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WILL YOU MARRY ME? A PERSPECTIVE
ON THE GENDER GAP

Ronel Elul, José Silva-Reus and Oscar Volij

A B S T R A C T

This paper develops a general equilibrium model of the gender wage up.  The difference
in earnings is a consequence of a demographic regularity -that men tend to marry younger
women- which limits women´s labor mobility.  However, couples are always free not to marry,
and do so only if it is in each´s self-interest.

In our model, marriage is beneficial because the joint consumption is a household public
good.  The intrafamily allocation of resources is determined via noncooperative bargaining; this
leads to interesting interactions between the game played by husband and wife on the other hand,
and the competitive environment in which they are immersed on the other.  One example of this
is the gender gap.
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� ,QWURGXFWLRQ

7KH DLP RI WKLV SDSHU LV WR GHYHORS D PRGHO ZKLFK H[SODLQV WKH JHQGHU JDS � WKDW LV� WKH

REVHUYHG GLmHUHQFH LQ ZDJHV EHWZHHQ PHQ DQG ZRPHQ� :H PRGHO WKLV GLmHUHQFH DV EHLQJ

WKH RXWFRPH RI D SURFHVV ZKHUHE\ LQGLYLGXDOV HQGRJHQRXVO\ FKRRVH WKHLU RFFXSDWLRQV� DQG

QRW DV WKH UHVXOW RI DQ\ LQWULQVLF GLmHUHQFH EHWZHHQ WKH VH[HV� QRU RI GLVFULPLQDWLRQ� 7KLV

GRHV QRW PHDQ WKDW ZH GR QRW EHOLHYH WKDW VXFK GLmHUHQFHV �RU GLVFULPLQDWLRQ� IRU WKDW

PDWWHU� GR QRW H[LVW� RU DUH LQVLJQLnFDQW� ZH DUH RQO\ LQWHUHVWHG LQ VKRZLQJ WKDW LW LV

SRVVLEOH WR H[SODLQ WKH JHQGHU JDS ZLWKRXW DSSHDOLQJ WR WKHP�

:H EDVH RXU H[SODQDWLRQ RQ D GHPRJUDSKLF IDFW � WKDW PHQ WHQG WR PDUU\ \RXQJHU

ZRPHQ� DQG VKRZ KRZ WKLV FDQ UHVXOW LQ DQ REVHUYHG JHQGHU JDS� � 7KLV LV WKH RQO\

GLVWLQFWLRQ ZKLFK ZH SRVLW EHWZHHQ PHQ DQG ZRPHQ� $V D UHVXOW RI WKLV GLmHUHQFH� KRZHYHU�

PHQ FKRRVH WKHLU RFFXSDWLRQ EHIRUH WKHLU SRWHQWLDO VSRXVHV GR� DQG VR PDUULHG ZRPHQ DUH

OHIW ZLWK OHVV oH[LELOLW\ LQ WKHLU FKRLFH RI RFFXSDWLRQ� ZLWK FRQVHTXHQW ORZHU LQFRPH RQ

DYHUDJH� <HW DOO RI WKLV RFFXUV HQGRJHQRXVO\� ZRPHQ DUH QRW UHTXLUHG WR PDUU\� DQG LQ

IDFW GR VR RQO\ ZKHQ LW SURYHV EHQHnFLDO WR WKHP� 7KLV H[SODQDWLRQ RI WKH JHQGHU JDS LV

FRQVLVWHQW ZLWK WZR HPSLULFDO UHJXODULWLHV� nUVWO\ WKDW WKH ZDJH JDS LV JUHDWHVW EHWZHHQ

PDUULHG PHQ DQG ZRPHQ� DQG� VHFRQG� WKDW GLmHUHQFHV LQ HDUQLQJV EHWZHHQ PHQ DQG ZRPHQ

DUH UDUHO\ UHoHFWHG LQ RYHUW DQG H[SOLFLW GLVFULPLQDWLRQ� LQ ZKLFK D ZRPDQ UHFHLYHV D ORZHU

VDODU\ IRU GRLQJ SUHFLVHO\ WKH VDPH ZRUN� EXW UDWKHU LQ D PRUH VXEWOH IRUP LQYROYLQJ VRUWLQJ

DFURVV RFFXSDWLRQV� �

:H EHJLQ ZLWK D VLPSOH UDWLRQDO�H[SHFWDWLRQV JHQHUDO HTXLOLEULXP PRGHO ZLWK RYHUODS�

SLQJ JHQHUDWLRQV DV LQ 'LDPRQG ������� :H QRZ DVVXPH WKDW WKHUH DUH WZR FLWLHV� GHQRWHG

FLW\ , DQG FLW\ ,,� $V ZH ZLOO VHH� WKHVH FLWLHV ZLOO UHSUHVHQW VSHFLDOL]DWLRQ LQ WKH ODERU

PDUNHWV� ,Q HDFK SHULRG� D FRQWLQXXP RI PHQ DQG ZRPHQ DUH ERUQ LQ HDFK FLW\� (DFK

DJHQW OLYHV IRU WZR SHULRGV DQG LV HQGRZHG ZLWK RQH XQLW RI ODERU ZKHQ \RXQJ� 7KH ODERU

�7KLV DVVXPSWLRQ LV GLVFXVVHG EHORZ�
�&�I� *XQGHUVRQ ������ IRU D VXPPDU\ RI WKH HPSLULFDO HYLGHQFH RQ WKH JHQGHU JDS�
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HQGRZPHQW RI WKH LQGLYLGXDOV FDQ EH RI RQH RI WZR W\SHV� 2QH XQLW RI ODERU RI W\SH , LV

