu1

6171 Wkh odwwlfh vwuxfwxuh ri htxloleulxp sulfhv

Wkhruhp 61431 Wkh vhw ri sulfhv vxssruwlqj wkh h!flhqw dvvljqphqwv ri 
 lv d

frqyh{/ frpsohwh odwwlfh1

Surri1 Wkh vhw ri sulfhv vxssruwlqj dq h!flhqw dvvljqphqw � ri 
 lv wkh vhw ri

vroxwlrqv wr wkh olqhdu lqhtxdolwlhv Y +l> �+l,,�s+�+l,, � Y +l>D,�s+D,> ;D 5 


dqg lv wkxv forvhg dqg frqyh{1 Wr suryh wkh wkhruhp/ zh wkxv rqo| qhhg wr suryh

wkdw li s dqg s
� duh wzr sulfhv vxssruwlqj dq h!flhqw dvvljqphqw � ri 
 wkhq

s a s
� dqg s b s

�
> gh�qhg e| s a s

�+�, @ plqis +�, > s� +�,j dqg s b s
� +�, @

pd{is+�,> s� +�,j iru doo � 5 
> dovr vxssruw �= Wklv dprxqwv wr vkrzlqj wkdw

�+l, 5 G+l> s a s�, dqg �+l, 5 G+l> s b s�, iru doo l 5 L = Iluvw qrwh wkdw vlqfh/ e|

Sursrvlwlrq 614/ s6 � sa s
� � sb s

� � s
�

> wkh lqhtxdolwlhv +l, dqg +ll, ri Ohppd

617 ru 61: duh vdwlv�hg e| sas
� dqg sbs

�
= E| wkh vdph uhdvrqlqj dv lq Ohppd 618/

wklv lpsolhv wkdw/ iru doo l wkhuh h{lvw D� lq G+l> sa s
�, dqg D

�

�
lq G+l> sb s�, vxfk

wkdw mD�m @ mD�

�
m @ m�+l,m= Vxssrvh wkdw/ iru vrph djhqw l> D� 9@ �+l,= Wkhq wkhuh
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h{lvwv � vxfk wkdw � 5 D� dqg � @5 �+l,> dqg wkhuh h{lvwv � vxfk wkdw � 5 �+l, dqg

� @5 D�= Ohw xv vkrz wkdw D�q� ^ � lv dovr lq G+l> s a s�,1 E| Ohppd 615 +zlwk

F @ Dq� dqg G @ �+l,q�, dqg wkh idfw wkdw s dqg s� vxssruw �

Y +l>D�q� ^ �,� Y +l>D�, @ Y +l> �+l,,� Y +l> �+l,q� ^ �,

� pd{is+�,� s+�,> s�+�,� s�+�,j

� pd{isb s�+�,� s b s�+�,> s b s�+�,� s b s�+�,j

zkhuh wkh odvw lqhtxdolw| fdq hdvlo| eh fkhfnhg fdvh e| fdvh1 Wkxv wkh remhfwv ri

D� zklfk duh qrw lq �+l, fdq eh uhsodfhg e| remhfwv ri �+l,> zklfk suryhv wkdw

�+l, 5 G+l> sas�,= Wkh vdph uhdvrqlqj dssolhg wr D�

�
vkrzv wkdw �+l, 5 G+l> sbs�,=

Wkxv wkh vhw ri sulfhv vxssruwlqj wkh dvvljqphqw � lv d odwwlfh/ dqg ehlqj forvhg/

lw lv frpsohwh1

Qrwh wkdw fkrrvlqj sulfhv lqghshqghqwo| iru hdfk remhfw � ehwzhhq s� +�, dqg

s6 +�, grhv qrw jhqhudoo| ohdg wr d yhfwru ri htxloleulxp sulfhv/ dv vkrzq e| wkh

iroorzlqj h{dpsoh=

H{dpsoh 61441 = Ohw h 5 H eh vxfk wkdw L @ i4> 5> 6j> 
 @ i�> �> �j= Wkh

uhvhuydwlrq ydoxhv ri wkh djhqwv iru wkh gl�huhqw vxevhwv ri remhfwv duh jlyhq lq