HTXLYDOHQW WR RQH HpFLHQF\ XQLW LQ FLW\ ,� ZKLOH LW UHSUHVHQWV RQO\ n HpFLHQF\ XQLWV ZKHQ

DSSOLHG WR FLW\ ,,� $QDORJRXVO\� RQH XQLW RI W\SH ,, ODERU LV HTXLYDOHQW WR RQO\ n HpFLHQF\

XQLWV LQ FLW\ ,� ZKLOH LW UHSUHVHQWV RQH XQLW LI XVHG LQ FLW\ ,,� 7KHVH GLmHUHQFHV LQ SURGXF�

WLYLW\ DUH UHoHFWHG LQ WKH ZDJH UHFHLYHG E\ HDFK W\SH RI ODERU LQ HDFK FLW\� WKLV ZDJH LV VHW

FRPSHWLWLYHO\� VR DV WR HTXDWH WKH VXSSO\ DQG GHPDQG IRU ODERU� ,W LV LPSRUWDQW WR QRWH�

KRZHYHU� WKDW ZRUNHUV DOZD\V KDYH WKH RSSRUWXQLW\ WR UHDFW WR LQWHU�FLW\ ZDJH GLmHUHQWLDOV

E\ PRYLQJ IURP RQH FLW\ WR WKH RWKHU�

,Q WKLV PRGHO� n UHSUHVHQWV WKH GHJUHH RI nUP�VSHFLnFLW\ RI ODERU� )RU H[DPSOH� HDFK

FLW\ PD\ XVH D GLmHUHQW ODQJXDJH� DQG D ZRUNHU ZLOO EH DEOH WR REWDLQ WKH EHVW MRE RQO\

E\ EHLQJ oXHQW LQ WKDW ODQJXDJH� RWKHUZLVH KH RU VKH ZLOO EH OHVV SURGXFWLYH LQ WKDW FLW\�

$QRWKHU ZD\ WR YLHZ n LV DV UHSUHVHQWLQJ VRPH XQPRGHOHG LQYHVWPHQW LQ KXPDQ FDSLWDO

ZKLFK LV VSHFLnF WR RQH W\SH RI nUP RU LQGXVWU\�

7R WKLV HFRQRPLF IUDPHZRUN� ZH DGG WKH DIRUHPHQWLRQHG FRQVWUDLQW _ WKDW PHQ PDUU\

\RXQJHU ZRPHQ� 1RWH WKDW WKLV LV QRW DQ LQWULQVLF GLmHUHQFH EXW UDWKHU D VRFLRORJLFDO RQH�

,W LV PRGHOHG LQ WKH IROORZLQJ PDQQHU� $ PDQ ERUQ LQ D SDUWLFXODU SHULRG NQRZV WKDW LQ

WKH IROORZLQJ SHULRG KH ZLOO EH UDQGRPO\ PDWFKHG WR D ZRPDQ ERUQ LQ WKDW SHULRG� 7KXV

KH KDV RQO\ D ��� FKDQFH RI EHLQJ PDWFKHG WR D ZRPDQ RI WKH VDPH W\SH� DQG KH PDNHV KLV

FRQVXPSWLRQ DQG VDYLQJ GHFLVLRQV ZLWK WKLV LQ PLQG� 0RGHOLQJ LQGLYLGXDOV DV QRW FKRRVLQJ

WKHLU SDUWQHUV PD\ EH VHHQ DV UHSUHVHQWLQJ WKH IDFW WKDW LW LV GLpFXOW �LI QRW LPSRVVLEOH��

WR FKRRVH ZLWK ZKRP WR IDOO LQ ORYH� $OWKRXJK WKLV PDWFKLQJ LV LWVHOI IUHH RI HFRQRPLF

FRQVLGHUDWLRQV� ZH ZLOO VHH WKDW WKH GHFLVLRQ WR PDUU\ LV QRW�

7KH OLIH�F\FOH QRZ SURFHHGV DV IROORZV� 6LQFH WKH\ DUH ERUQ XQZHG DQG GR QRW KDYH DQ\

LQIRUPDWLRQ DERXW WKHLU SRWHQWLDO PDWFK� WKH PHQ PD[LPL]H WKHLU LQFRPH E\ PRYLQJ WR

WKH DSSURSULDWH FLW\� 7KH\ WKHQ ZRUN LQ WKHLU \RXWK� FRQVXPH VRPH RI WKHLU HDUQLQJV ZKLOH

\RXQJ� DQG VDYH WKH UHVW IRU WKHLU ROG DJH� DOO ZLWKRXW NQRZLQJ WKH W\SH RI WKH ZRPDQ WR

ZKRP WKH\ ZLOO EH PDWFKHG� ,Q WKH QH[W SHULRG� WKH PHQ DOO SURSRVH PDUULDJH WR WKHLU

PDWFK� 7KH VROH EHQHnW DFFUXLQJ WR PDUULDJH LV WKDW WKH FRQVXPSWLRQ ZKLFK WDNHV SODFH
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GXULQJ WKHLU VLQJOH SHULRG RI OLIH WRJHWKHU LV D �KRXVHKROG� SXEOLF JRRG IRU WKH FRXSOH��

&RQVHTXHQWO\� D KLJKHU OHYHO RI MRLQW XWLOLW\ FDQ EH DFKLHYHG IRU D JLYHQ H[SHQGLWXUH� $W

ZRUVW� PHQ DUH LQGLmHUHQW WR PDUULDJH� DQG PD\ EHQHnW IURP LW LI WKH\ DUH IRUWXQDWH HQRXJK

WR PDUU\ D ZRPDQ ZKR GRHV QRW ZDQW WR VDYH DOO RI KHU LQFRPH� 7KXV� DV ZH ZLOO VHH� D

PDQ PD\ ZHOO ZDQW WR VDYH PRUH WKDQ KH RWKHUZLVH ZRXOG LQ RUGHU WR HQFRXUDJH D ZRPDQ

WR PDUU\ KLP�

1RZ FRQVLGHU WKH PRGHO IURP WKH SHUVSHFWLYH RI D UHSUHVHQWDWLYH ZRPDQ� $V VRRQ DV

WKH ZRPDQ LV ERUQ� VKH LV UDQGRPO\ PDWFKHG WR D PDQ IURP WKH SUHYLRXV JHQHUDWLRQ� 6KH

PXVW WKHQ GHFLGH ZKHWKHU WR PDUU\ KHU PDWFK� DQG DOVR KRZ PXFK WR VDYH DQG KRZ PXFK

WR FRQWULEXWH WRZDUGV WRGD\
V FRQVXPSWLRQ � WKDW LV� WKH KRXVHKROG SXEOLF JRRG� ,I VKH LV

PDWFKHG WR D PDQ RI KHU RZQ W\SH� WKHQ WKH EHQHnWV RI PDUULDJH DUH FOHDU DQG VKH ZLOO

FHUWDLQO\ DFFHSW WKH PDQ
V SURSRVDO� ,I� KRZHYHU� VKH LV PDWFKHG WR VRPHRQH OLYLQJ LQ D

FLW\ RI D W\SH GLmHUHQW IURP KHU RZQ� WKHQ VKH IDFHV D GLOHPPD� VKH PXVW HLWKHU PDUU\ DQG

UHFHLYH D VDODU\ FRUUHVSRQGLQJ WR KHU ORZHU SURGXFWLYLW\� RU VKH PD\ FKRRVH WR UHMHFW WKH

RmHU DQG LQVWHDG JR WR ZRUN LQ WKH FLW\ RI KHU W\SH IRU D KLJKHU ZDJH� XQIRUWXQDWHO\� LQ WKLV

FDVH VKH ZLOO UHOLQTXLVK WKH EHQHnWV RI PDUULDJH DQG DOO RI KHU FRQVXPSWLRQ ZLOO EH SXUHO\

SULYDWH� +HU FKRLFH ZLOO GHSHQG RQ WKH WHUPV RI KHU KXVEDQG
V RmHU �WKDW LV� KLV VDYLQJV�

DV ZHOO DV RWKHU IDFWRUV OLNH ZDJHV DQG LQWHUHVW UDWHV� ,I ZKDW KH KDV VDYHG LV ODUJH HQRXJK

UHODWLYH WR WKH RSSRUWXQLWLHV VKH JLYHV XS E\ PDUU\LQJ KLP� WKHQ VKH ZLOO PDUU\� RWKHUZLVH

VKH ZLOO QRW� ,W LV WKHQ QRW KDUG WR VHH WKDW D JHQGHU JDS ZLOO RFFXU ZKHQ VRPH ZRPHQ

FKRRVH WR PDUU\ HYHQ WKRXJK E\ GRLQJ VR WKH\ ORZHU WKHLU �SULYDWH� ZDJH�

1RWH WKDW DOO DJHQWV� EH WKH\ PHQ RU ZRPHQ� FKRRVH WKHLU FLW\ RI OLIHWLPH UHVLGHQFH

LQ WKHLU nUVW SHULRG RI OLIH� 7KH RQO\ GLmHUHQFH LV WKDW WKH PHQ GR VR ZLWKRXW NQRZLQJ

WR ZKRP WKH\ ZLOO EH PDWFKHG� ZKHUHDV WKH ZRPHQ DOUHDG\ KDYH WKLV LQIRUPDWLRQ ZKHQ

WKH\ DUH \RXQJ� ,Q WKLV PRGHO� LQGLYLGXDOV FDQQRW UHORFDWH LQ WKHLU VHFRQG SHULRG RI OLIH�

HYHQ WKRXJK WKH\ ZRUN RQO\ LQ WKH nUVW SHULRG� WKLV DVVXPSWLRQ LV PDGH IRU WKH VDNH RI

�&�I� 0DQVHU DQG %URZQ ������ DQG 0F(OUR\ DQG +RUQH\ ������� ZKR HPSKDVL]H WKH SXEOLF JRRG

FKDUDFWHU RI �VKDUHG� FRQVXPSWLRQ ZLWKLQ WKH IDPLO\ DV DQ HFRQRPLF EHQHnW RI PDUULDJH�
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VLPSOLFLW\� 2QH FDQ FRQFHLYH� KRZHYHU� RI D PRUH HODERUDWH PRGHO LQ ZKLFK DJHQWV FDQ

PRYH DW DQ\ WLPH� ZRUN LQ ERWK SHULRGV RI OLIH� DQG EHFRPH PRUH SURGXFWLYH E\ UHPDLQLQJ

DW D VLQJOH MRE� 6XFK D PRGHO ZRXOG \LHOG VLPLODU UHVXOWV� EXW DW WKH FRVW RI IDU JUHDWHU

FRPSOH[LW\�

,Q WKLV PRGHO� LQGLYLGXDOV DUH XWLOLW\ PD[LPL]HUV� DQG FKRRVH WR PDUU\ RQO\ ZKHQ LW LV LQ

WKHLU VHOI�LQWHUHVW� :H QHHG� KRZHYHU� WR VSHFLI\ WKH PHFKDQLVP E\ ZKLFK D PDUULHG FRXSOH

GHFLGHV RQ WKH OHYHO RI WKHLU MRLQW FRQVXPSWLRQ� $OWKRXJK WKHUH DUH SRWHQWLDO EHQHnWV IURP

PDUULDJH� WKH VSRXVHV GR QRW KDYH FRPPRQ LQWHUHVWV� 7KH KXVEDQG� RQ WKH RQH KDQG� ZDQWV

WR FRQVXPH DV PXFK DV SRVVLEOH LQ WKLV ODVW SHULRG RI KLV OLIH� ZKLOH WKH ZLIH ZRXOG OLNH WR

VDYH VRPH LQFRPH IRU KHU ORQHO\ IXWXUH� $V D UHVXOW� WKH\ PXVW EDUJDLQ RYHU WKH OHYHO RI

WKHLU MRLQW FRQVXPSWLRQ��

7KHUH DUH VHYHUDO ZD\V WR PRGHO WKLV� :H WDNH WKH H[WUHPH SRVLWLRQ RI HQGRZLQJ WKH

ZRPHQ ZLWK DOO WKH EDUJDLQLQJ SRZHU� 7KLV PHDQV WKDW WKH LQWUDIDPLO\ GLYLVLRQ EHWZHHQ

MRLQW FRQVXPSWLRQ DQG VDYLQJ �IRU WKH ZRPDQ
V ORQHO\ IXWXUH� FDQ EH VHHQ DV WKH RXWFRPH

RI DQ XOWLPDWXP JDPH� 0RUH SUHFLVHO\� DOWKRXJK LW LV WKH PDQ ZKR EULQJV KLV VDYLQJV DQG

SURSRVHV PDUULDJH WR WKH ZRPDQ� DQG WKHUHIRUH KDV D nUVW�PRYHU DGYDQWDJH� WKH ZRPDQ LV

LQ IDFW WKH RQH ZKR VHWV WKH XOWLPDWXP� LQ WKH IRUP RI WKH FRQWULEXWLRQ WKH PDQ DQWLFLSDWHV

VKH ZLOO PDNH WR WKHLU MRLQW FRQVXPSWLRQ�

7KH RXWOLQH RI WKH SDSHU LV DV IROORZV� 6HFWLRQV � DQG � EULHo\ GLVFXVVHV WKH UHODWHG

OLWHUDWXUH� ,Q 6HFWLRQ � ZH GHYHORS WKH PRGHO� 6HFWLRQV � DQG � GLVFXVV WKH QRWLRQ RI

HTXLOLEULXP XVHG LQ WKLV SDSHU� 6HFWLRQ � WKHQ SUHVHQWV VRPH QXPHULFDO H[DPSOHV� 7KH

PDLQ UHVXOWV RI WKH SDSHU DUH SUHVHQWHG LQ JUDSKLFDO IRUP LQ 6HFWLRQ �� )LQDOO\� 6HFWLRQ �

JLYHV WKH SURRI RI H[LVWHQFH RI HTXLOLEULXP�

�7KH QRWLRQ WKDW EDUJDLQLQJ WDNHV SODFH ZLWKLQ WKH IDPLO\ KDV SHQHWUDWHG HYHQ WKH SRSXODU OLWHUDWXUH�

)RU LQVWDQFH� 0DKRQ\ ������ ZULWHV� ?� � � QHJRWLDWLRQ WDNHV SODFH HYHU\ GD\ LQ HYHU\ IDPLO\� ,W PD\ EH

VSRNHQ� XQVSRNHQ� RU HYHQ XQFRQVFLRXV� �
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� 'HPRJUDSKLF 8QGHUSLQQLQJV

2QH NH\ DVVXPSWLRQ XQGHUO\LQJ WKLV SDSHU LV WKH H[LVWHQFH RI DQ DJH JDS EHWZHHQ KXVEDQG

DQG ZLIH� 7KLV DVVXPSWLRQ LV VXSSRUWHG E\ VWURQJ HPSLULFDO HYLGHQFH� LW FDQ EH REVHUYHG

LQ DOO FRXQWULHV� H[FHHGLQJ WHQ \HDUV �RQ DYHUDJH� LQ VRPH� � ,Q WKH FDVH RI 8QLWHG 6WDWHV�

WKH GLmHUHQFH LQ PHGLDQ DJHV RI nUVW PDUULDJH ZDV ��� \HDUV LQ ������ )RU WKH PHFKDQLVP

RI RXU PRGHO WR DSSO\� WKH DFWXDO OHQJWK RI WKH DJH JDS QHHG QRW EH YHU\ ODUJH _ DOO WKDW

LV UHTXLUHG LV WKDW WKH PDQ KDYH D VPDOO KHDG�VWDUW LQ KLV FDUHHU��

$OWKRXJK ZH DVVXPH LW� WKHUH DUH RI FRXUVH VHYHUDO SRVVLEOH H[SODQDWLRQV IRU WKH H[LV�

WHQFH RI DQ DJH JDS� 7KH UHDGHU FDQ FRQFHLYH RI ELRORJLFDO RU HYROXWLRQDU\ UHDVRQV IRU ZK\ D

PDQ PLJKW ?ZDQW� D \RXQJHU ZRPDQ� RU YLFH�YHUVD� 7KHUH DUH DOVR HFRQRPLF H[SODQDWLRQV

IRU WKLV SKHQRPHQRQ� VHH� IRU H[DPSOH� %HUJVWURP DQG %DJQROL �������

,Q RXU PRGHO� DJHQWV FKRRVH WKHLU FLW\ RI UHVLGHQFH ZKHQ \RXQJ� $V D UHVXOW� WKH

DIRUHPHQWLRQHG DJH JDS LPSOLHV WKDW D ZRPDQ
V GHFLVLRQ DV WR ZKHUH WR OLYH LV WLHG GLUHFWO\

WR WKH GHFLVLRQ DV WR ZKHWKHU WR PDUU\ RU QRW� 7KLV KDV WHVWDEOH LPSOLFDWLRQV� ZKLFK DUH

VXSSRUWHG E\ HPSLULFDO HYLGHQFH� )RU H[DPSOH� LI RQH WUHDWV WKH DJHQWV DV EHLQJ ERUQ LQ

WKH FLW\ RI WKHLU RZQ W\SH �L�H� LQ ZKLFK WKHLU ZDJH LV PD[LPL]HG�� WKHQ WKH PRGHO ZRXOG

SUHGLFW WKDW WKH RQO\ PLJUDQWV DUH ZRPHQ ZKR PRYH WR PDUU\� 7KLV LV LQGHHG WKH FDVH

IRU UXUDO ,QGLD� DV 5RVHQ]ZHLJ DQG 6WDUN ������ SRLQW RXW� ?DSSUR[LPDWHO\ �� SHUFHQW

RI � � � COLIHWLPH PLJUDQWV
 ZHUH ZRPHQ ZKR JDYH PDUULDJH DV WKH SULQFLSDO UHDVRQ IRU WKHLU

PRYH� 0LJUDWLRQ LQ ,QGLD LV WKXV SUHGRPLQDQWO\ D PDULWDO SKHQRPHQRQ � � � �� $OWHUQDWLYHO\�

RQH FRXOG DVVXPH WKDW DJHQWV DUH UDQGRPO\ ERUQ LQ FLWLHV� LQ ZKLFK FDVH WKH PRGHO SUHGLFWV

WKDW �LI DQ HTXLOLEULXP JHQGHU JDS H[LVWV� WKH PLJUDWLRQ RI PHQ LV PRUH OLNHO\ WR LQFUHDVH

WKHLU ZDJH WKDQ WKDW RI ZRPHQ� 7KLV UHVXOWV IURP WKH IDFW WKDW ZKLOH PDOH PLJUDQWV DUH

DOZD\V PRYLQJ LQ RUGHU WR LQFUHDVH WKHLU ZDJH� ZRPHQ VRPHWLPHV PRYH LQ RUGHU WR IROORZ

�&�I� 3DWWHUQV RI )LUVW 0DUULDJH� 7LPLQJ DQG 3UHYDOHQFH �������
�&�I� 6WDWLVWLFDO $EVWUDFW RI WKH 8QLWHG 6WDWHV �������
�)RU H[DPSOH� D PRGHO LQ ZKLFK LQGLYLGXDOV OLYH IRU RQH KXQGUHG DQG WZHQW\ SHULRGV� DQG PHQ PDUU\

ZRPHQ ZKR DUH WZR SHULRGV WKHLU MXQLRU ZRXOG \LHOG VLPLODU UHVXOWV WR WKLV SDSHU
V�
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WKHLU PDWH �WKHUHE\ LQFUHDVLQJ WKHLU XWLOLW\� DOWKRXJK QRW QHFHVVDULO\ WKHLU ZDJH�� 7KLV LV