wkh iroorzlqj wdeoh=

YqD � � � �� �� �� ���

Y +4>D, ; < ; 49 48 49 55

Y +5>D, 6 : 9 < ; 45 46

Y +6>D, 8 7 : ; 44 43 46

Iru wklv hfrqrp| wkh h!flhqw dvvljqphqw lv �+4, @ i��j> �+5, @ >> �+6, @ i�j=

Wkh yhfwruv s� dqg s6 duh

s
�
@ +:> ;> :,> s6 @ +7> :> 9,
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Wkh sulfh yhfwru s @ +7> :> :, krzhyhu lv qrw dq htxloleulxp sulfh yhfwru vlqfh

dw wkhvh sulfhv djhqw 6 zrxog ghpdqg remhfw � dqg qrw remhfw �= Wkh sulfhv ri

remhfwv qhhg wr eh frpsdwleoh= lq sduwlfxodu wkh vxusoxv ri djhqw 6 rq remhfw

� kdv wr eh dv ohdvw dv odujh dv rq remhfwv �= Wkh vhw ri htxloleulxp sulfhv lv

i+7 . %> :> s+�,, m 9 � s+�, � plq+9 . %> :,,> 3 � % � 6j=

71 Uhodwlrq ehwzhhq wkh Fduglqdolw| Frqglwlrq dqg Jurvv Vxevwl0

wxwdelolw|

Zh phqwlrqhg lq wkh Lqwurgxfwlrq dqg lq Vhfwlrq 5 wkdw/ iru vxeprgxodu uhvhuyd0

wlrq ydoxhv/ wkh Fduglqdolw| Frqglwlrq lpsolhv wkdw djhqwv* ghpdqgv vdwlvi| wkh

Jurvv Vxevwlwxwh surshuw|1 Zh qrz irupdoo| suryh wklv fodlp1 Wkh surri xvhv wkh

iroorzlqj surshuwlhv ri djhqwv* ghpdqgv zkhq wkhlu uhvhuydwlrq ydoxh ixqfwlrqv

vdwlvi| vxeprgxodulw| dqg wkh Fduglqdolw| Frqglwlrq1

Ohppd 7141 Vxssrvh wkdw wkh uhvhuydwlrq ydoxh Y +l> �, ri djhqw l lv vxeprgxodu

dqg vdwlv�hv wkh Fduglqdolw| Frqglwlrq1 Wkhq

+l, Li D dqg E duh wzr vxevhwv ri G+l> s,> dqg li mEm ? mDm> wkhq iru hyhu| �

vxfk wkdw � 5 D> � @5 E> wkhq E ^ � lv lq G+l> s,

+ll, Li s dqg s� duh wzr yhfwruv ri sulfhv vxfk wkdw s
� � s> li D lv d vxevhw ri

G+l> s, ri pd{lpxp fduglqdolw|/ wkhq iru doo E 5 G+l> s�,> mEm � mDm=

Surri1 +l, mEm ? mDm lpsolhv mE ^ �m � mDm vr wkdw Y +l>E ^ �, � Y +l>E, �

Y +l> D,� Y +l> Dq�, � s +�, > zkhuh wkh odvw lqhtxdolw| frphv iurp wkh idfw wkdw

D 5 G+l> s,= Wkxv wkh vxusoxv ri djhqw l zlwk wkh remhfwv ri E ^ � lv dw ohdvw dv

odujh dv zlwk wkh remhfwv ri E> vr wkdw E ^ � 5 G+l> s,=

+ll, Vxssrvh mEm A mDm= Wkhq wkhuh h{lvwv � vxfk wkdw � 5 E> � @5 D= Vlqfh

mD^ �m � mEm > Y +l> D^ �,� Y +l>D, � Y +l>Eq�,� Y +l>E, � s�+�, � s+�,= Wkxv
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D ^ � lv lq G+l> s,> zklfk frqwudglfwv wkh dvvxpswlrq wkdw D kdv wkh pd{lpxp

qxpehu ri hohphqwv dprqj wkh vxevhwv ri G+l> s,=

Sursrvlwlrq 7151 Vxssrvh wkdw wkh uhvhuydwlrq ydoxh Y +l> �, ri djhqw l lv vxe0

prgxodu dqg vdwlv�hv wkh Fduglqdolw| Frqglwlrq1 Wkhq djhqw l
� v ghpdqg vdwlv�hv

wkh Jurvv Vxevwlwxwh surshuw|1

Surri1 Ohw s� eh d sulfh yhfwru vxfk wkdw s� � s dqg ohw � eh dq hohphqw ri G+l> s,

vxfk wkdw s+�, @ s� +�, = E| Ohppd 714 +l,/ wkhuh lv d vxevhw mDm ri pd{lpxp

fduglqdolw| dprqj wkh vxevhwv ri G+l> s, vxfk wkdw � 5 D= Ohw E 5 G+l> s�,= E|

Ohppd 714 +ll,/ mEm � mDm = Li � @5 E dqg mEm ? mDm > wkhq Y +l>E ^ �,� Y +l>E, �

Y +l> D, � Y +l> Dq�, � s +�, @ s�+�,> vr wkdw E ^ � 5 G+l> s�,= Li � @5 E dqg

mDm @ mEm > wkhuh h{lvw � 5 E> � @5 D= E| Ohppd 615/ Y +l>Eq� ^ �,� Y +l> E, @

Y +l> D,�Y +l>Dq�^�, � s+�,�s+�, � s�+�,�s�+�, zkhuh wkh odvw wzr lqhtxdolwlhv

frph iurp wkh idfwv wkdw D lv dw ohdvw dv ghvludeoh dw sulfhv s wkdq Dq�^ �> wkdw

s+�, @ s�+�,/ dqg s� +�, � s +�,1 Wkxv Eq� ^ � 5 G+l> s�, vr wkdw � 5 G+l> s�,=

Wkh uhyhuvh sursrvlwlrq lv qrw wuxh= wkh JV surshuw| rq ghpdqg krogv iru

uhvhuydwlrq ydoxh ixqfwlrqv zklfk gr qrw vdwlvi| wkh Fduglqdolw| Frqglwlrq1 Iru

h{dpsoh lw krogv iru wkh uhvhuydwlrq ydoxh ixqfwlrqv Y +l>D, @ pd{iY +l> �,> � 5

Dj> zklfk fruuhvsrqg wr wkh fdvh zkhuh djhqwv kdyh xvh iru rqo| rqh remhfw1 Lq

wklv sdshu zh duh lqwhuhvwhg lq wkh fdvh zkhuh wkh djhqwv duh dozd|v zloolqj wr

sxufkdvh rqh pruh remhfw li wkh sulfh lv vx!flhqwo| orz/ l1h1 wr vlwxdwlrqv zkhuh

wkh pdujlqdo xwlolw| ri hyhu| remhfw lv dozd|v srvlwlyh1 Zh kdyh qrw vxffhhghg lq

fkdudfwhul}lqj doo uhvhuydwlrq ydoxh ixqfwlrqv zklfk ohdg wr wkh Jurvv Vxevwlwxwh

surshuw|/ vr wkdw zh gr qrw nqrz li wkh| lqyroyh ixqfwlrqv zlwk d qdwxudo hfrqrplf

lqwhusuhwdwlrq/ rwkhu wkdq wkh rqhv vdwlvi|lqj wkh Fduglqdolw| Frqglwlrq1 Lw lv

fohdu rq vlpsoh h{dpsohv wkdw wkh Jurvv Vxevwlwxwh surshuw| doorz iru pruh �iuhh

sdudphwhuv� lq frqvwuxfwlqj wkh uhvhuydwlrq ydoxh ixqfwlrqv wkdq wkh Fduglqdolw|
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Frqglwlrq1 Li zh frph edfn wr wkh h{dpsoh ri Vhfwlrq 5 iru zklfk wkhuh lv qr

htxloleulxp/ dqg prgli| lw wr rewdlq h{lvwhqfh ri dq htxloleulxp/ wkhq lq rughu wr

kdyh wkh Fduglqdolw| Frqglwlrq vdwlv�hg/ zh fdq nhhs wkh vdph uhvhuydwlrq ydoxhv

iru remhfwv �> �> � dqg wkh uhvhuydwlrq ydoxhv iru rqh ri wkh vxevhwv frpsrvhg

ri wzr remhfwv +iru h{dpsoh zh nhhs wkh qxpehuv lq wkh froxpq ��,1 Wkhq wkh

fkrlfh ri qxpehuv lq wklv froxpq ghwhuplqh doo rwkhu uhvhuydwlrq ydoxhv iru jurxsv

ri wzr remhfwv +vlqfh wkh pdujlqdo frqwulexwlrq ri � dqg � wr rqh0remhfw vxevhwv

duh ghwhuplqhg,1 Wkh ydoxhv iru wkh wkuhh0remhfw vxevhw ��� duh wkhq �iuhh�

sdudphwhuv +vxemhfw wr wkh vxeprgxodulw| frqglwlrq dqg prqrwrqlflw|/ wkdw zh

kdyh qrw xvhg lq wkh surriv/ exw lv d qdwxudo dvvxpswlrq wr uhtxluh,1 Iru h{dpsoh/

li zh nhhs wkh vdph ydoxhv iru Y +l> � ^ �, dv lq wkh ruljlqdo h{dpsoh/ wkhq wkh

uhvhuydwlrq ydoxhv wdeoh pxvw eh

Y qD � � � �� �� �� ���

Y +4>D, 43 ; 5 4: 44 < � 4:

Y +5>D, ; 8 43 44 49 46 � 49

Y +6>D, 4 4 ; 5 < < � <

Li zh rqo| uhtxluh wkdw wkh ghpdqgv vdwlvi| wkh Jurvv Vxevwlwxwh surshuw|/

wkhq wkh rqo| uhvwulfwlrqv rq wkh djhqwv* uhvhuydwlrq ydoxhv iru vxevhwv ri wzr

remhfwv duh dv iroorzv= li Y +l> �� ^ �2,� Y +l> �2, ? Y +l> �� ^ ��,� Y +l> ��, wkhq

lw pxvw eh wkdw Y +l> �� ^ ��, � Y +l> ��, @ Y +l> �2 ^ ��, � Y +l> �2,= Iru li/ iru

h{dpsoh/ zh kdg Y +l> �� ^ ��, � Y +l> ��, A Y +l> �2 ^ ��, � Y +l> �2, wkhq iru

sulfhv s vxfk wkdw Y +l> �� ^ �2, � Y +l> �2, ? s+��, ? Y +l> �� ^ ��, � Y +l> ��,>

Y +l> �2^��,�Y +l> �2, ? s +��, ? Y +l> ��^��,�Y +l> ��, dqg Y +l> �2,�s+�2, @

Y +l> ��^��,�s+��,�s +��,/ djhqw l *v ghpdqg zrxog frqvlvw ri wkh vhwv i��> ��j
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dqg i�2j= Li wkh sulfh s+��, voljkwo| lqfuhdvhv 5 wkhq wkh ghpdqg uhgxfhv wr ~�2j/

zklfk ylrodwhv wkh Jurvv Vxevwlwxwh surshuw|1 D vlplodu uhdvrqlqj holplqdwhv wkh

srvvlelolw| wkdw Y +l> ��^��,�Y +l> ��, ? Y +l> �2^��,�Y +l> �2,= Wkxv/ zkhq wkh

froxpq Y +l> � ^ �, lv fkrvhq/ wkhuh duh vwloo vrph ghjuhhv ri iuhhgrp iru fkrrvlqj

wkh ydoxhv ri Y +l> � ^ �, dqg Y +l> � ^ �, frpsdwleoh zlwk wkh JV surshuw| ri wkh

ghpdqg1 Iru h{dpsoh/ zh frxog nhhs wkh wzr froxpqv �� dqg �� ri wkh ruljlqdo

wdeoh/ dqg wkh wdeoh ri qxpehuv kdv mxvw wr eh prgl�hg vr dv wr vdwlvi|

Y qD � � � �� �� �� ���

Y +4>D, 43 ; 5 43� Y +4> � ^ �, �4: 44 < � pd{i44> Y +4> � ^ �,j

Y +5>D, ; 8 43 44 47 46 � 47

Y +6>D, 4 4 ; 4� Y +6> � ^ �, � 5 < < � <

Wkxv wkhuh duh pruh �iuhh� sdudphwhuv zlwk wkh JV dvvxpswlrq wkdq zlwk

wkh Fduglqdolw| Frqglwlrq1 Lw zrxog eh lqwhuhvwlqj wr fkdudfwhul}h doo uhvhuydwlrq

ixqfwlrqv zklfk ohdg wr ghpdqgv vdwlvi|lqj wkh JV surshuw|/ lq rughu wr �qg

zklfk lqwhusuhwdeoh uhvwulfwlrqv rq wkh suhihuhqfhv ri wkh djhqwv duh frpsdwleoh

zlwk wkh JV surshuw|1 Krshixoo|/ ixwxuh uhvhdufk zloo surylgh dq dqvzhu wr wklv

txhvwlrq1

5 lq vxfk d zd| wkdw wkh lqhtxdolw| REk�� 	 T E�c k� � k��3 T E�c k�� zklfk hqvxuhv wkdw k� lv

qrw lq wkh ghpdqg/ vwloo krogv
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