VXSSRUWHG E\ 0LQFHU ������� ZKR nQGV WKDW PDUULHG ZRPHQ DUH WKH OHDVW OLNHO\ WR GHULYH

HFRQRPLF EHQHnW IURP IDPLO\ PLJUDWLRQ� 0RUH UHFHQW HYLGHQFH FDQ EH IRXQG LQ 3D\QH DQG

:DUQHU ������ DQG� IRU 0DOD\VLDQ GDWD� LQ &KDWWRSDGK\D\ �������

� 5HODWLRQ WR WKH /LWHUDWXUH

7KLV SDSHU LV E\ QR PHDQV WKH nUVW WR VWXG\ WKH TXHVWLRQ RI WKH JHQGHU JDS� 8QOLNH RXU

SDSHU� PRVW RI WKH OLWHUDWXUH DVVLJQV VRPH H[RJHQRXV DGYDQWDJH WR PHQ RYHU ZRPHQ� )RU

H[DPSOH� LQ *DORU DQG :HLO ������ PHQ DUH HQGRZHG ZLWK WZR W\SHV RI ODERU� SK\VLFDO

DQG PHQWDO� ZKLOH ZRPHQ KDYH RQO\ PHQWDO ODERU� ,Q RWKHUV� DOWKRXJK WKH JHQGHU JDS LV

WKH UHVXOW RI GLVFULPLQDWLRQ� PHDQLQJ WKDW LW GRHV QRW UHoHFW ORZHU PDUJLQDO SURGXFWLYLW\

RQ WKH SDUW RI ZRPHQ� LW LV QHYHUWKHOHVV IDFLOLWDWHG E\ VRPH H[RJHQRXV GLmHUHQFH� )RU

H[DPSOH� LQ 5RWKVFKLOG�6WLJOLW] ������ ZRPHQ KDYH QRLVLHU VLJQDOV DQG WKXV UHFHLYH D ORZHU

ZDJH� 6LPLODUO\� LQ VHJPHQWHG ODERU PDUNHW PRGHOV VXFK DV *ROGLQ ������� ZRPHQ KDYH

VKRUWHU ZRUNLQJ OLYHV� DQG LW LV WKXV PRUH GLpFXOW WR PRQLWRU WKHP � WKHUHIRUH WKH\ DUH OHVV

OLNHO\ WR EH FDQGLGDWHV IRU HpFLHQF\�ZDJH MREV�

7ZR RWKHU SDSHUV DUH FORVHU LQ VSLULW WR RXU ZRUN� ,Q )UDQFRLV ������ WKHUH DUH WZR

V\PPHWULF HTXLOLEULD � LQ RQH RQO\ PHQ JHW HpFLHQF\ ZDJH MREV �ZKLFK SD\ D KLJKHU ZDJH�

ZKLOH ZRPHQ GR QRW� ZKLOH LQ WKH RWKHU WKH UROHV DUH UHYHUVHG� 7KLV GLVFULPLQDWLRQ LV D

FRRUGLQDWHG UHVSRQVH WR WKH IDFW WKDW LI ERWK PHPEHUV RI D FRXSOH KROG HpFLHQF\ ZDJH

MREV WKHQ WKH\ ZLOO EH OLNHOLHU WR VKLUN� ,Q /D]HDU DQG 5RVHQ ������ ZRPHQ DUH SURPRWHG

OHVV UHDGLO\ WKDQ PHQ �DQG WKXV HDUQ OHVV RQ DYHUDJH�� EHFDXVH WKH\ KDYH DQ DGYDQWDJH LQ

H[WUD^PDUNHW SURGXFWLRQ DQG KHQFH DUH OLNHOLHU WR OHDYH WKH ZRUNIRUFH�

6LPLODUO\� LQ RXU DSSURDFK WKH GLmHUHQFH EHWZHHQ PHQ DQG ZRPHQ LV QRW QHFHVVDULO\

DQ DGYDQWDJH DFFUXLQJ WR WKH PHQ� 0RUH SUHFLVHO\� DOWKRXJK WKH PHQ KDYH D nUVW�PRYHU

DGYDQWDJH� WKH ZRPHQ KDYH WKH XOWLPDWXP SRZHU� 7KHUH LV QR D SULRUL UHDVRQ IRU RQH WR

DOZD\V GRPLQDWH WKH RWKHU� DQG LQ IDFW� GHSHQGLQJ RQ WKH SDUDPHWHU YDOXHV� HLWKHU WKH PDQ

��



RU WKH ZRPDQ FDQ EH EHWWHU�Rm LQ HTXLOLEULXP�

7KH RWKHU VWUDQG RI WKH OLWHUDWXUH WR ZKLFK RXU SDSHU UHODWHV LV WKDW RI EDUJDLQLQJ ZLWKLQ

WKH IDPLO\� 7KH URRWV RI WKLV DSSURDFK DUH LQ 0DQVHU DQG %URZQ ������ DQG 0F(OUR\ DQG

+RUQH\ ������� ZKR DSSOLHG WKH 1DVK EDUJDLQLQJ VROXWLRQ WR DQDO\]H PDUULDJH DQG GLYRUFH�

WKLV OLWHUDWXUH LV DEO\ VXUYH\HG E\ %HUJVWURP ������� � 2QH UHFHQW H[DPSOH RI WKLV OLWHUDWXUH

LV (FKHYDUULD DQG 0HUOR ������� ZKLFK XVHV D FRPELQDWLRQ RI 2/* DQG 1DVK EDUJDLQLQJ

EHWZHHQ KXVEDQG DQG ZLIH WR SUHVHQW D G\QDPLF H[SODQDWLRQ RI WKH JHQGHU GLmHUHQFHV LQ

HGXFDWLRQ RI FKLOGUHQ� ,Q RXU SDSHU ZH KDYH FKRVHQ� KRZHYHU� QRW WR XVH D 1DVK EDUJDLQLQJ

PRGHO� QRU 5XELQVWHLQ�VW\OH EDUJDLQLQJ� � EXW KDYH UDWKHU PRGHOHG WKH GHFLVLRQ�PDNLQJ

SURFHVV DV DQ XOWLPDWXP JDPH� :H FKRRVH WKLV IRUP ERWK IRU LWV VLPSOLFLW\ DQG� PRUH

LPSRUWDQWO\� IRU WKH IDFW WKDW LW SXWV DOO RI WKH EDUJDLQLQJ SRZHU LQWR WKH KDQGV RI WKH

ZRPDQ� $OWKRXJK WKLV WKHQ UHVXOWV LQ D KLJKHU XWLOLW\ IRU WKH ZRPDQ� LW DOVR GHFUHDVHV WKH

SUHVVXUH RQ KHU WR PD[LPL]H KHU ZDJH� DQG VR DFWXDOO\ OHDGV� FHWHULV SDULEXV� WR D KLJKHU

ZDJH JDS�

,W LV LPSRUWDQW WR SRLQW RXW WKDW� ZLWK WKH H[FHSWLRQ RI *DORU DQG :HLO ������� WKH

DIRUHPHQWLRQHG PRGHOV DOO WDNH D SDUWLDO HTXLOLEULXP DSSURDFK WR WKH TXHVWLRQ RI WKH JHQGHU

JDS� $V ZH ZLOO VHH� LQ RXU PRGHO WKH YHU\ H[LVWHQFH RI D JHQGHU JDS� DQG LWV FRQVHTXHQFHV

IRU ZHOIDUH� GHSHQG FULWLFDOO\ RQ WKH UHODWLRQVKLS EHWZHHQ ZDJHV DQG LQWHUHVW UDWHV� WKXV

WDNLQJ WKHVH WR EH n[HG VHHPV WR XV WR EH oDZHG�

� 7KH 0RGHO

��� 7KH 7HFKQRORJ\ _ $ 7DOH RI 7ZR &LWLHV

:H EHJLQ ZLWK WKH GHVFULSWLRQ RI WKH WHFKQRORJ\�

7KHUH DUH WZR nUPV �nUP , DQG nUP ,,�� ORFDWHG LQ WZR GLmHUHQW FLWLHV �FLW\ , DQG FLW\

�,W LV DOVR FXUUHQWO\ WKH VXEMHFW RI FRQVLGHUDEOH HPSLULFDO UHVHDUFK _ IRU H[DPSOH� (QJHUV DQG

6WHUQ �������
�&�I� %HUJVWURP �������

��



,,�� (DFK KDV WKH VDPH SURGXFWLRQ IXQFWLRQ ) �.�/�� ZKHUH / UHSUHVHQWV HpFLHQF\ XQLWV RI

ODERU DQG ) LV KRPRJHQHRXV RI GHJUHH �� 7KH RQO\ GLmHUHQFH EHWZHHQ WKH nUPV LV LQ WKH

PDQQHU E\ ZKLFK WKH\ WUDQVIRUP SK\VLFDO ODERU LQWR HpFLHQF\ XQLWV�

7KHUH DUH WZR W\SHV RI ODERU� 7\SH , ODERU LV PRUH HpFLHQW LQ FLW\ ,� ZKLOH W\SH ,, LV

PRUH HpFLHQW LQ FLW\ ,,� ,Q SDUWLFXODU� nUP , ZRXOG REWDLQ /, � n/,, HpFLHQF\ XQLWV IURP

WKH XVH RI /, XQLWV RI W\SH , ODERU DQG /,, XQLWV RI W\SH ,, ODERU� ZKLOH nUP ,, ZRXOG REWDLQ

/,, � n/, HpFLHQF\ XQLWV� ZKHUH � � � n � ��

)RU FDSLWDO VWRFN . DQG HpFLHQF\ XQLWV RI ODERU /� ZH OHW N  . / GHQRWH WKH FDSLWDO

VWRFN SHU HpFLHQF\ XQLWV RI ODERU� DQG GHnQH

I�N�  ) �N� ���

/HW NL �L  ,� ,,� GHQRWH WKH �SHU�HpFLHQF\ XQLW� FDSLWDO VWRFN GHPDQGHG E\ nUP L�

1RWLFH WKDW IXOO PRELOLW\ RI ODERU DQG FDSLWDO HQVXUHV WKDW WKH SULFH RI DQ HpFLHQF\ XQLW

RI ODERU DQG RI FDSLWDO ZLOO EH FRQVWDQW DFURVV FLWLHV� 7KHUHIRUH� SURnW PD[LPL]DWLRQ DQG

SULFH�WDNLQJ EHKDYLRU RQ WKH SDUW RI nUPV LPSOLHV WKDW� IRU HDFK nUP L �ORFDWHG LQ FLW\ L��

ZH KDYH�

I ��NL�  U

DQG

I�NL�b NLI ��NL�  Z

ZKHUH Z LV WKH ZDJH UDWH SDLG SHU HpFLHQF\ XQLW RI ODERU DQG U LV WKH UHQWDO UDWH RI FDSLWDO�

DVVXPLQJ IXOO GHSUHFLDWLRQ RI FDSLWDO�

7KHVH HTXDWLRQV LPSO\� LQ IDFW� WKDW HDFK nUP KDV WKH VDPH GHPDQG IRU FDSLWDO �SHU

HpFLHQF\ XQLWV RI ODERU�� ZKLFK ZH GHQRWH E\ N�

��



��� ,QGLYLGXDOV DQG WKHLU 0DUULDJH *DPHV

��
YGJQN U]L YO^KVLD �YGEO �GDK WY\K EYX^DO

,Q HYHU\ SHULRG W� D VHW RI LQGLYLGXDOV ZLWK PDVV � LV ERUQ� (DFK LQGLYLGXDO OLYHV IRU

WZR SHULRGV DQG KDV LGHQWLFDO SUHIHUHQFHV� JLYHQ E\ WKH XWLOLW\ IXQFWLRQ

X�FW� FW���  OQ�FW� � OQ�FW����

ZKHUH FW LV WKH FRQVXPSWLRQ RI WKH LQGLYLGXDO ZKHQ \RXQJ� DQG FW�� ZKHQ ROG�

,QGLYLGXDOV ZLWKLQ D JHQHUDWLRQ DUH FODVVLnHG LQWR IRXU FDWHJRULHV� HDFK RI ZKLFK HQFRP�

SDVVHV D SRSXODWLRQ RI PHDVXUH ����

+DOI RI WKH JHQHUDWLRQ W LV ERUQ ZLWK RQH XQLW RI ODERU RI W\SH , ZKLOH WKH RWKHU KDOI LV

ERUQ ZLWK RQH XQLW RI ODERU RI W\SH ,,� :H ZLOO WHUP WKHVH DJHQWV ?W\SH ,� DQG ?W\SH ,,��

UHVSHFWLYHO\� /DERU FDQ EH XVHG RQO\ ZKHQ \RXQJ DQG ZH DVVXPH WKDW WKHUH LV QR XWLOLW\

DFFUXLQJ WR OHLVXUH� VR DJHQWV ZLOO ZDQW WR VHOO DOO RI WKHLU ODERU HQGRZPHQW�

,Q DGGLWLRQ� KDOI RI HDFK RI WKHVH W\SHV DUH PHQ DQG WKH RWKHU KDOI DUH ZRPHQ� 7KXV

WKH GLVWULEXWLRQ RI W\SHV ZLWKLQ D JHQHUDWLRQ PD\ EH VXPPDUL]HG E\ WKH IROORZLQJ WDEOH�

/DERU 7\SH

*HQGHU 7\SH , 7\SH ,,

0DOH ��� ���

)HPDOH ��� ���

$V ZH KDYH DOUHDG\ GLVFXVVHG� WKH RQO\ GLmHUHQFH EHWZHHQ PDOH DQG IHPDOH LV LQVWLWX�

WLRQDO DQG FRQVLVWV RI WKH FRQVWUDLQW WKDW PHQ DUH DOORZHG WR PDUU\ RQO\ \RXQJHU ZRPHQ

�RQH DW PRVW�� 0DUULDJH ZLWKLQ D JHQHUDWLRQ LV QRW SHUPLWWHG DQG ROG ZRPHQ DUH DOVR QRW

DOORZHG WR PDUU\ \RXQJ PDOHV� :H WDNH WKLV SDWWHUQ RI EHKDYLRU DV H[RJHQRXVO\ JLYHQ�

��)RU WKH SXUSRVHV RI WKLV SDSHU WKLV TXRWDWLRQ� WDNHQ IURP *HQHVLV ����� PD\ EH WUDQVODWHG DV ?,W LV QRW

JRRG IRU PDQ WR EH RQ KLV RZQ� OHW XV PDNH D KHOSPDWH WR VWDQG DJDLQVW KLP�� 7KLV IROORZV WKH H[HJHWLFDO

H[SODQDWLRQ RI WKH YHUVH� ?,I KH LV IRUWXQDWH _ VKH ZLOO EH D KHOSPDWH� EXW LI KH LV QRW _ WKHQ VKH ZLOO

VWDQG DJDLQVW KLP LQ FRQoLFW�� �\�ZU�

��



����� 7KH 0DUULDJH *DPH

7KH EHVW ZD\ WR FODULI\ WKH LQWHUDFWLRQ EHWZHHQ WKH DJHQWV LV WR IRFXV DWWHQWLRQ RQ WKH WKUHH

SHULRGV RI D UHSUHVHQWDWLYH FRXSOH
V OLIH� )RU WKLV SXUSRVH FRQVLGHU WKH IROORZLQJ JDPH RI

SHUIHFW LQIRUPDWLRQ DQG FKDQFH PRYHV� �� ZKLFK LV GHSLFWHG LQ )LJXUH ��

7KHUH DUH WKUHH SHULRGV LQ HDFK FRXSOH
V OLIH� ,Q SHULRG �� WKH PDQ LV ERUQ DQG ZRUNV�

HDUQLQJ D ZDJH Z�� +H PXVW WKHQ GHFLGH KRZ PXFK RI WKLV LQFRPH WR VDYH IRU SHULRG ��

:H GHQRWH WKLV VDYLQJ E\ V0 � ��

,Q WKH IROORZLQJ SHULRG �SHULRG ��� WKH PDQ LV UDQGRPO\ PDWFKHG WR D ZRPDQ ERUQ LQ

WKLV SHULRG WR ZKRP KH SURSRVHV PDUULDJH� :LWK SUREDELOLW\ �

�
� WKH ZRPDQ LV RI KLV RZQ

�ODERU� W\SH� DQG ZLWK SUREDELOLW\ �

�
VKH LV RI WKH RWKHU W\SH� 7KLV OHDGV WR WZR VHSDUDWH

VXEJDPHV� GLmHULQJ RQO\ LQ WKH ZRPDQ
V ODERU LQFRPH ZKHQ PDUULHG� :H GHQRWH WKLV

LQFRPH E\ ,6  Z� LI WKH\ DUH RI WKH VDPH W\SH� DQG ,'  nZ� ZKHQ WKH\ DUH RI GLmHUHQW

W\SHV�

,Q HDFK VXEJDPH� WKH ZRPDQ UHVSRQGV E\ HLWKHU DFFHSWLQJ RU UHMHFWLQJ WKH PDQ
V SUR�

SRVDO� ,I WKH ZRPDQ UHMHFWV WKH PDQ
V RmHU� WKHQ WKH\ OLYH VHSDUDWH OLYHV DQG KH FRQVXPHV

RQO\ KLV VDYLQJV V0 � ZLWK DFFXPXODWHG LQWHUHVW� 7KLV JLYHV KLP D XWLOLW\ IRU WKLV VHFRQG

SHULRG RI KLV OLIH RI OQ�V0U��� 7KH ZRPDQ� RQ WKH RWKHU KDQG� HDUQV Z� �UHJDUGOHVV RI KHU

W\SH�� ,W LV HDV\ WR VHH WKDW WKH RSWLPDO EHKDYLRU IRU WKH ZRPDQ LV WKXV WR VSOLW WKLV LQFRPH

HTXDOO\ EHWZHHQ FRQVXPSWLRQ �LQ SHULRG �� DQG VDYLQJV �IRU SHULRG ��� VR WKDW VKH UHFHLYHV

D XWLOLW\ RI OQ�Z�

�
� � OQ�Z�

�
U���

,I WKH ZRPDQ DFFHSWV WKH PDQ
V PDUULDJH SURSRVDO� KRZHYHU� WKHQ VKH GHFLGHV KRZ WR

GLYLGH WKHLU UHVRXUFHV EHWZHHQ MRLQW FRQVXPSWLRQ FL DQG VDYLQJV IRU WKH IXWXUH VL� ZKHUH

L  6�'� 7KLV GHFLVLRQ LV VXEMHFW WR WKH FRQVWUDLQW WKDW WKH MRLQW FRQVXPSWLRQ EH QR OHVV

WKDQ ZKDW WKH PDQ FRXOG DFKLHYH RQ KLV RZQ� WKDW LV� KLV VDYLQJV V0 SOXV DQ\ DFFXPXODWHG

��&�I� 2VERUQH DQG 5XELQVWHLQ �������
��1RWH WKDW ZH KDYH GHnQHG WKH UHQWDO UDWH RI FDSLWDO VR WKDW �� VDYHG E\ DQ LQGLYLGXDO ZLOO UHWXUQ U LQ

WKH IROORZLQJ SHULRG�

��
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LQWHUHVW� �� )RU D FRQVXPSWLRQ�VDYLQJV SDLU �FL� VL� VDWLVI\LQJ WKLV FRQGLWLRQ� WKH PDQ

UHFHLYHV XWLOLW\ OQ�FL� ZKLOH WKH ZRPDQ UHFHLYHV OQ�FL�� OQ�VLU��� 7KH GHWHUPLQDWLRQ RI WKLV

SDLU SURSHUO\ EHORQJV WR WKH VSHFLnFDWLRQ RI WKH VROXWLRQ FRQFHSW� ZKLFK ZH QRZ GLVFXVV�

����� 7KH 6ROXWLRQ &RQFHSW

:H ORRN IRU D VXEJDPH SHUIHFW 1DVK HTXLOLEULXP �63(� RI WKLV PDUULDJH JDPH� 7KDW LV� WKH

VROXWLRQ PXVW LQGXFH D 1DVK HTXLOLEULXP RQ HDFK VXEJDPH� $V XVXDO� ZH GHWHUPLQH WKLV

VROXWLRQ E\ ZRUNLQJ EDFNZDUGV� 7KDW LV� ZH nUVW GHWHUPLQH WKH XWLOLW\ OHYHOV ERWK ZKHQ WKH

FRXSOH PDUU\ DQG ZKHQ WKH\ GR QRW� %DVHG RQ WKLV� ZH QH[W DQDO\]H WKH ZRPDQ
V GHFLVLRQ

_ ZKHWKHU RU QRW WR PDUU\ _ JLYHQ WKH PDQ
V VDYLQJV� )LQDOO\� ZH GHWHUPLQH WKH PDQ
V

RSWLPDO VDYLQJV DQG WKXV WKH VXEJDPH SHUIHFW HTXLOLEULXP RXWFRPH RI WKH JDPH�

:H KDYH DOUHDG\ VHHQ WKDW ZKHQ WKH FRXSOH GR QRW PDUU\� WKHQ WKH PDQ FRQVXPHV V0U�

LQ WKH VHFRQG SHULRG RI KLV OLIH� JLYLQJ KLP D XWLOLW\ OHYHO RI OQ�V0U��� 7KH ZRPDQ� RQ WKH

RWKHU KDQG� VSOLWV KHU ZDJH Z� EHWZHHQ FRQVXPSWLRQ DQG VDYLQJ IRU WKH IXWXUH� JLYLQJ KHU

XWLOLW\ OQ�Z�

�
� � OQ�Z�

�
U���

,Q FDVH WKH FRXSOH GRHV PDUU\� KRZHYHU� WKHQ WKH UXOHV RI WKH JDPH VSHFLI\ WKDW WKH

ZRPDQ FKRRVH WKH GLYLVLRQ �FL� VL� RI WKH MRLQW LQFRPH� VXEMHFW WR WKH DIRUHPHQWLRQHG FRQ�

VWUDLQWV� *LYHQ WKH PDQ
V VDYLQJV V0 � KHU RSWLPDO GHFLVLRQ LV WKH VROXWLRQ �FL� VL�� IRU

L  6�'� WR WKH IROORZLQJ SUREOHP�

PD[ OQ�FL� � OQ�VLU��

V�W� FL w V0U�

FL � VL  , L � V0U��

,W FDQ EH VHHQ WKDW WKH VROXWLRQ WR WKLV SUREOHP LV�

��$OWHUQDWLYHO\� ZH FRXOG KDYH GURSSHG WKLV UHVWULFWLRQ DQG DOORZHG WKH PDQ LQ WXUQ WR HLWKHU DFFHSW RU

UHMHFW WKH ZRPDQ
V SURSRVHG GLYLVLRQ�

��



FL  

�!!!!!�
!!!!!�

, L � V0U�
�

LI V0U� � , L

V0U� LI V0U� w , L

VL  

�!!!!!�
!!!!!�

, L � V0U�
�

LI V0U� � , L

, L LI V0U� w , L

1RWH WKDW WKLV VROXWLRQ WDNHV RQH RI WZR IRUPV� GHSHQGLQJ RQ WKH UHODWLRQVKLS EHWZHHQ

WKH PDQ
V VDYLQJV V0 DQG KLV ZLIH
V LQFRPH , L� ,I WKH PDQ
V VDYLQJV DUH VXpFLHQWO\ ODUJH �LQ

IDFW� LI WKH IXWXUH YDOXH RI KLV VDYLQJV V0U� H[FHHGV WKH ZRPDQ
V LQFRPH ,
L� WKHQ WKH ZRPDQ

ZLOO QRW FRQWULEXWH DQ\WKLQJ WR WKHLU MRLQW FRQVXPSWLRQ DQG ZLOO IUHH�ULGH� 2WKHUZLVH� VKH

ZLOO FRQWULEXWH D SRVLWLYH DPRXQW� DQG ERWK ZLOO VWULFWO\ EHQHnW IURP PDUULDJH�

+DYLQJ VSHFLnHG WKH RXWFRPHV ERWK LQ WKH FDVH ZKHUH WKH FRXSOH PDUULHV DQG ZKHQ

WKH\ OLYH VHSDUDWHO\� ZH FDQ QRZ DQDO\]H WKH PDUULDJH GHFLVLRQ LWVHOI� 7KH ZRPDQ ZLOO

FHUWDLQO\ DFFHSW WKH PDUULDJH SURSRVDO ZKHQ WKH XWLOLW\ DFFUXLQJ WR PDUULDJH H[FHHGV WKDW

RI UHPDLQLQJ VLQJOH� :H PDNH WKH IXUWKHU DVVXPSWLRQ WKDW ZKHQ WKH ZRPDQ LV LQGLmHUHQW�

VKH FKRRVHV WR PDUU\���

,I WKH PDQ DQG WKH ZRPDQ DUH RI WKH VDPH W\SH� WKHQ LW LV LPPHGLDWH WKDW VKH DFFHSWV

WKH SURSRVDO� VLQFH V0 w � DQG VKH GRHV QRW JLYH XS DQ\WKLQJ E\ PDUU\LQJ� :KHQ WKH\ DUH

QRW RI WKH VDPH W\SH� KRZHYHU� WKH ZRPDQ IDFHV D GLOHPPD� 6KRXOG VKH RSW IRU WKH KLJKHU

ZDJH ZKLFK VKH ZRXOG UHFHLYH LI VKH GLG QRW PDUU\ DQG OLYHG LQVWHDG LQ WKH RWKHU FLW\� RU

VKRXOG VKH WDNH DGYDQWDJH RI WKH EHQHnWV DFFUXLQJ WR PDUULDJH� QDPHO\ WKH RSSRUWXQLW\

WR VKDUH LQ WKH PDQ
V VDYLQJV" ,Q IDFW� VKH ZLOO FKRRVH WR PDUU\ LI WKH PDQ
V FRQWULEXWLRQ

��,Q IDFW� WKLV DVVXPSWLRQ LV QRW VWULFWO\ QHFHVVDU\� VLQFH LW FDQ EH VKRZQ WKDW WKHUH FDQQRW EH D VXEJDPH

SHUIHFW HTXLOLEULXP LQ ZKLFK RQ WKH HTXLOLEULXP SDWK WKH ZRPDQ LV LQGLmHUHQW WR PDUULDJH DQG \HW VKH

FKRRVHV QRW WR PDUU\�

��



LV ODUJH HQRXJK WR FRPSHQVDWH WKH GURS LQ VDODU\ ZKLFK VKH LQFXUV E\ PDUU\LQJ� WKDW LV� LI

V0U� w ��b n�Z��

+HQFH� JLYHQ WKH PDQ
V VDYLQJ V0 � KLV VHFRQG SHULRG FRQVXPSWLRQ ZKHQ PDWFKHG WR D

ZRPDQ RI WKH VDPH W\SH LV JLYHQ E\�

F6�V0 � Z�� U��  

�!!!!!�
!!!!!�

Z� � V0U�
�

LI V0U� � Z�

V0U� LI V0U� w Z�

7KH ZRPDQ
V FRUUHVSRQGLQJ VDYLQJV LV�

V6�V0 � Z�� U��  

�!!!!!�
!!!!!�

Z� � V0U�
�

LI V0U� � Z�

Z� LI V0U� w Z�

���

6LPLODUO\� LI WKH PDQ LV PDWFKHG WR D ZRPDQ RI WKH RSSRVLWH W\SH� WKHQ KLV VHFRQG SHULRG

FRQVXPSWLRQ DQG WKH ZRPDQ
V VDYLQJV DUH JLYHQ� UHVSHFWLYHO\� E\�

F'�V0 � Z�� U��  

�!!!!!!!!!!!!!�
!!!!!!!!!!!!!�

V0U� LI V0U� � ��b n�Z�

nZ� � V0U�
�

LI ��b n�Z� � V0U� � nZ�

V0U� LI nZ� � V0U�

DQG

V'�V0 � Z�� U��  

�!!!!!!!!!!!!!�
!!!!!!!!!!!!!�

Z� � LI V0U� � ��b n�Z�

nZ� � V0U�
�

LI ��b n�Z� � V0U� � nZ�

nZ� LI nZ� � V0U�

���

��



1RWH WKDW ZKHQ WKH ZRPDQ FRQWULEXWHV QRWKLQJ� WKH PDQ
V VHFRQG SHULRG FRQVXPSWLRQ

LV SUHFLVHO\ HTXDO WR KLV VDYLQJV �SOXV DFFXPXODWHG LQWHUHVW�� 7KLV FDQ RFFXU HLWKHU LI KH

VDYHV VR OLWWOH WKDW WKH ZRPDQ UHMHFWV WKH SURSRVDO �ZKHQ VKH LV RI D GLmHUHQW W\SH�� RU LI

KH VDYHV VR PXFK WKDW� DOWKRXJK WKH\ PDUU\� WKH ZRPDQ IUHH�ULGHV�

+DYLQJ GHWHUPLQHG WKH VROXWLRQ WR WKH �ZRPDQ
V� VXEJDPHV� LW UHPDLQV WR FDOFXODWH WKH

PDQ
V RSWLPDO VDYLQJ� 1RWH WKDW KH FKRRVHV KLV VDYLQJV ZLWKRXW NQRZLQJ ZKLFK W\SH RI

ZRPDQ KH ZLOO EH PDWFKHG WR� RI FRXUVH� KH NQRZV ZKDW WR H[SHFW IURP HDFK W\SH�

7KDW LV� WKH PDQ PXVW FKRRVH KLV VDYLQJV V0 VR DV WR PD[LPL]H KLV H[SHFWHG XWLOLW\

OQ�Z� b V0� �
�

�
OQ�F6� �

�

�
OQ�F'��

ZKHUH F6  F6�V0 � Z�� U�� DQG F'  F'�V0 � Z�� U�� ZHUH FDOFXODWHG DERYH E\ VROYLQJ WKH

ZRPDQ
V VXEJDPH� :H GHQRWH WKH VHW FRQVLVWLQJ RI WKH PDQ
V RSWLPDO VROXWLRQV WR WKLV

SUREOHP E\ V0�Z�� Z�� U���

7KH PDQ
V SUREOHP DOZD\V KDV D VROXWLRQ� ZKLFK LV JHQHUDOO\ XQLTXH� 2QH FDQ VKRZ

WKDW WKLV VROXWLRQ PD\ EH RI IRXU W\SHV�

&DVH � ,I KLV RSWLPDO VDYLQJV LV JUHDWHU WKDQ Z�

U�
� WKHQ WKH FRXSOH DOZD\V PDUULHV DQG WKH

ZRPDQ ZLOO DOZD\V IUHH ULGH� FRQWULEXWLQJ QRWKLQJ WR WKHLU MRLQW FRQVXPSWLRQ�

&DVH � ,I KLV VDYLQJV VDWLVnHV nZ�

U�
� V0 � Z�

U�
� WKHQ WKH\ ZLOO VWLOO DOZD\V PDUU\� DQG ZKHQ

WKH PDQ DQG ZRPDQ DUH RI WKH VDPH W\SH VKH ZLOO FRQWULEXWH �ZKHUHDV LI WKH\ DUH

QRW RI WKH VDPH W\SH WKHQ VKH ZLOO QRW FRQWULEXWH��

&DVH � ,I KLV VDYLQJV VDWLVnHV ��bn�Z�

U�
� V0 � nZ�

U�
� WKH FRXSOH ZLOO DOZD\V PDUU\ DQG WKH

ZRPDQ ZLOO DOZD\V FRQWULEXWH WR WKH MRLQW FRQVXPSWLRQ�

&DVH � )LQDOO\� LI KLV VDYLQJV LV OHVV WKDQ ��bn�Z�

U�
� WKHQ WKH\ RQO\ PDUU\ LI WKH\ DUH RI WKH

VDPH W\SH� ,Q WKLV FDVH� WKH ZRPDQ ZLOO FRQWULEXWH WR MRLQW FRQVXPSWLRQ�

,Q IDFW� WKH PDQ
V SUREOHP FDQ EH LQWHUSUHWHG DV IROORZV� )RU HDFK FDVH� WKH PDQ KDV D

VHSDUDWH RSWLPL]DWLRQ SUREOHP� GHWHUPLQHG E\ DQ LQHTXDOLW\ ZKLFK KLV VDYLQJV PXVW VDWLVI\�

��



:KDW PDNHV WKLV GHFRPSRVLWLRQ LQWHUHVWLQJ LV WKDW WKHVH FDVHV FRUUHVSRQG WR GLmHUHQW

PRGHV RI EHKDYLRU RQ WKH SDUW RI WKH ZRPHQ� DQG WKXV WR IRXU UHODWLYHO\ VLPSOH RSWLPL]DWLRQ

SUREOHPV� +H VROYHV HDFK RI WKHVH VXE�SUREOHPV� DQG WKHQ FKRRVHV WKH FDVH ZKLFK JLYHV

KLP WKH KLJKHVW XWLOLW\� 7KLV JLYHV KLP KLV RSWLPDO VDYLQJ�

� &RPSHWLWLYH (TXLOLEULXP

:H ORRN IRU D VWHDG\ VWDWH HTXLOLEULXP RI WKH HFRQRP\� LQ ZKLFK PDUNHWV FOHDU� nUPV

PD[LPL]H SURnWV DQG FRXSOHV SOD\ D VXEJDPH SHUIHFW 1DVK HTXLOLEULXP RI WKHLU UHVSHFWLYH

PDUULDJH JDPHV� 1RWH WKDW WKLV VROXWLRQ FRQFHSW GLmHUV IURP WKH FODVVLFDO FRPSHWLWLYH

HTXLOLEULXP RQO\ LQ WKDW UDWKHU WKDQ VLPSO\ LQGLYLGXDOO\ PD[LPL]LQJ WKHLU XWLOLWLHV� DJHQWV

LQVWHDG SOD\ D VXEJDPH SHUIHFW 1DVK HTXLOLEULXP RI WKHLU WZR�SHUVRQ PDUULDJH JDPH� :KLOH

WKH DJHQWV GR LQGHHG WDNH SULFHV DV JLYHQ� WKH FRQVXPSWLRQ�VDYLQJV GHFLVLRQ LQ WKH FRQWH[W

RI WKH IDPLO\ LV PRGHOHG DV D WZR�SHUVRQ SUREOHP� WKDW LV� DV D JDPH�

'HnQLWLRQ� $ VWHDG\�VWDWH SXUH HTXLOLEULXP LV D SDLU �Z� U� RI �HpFLHQF\� ZDJH UDWH DQG

FDSLWDO UHQWDO UDWH VXFK WKDW�
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�LLL�

V0 � V0�Z�Z� U�

V6  V6�V0 � Z� U�

V'  V'�V0 � Z� U�

&RQGLWLRQ �LLL�� nUVW RI DOO� UHTXLUHV WKDW DJHQWV
 GHFLVLRQV EH FRQVLVWHQW ZLWK D VXEJDPH

SHUIHFW 1DVK HTXLOLEULXP RI WKHLU UHVSHFWLYH PDUULDJH JDPHV� &RQGLWLRQ �LL� LV WKH XVXDO

SURnW�PD[LPL]LQJ FRQGLWLRQ IRU nUPV�

$V IRU FRQGLWLRQ �L�� PDUNHW�FOHDULQJ� WKLV UHTXLUHV WKDW WKH OHYHO RI LQYHVWPHQW EH HTXDO

WR WKH DJJUHJDWH VDYLQJ LQ WKH HFRQRP\� SHU HpFLHQF\ XQLW RI ODERU� ,I V0U w �� b n�Z�

WKHQ DV ZH KDYH DOUHDG\ VHHQ� WKH FRXSOH DOZD\V PDUULHV� UHJDUGOHVV RI ZKHWKHU WKH\ DUH

RI WKH VDPH W\SH RU QRW� ,Q WKLV FDVH� HDFK PDQ FRQWULEXWHV RQH HpFLHQF\ XQLW RI ODERU�

HDFK ZRPDQ ZKR LV RI WKH VDPH W\SH DV KHU KXVEDQG FRQWULEXWHV RQH XQLW DV ZHOO� DQG

HDFK ZRPDQ ZKR LV RI WKH RSSRVLWH W\SH WR KHU KXVEDQG FRQWULEXWHV n HpFLHQF\ XQLWV RI

ODERU� 6LQFH PHQ PDNH XS RQH KDOI RI WKH LQGLYLGXDOV DOLYH LQ HDFK SHULRG� DQG HDFK W\SH

RI ZRPDQ PDNHV XS RQH�IRXUWK� WKH WRWDO HpFLHQF\ XQLWV RI ODERU VXSSOLHG DPRXQWV WR�
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:KHQ V0U � ��b n�Z� E\ FRQWUDVW� ZH NQRZ WKDW D FRXSOH PDUU\ RQO\ ZKHQ WKH\ DUH

RI WKH VDPH W\SH� 6R HDFK DJHQW VXSSOLHV RQH HpFLHQF\ XQLW DQG KHQFH WKH WRWDO HpFLHQF\

VXSSO\ RI ODERU LV RQH� ,Q WKLV FDVH WKH PDUNHW FOHDULQJ FRQGLWLRQV DUH VWUDLJKWIRUZDUG�
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� 0L[HG (TXLOLEULXP

$V ZH KDYH GHnQHG LW� SXUH HTXLOLEULXP HQWDLOV HDFK PDQ EHKDYLQJ LQ WKH VDPH PDQQHU�

:H QRZ JHQHUDOL]H WKLV WR WKH FRQFHSW RI PL[HG HTXLOLEULXP� DOORZLQJ IRU KHWHURJHQHLW\

LQ PDOH EHKDYLRU� ,Q RUGHU WR REWDLQ WKLV KHWHURJHQHLW\� ZH PXVW WDNH DGYDQWDJH RI WKH

IDFW WKDW IRU FHUWDLQ ZDJH DQG LQWHUHVW UDWHV� WKHUH DUH WZR VXEJDPH SHUIHFW HTXLOLEULD RI

WKH PDUULDJH JDPH� EHWZHHQ ZKLFK WKH PHQ DUH LQGLmHUHQW� $V D UHVXOW� ZH FDQ KDYH D

FHUWDLQ IUDFWLRQ RI WKH SRSXODWLRQ SOD\ DFFRUGLQJ WR RQH RI WKHVH HTXLOLEULD� DQG WKH UHVW

SOD\ DFFRUGLQJ WR WKH RWKHU�

$V ZH VKDOO VHH� DOORZLQJ IRU WKLV KHWHURJHQHLW\ PD\ EH QHFHVVDU\ LQ RUGHU WR HQVXUH WKH

H[LVWHQFH RI HTXLOLEULXP� ,Q DGGLWLRQ� WKH PL[HG HTXLOLEULD VPRRWK WKH DEUXSW WUDQVLWLRQV

LQ EHKDYLRU EHWZHHQ WKH FDVHV� VR WKDW WKH\ EHFRPH FRQWLQXRXV�

'HnQLWLRQ� $ VWHDG\ VWDWH PL[HG HTXLOLEULXP LV D SDLU �Z� U� RI �HpFLHQF\� ZDJH UDWH

DQG FDSLWDO UHQWDO UDWH� D SDLU RI FDVHV L � M � I�� � � � � �J� DQG FRUUHVSRQGLQJ ZHLJKWV

wL � wM  � VXFK WKDW�
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q V0C � V0�Z�Z� U� LV GHnQHG WR EH WKH PDQ
V VXEJDPH SHUIHFW HTXLOLEULXP VDYLQJV

ZKHQ KH SOD\V DFFRUGLQJ WR FDVH C�

q V6C  V6�V0C � Z� U��

q V'C  V6�V0C � Z� U��

7KH LQWHUSUHWDWLRQ RI WKLV GHnQLWLRQ LV DV IROORZV� *LYHQ WKH HTXLOLEULXP ZDJH DQG UHQWDO

UDWHV �Z� U�� WKHUH DUH WZR VXEJDPH SHUIHFW HTXLOLEULD RI WKH PDUULDJH JDPH� EHWZHHQ ZKLFK

WKH PDQ LV LQGLmHUHQW� ,Q WKH nUVW VXEJDPH SHUIHFW HTXLOLEULXP� WKH RSWLPDO VDYLQJV RI WKH

PDQ LV V0L � ZKLFK SODFHV WKHP LQ WKH SURYLQFH RI FDVH L� WKH EHVW UHVSRQVH RI WKH ZRPDQ LV

WKHQ WR VDYH V6�V0L � Z� U� LI VKH LV RI WKH VDPH W\SH DV KHU PDWFK� DQG V'�V0L � Z� U� LI VKH LV

QRW� $QDORJRXVO\� LQ WKH RWKHU VXEJDPH SHUIHFW HTXLOLEULXP �FRUUHVSRQGLQJ WR FDVH M� WKH

PDQ VDYHV V0M � DQG ZRPDQ VDYHV HLWKHU V
6�V0M � Z� U� RU V'�V0M � Z� U�� 7KLV LV H[SUHVVHG LQ

FRQGLWLRQ �LLL�� 7KH SURnW�PD[LPL]LQJ FRQGLWLRQV IRU WKH nUPV� DQG KHQFH WKH GHPDQG IRU

FDSLWDO� DUH JLYHQ E\ �LL�� ,Q RUGHU WR HQVXUH PDUNHW�FOHDULQJ� LW LV QHFHVVDU\ IRU D IUDFWLRQ

wL RI WKH SRSXODWLRQ WR SOD\ WKH VXEJDPH SHUIHFW HTXLOLEULXP FRUUHVSRQGLQJ WR FDVH L� DQG

wM WR SOD\ WKH RWKHU� WKLV LV H[SUHVVHG E\ FRQGLWLRQ �L��

� 6RPH 1XPHULFDO ([DPSOHV

7R KHOS FODULI\ WKLV PRGHO� ZH QRZ SUHVHQW VHYHUDO QXPHULFDO H[DPSOHV�

&RQVLGHU D &REE�'RXJODV SURGXFWLRQ IXQFWLRQ

I�N�  Nm� IRU � � m � ��

:H DOVR WDNH n  ����

([DPSOH ��� /HW m  ���� ,Q WKLV FDVH� WKH VWHDG\ VWDWH HTXLOLEULXP LV JLYHQ E\ Z  

�������� DQG U  �������� 7KLV HTXLOLEULXP IDOOV LQ WKH SURYLQFH RI FDVH �� LQ ZKLFK DOO

ZRPHQ DFFHSW WKHLU PDUULDJH SURSRVDOV� DQG DOVR FRQWULEXWH WR WKH PDULWDO FRQVXPSWLRQ�

��



,W FDQ EH VKRZQ WKDW� IRU WKH FRUUHVSRQGLQJ PDUULDJH JDPH� WKH PDQ
V VXEJDPH SHUIHFW

HTXLOLEULXP VDYLQJ LV V0  ���������� $V D UHVXOW� ZH NQRZ IURP HTXDWLRQ ��� WKDW

ZKHQ KH PDUULHV D ZRPDQ RI KLV W\SH� VKH ZLOO VSOLW WKHLU WRWDO UHVRXUFHV EHWZHHQ VDYLQJV

V6  �������� DQG MRLQW FRQVXPSWLRQ F6  ��������� 6LPLODUO\� HTXDWLRQ ��� WHOOV XV WKDW

ZKHQ KLV ZLIH LV RI D GLmHUHQW W\SH� VKH ZLOO VDYH V'  �������� DQG WKH\ ZLOO DOVR FRQVXPH

F'  ���������

)RU WKLV FDVH� WKH WRWDO VDYLQJV OHDGV WR D VXSSO\ RI FDSLWDO �SHU HpFLHQF\ XQLW RI ODERU�

RI N  ��������� DV SHU HTXDWLRQ ���� ,I ZH HYDOXDWH WKH SURnW PD[LPL]LQJ FRQGLWLRQV ���

DW WKLV FDSLWDO VWRFN� ZH REWDLQ WKH ZDJH DQG UHQWDO UDWHV JLYHQ DERYH� DQG KHQFH PDUNHWV

FOHDU�

1RWLFH WKDW VLQFH FRXSOHV DOZD\V PDUU\� D JHQGHU JDS UHVXOWV� ,Q SDUWLFXODU� WKH DYHUDJH

ZDJH HDUQHG E\ ZRPHQ LV Z�� � n� �  ��������� ZKLFK UHSUHVHQWV D ��� ZDJH JDS�

([DPSOH ��� 1RZ OHW m  ���� ,W FDQ EH YHULnHG WKDW WKH VWHDG\ VWDWH HTXLOLEULXP LV

JLYHQ E\ Z  �������� DQG U  ��������� 7KLV HTXLOLEULXP FRUUHVSRQGV WR FDVH �� ZKHUH D

ZRPDQ PDUULHV RQO\ LI LW ZRXOG QRW DmHFW KHU LQFRPH � WKDW LV� LI VKH LV RI WKH VDPH W\SH

DV KHU PDWFK�

7KH PDQ
V VXEJDPH SHUIHFW HTXLOLEULXP VDYLQJ LV V0  ��������� 7KXV� HTXDWLRQ ���

LPSOLHV WKDW ZKHQ KH LV PDWFKHG WR D ZRPDQ RI KLV RZQ W\SH� KH PDUULHV DQG KLV ZLIH

GLYLGHV WKHLU WRWDO UHVRXUFHV HTXDOO\ EHWZHHQ VDYLQJV V6  �������� DQG MRLQW FRQVXPSWLRQ

F6  ��������� :KHQ WKH ZRPDQ LV QRW RI KLV W\SH� KRZHYHU� VKH UHIXVHV KLV SURSRVDO

DQG VR VSOLWV KHU ZDJH HTXDOO\ EHWZHHQ FRQVXPSWLRQ WRGD\ DQG VDYLQJV V'  ���������

&RQVHTXHQWO\� WKH PDQ FDQ RQO\ FRQVXPH KLV RZQ VDYLQJV� ZLWK DFFXPXODWHG LQWHUHVW�

7KH WRWDO VDYLQJV QRZ OHDGV WR D VXSSO\ RI FDSLWDO �SHU HpFLHQF\ XQLW RI ODERU� RI N  

��������� DV SHU HTXDWLRQ ���� $V EHIRUH� LI ZH HYDOXDWH WKH SURnW PD[LPL]LQJ FRQGLWLRQV ���

DW WKLV FDSLWDO VWRFN� ZH REWDLQ WKH ZDJH DQG UHQWDO UDWHV JLYHQ DERYH� DQG KHQFH PDUNHWV

FOHDU�

��



$V ZH KDYH DOUHDG\ SRLQWHG RXW� LQ WKLV FDVH WKHUH LV QR JHQGHU JDS�

([DPSOH ��� 1RZ WDNH m  ���� ,Q WKLV FDVH WKHUH LV QR �SXUH� HTXLOLEULXP DV LW KDV EHHQ

GHnQHG� 7KH SUREOHP LV WKDW FDVH � RFFXUV ZKHQ WKH LQWHUHVW UDWH LV VR ORZ WKDW WKH PHQ
V

VDYLQJV DUH QRW VXpFLHQW WR FRQYLQFH ZRPHQ ZKR DUH QRW RI WKHLU W\SH WR PDUU\ WKHP� %XW

ZLWK QR QHHG WR FRQYLQFH WKHVH ZRPHQ� WKH PHQ UHGXFH WKHLU VDYLQJV� ZKLFK LQ WXUQ ORZHUV

WKH FDSLWDO VWRFN DQG UDLVHV WKH LQWHUHVW UDWH� PRYLQJ XV EDFN LQWR WKH SURYLQFH RI FDVH ��

0RUH SUHFLVHO\� VXSSRVH WKDW WKHUH ZHUH D SXUH HTXLOLEULXP� DQG WKDW LW IHOO LQWR FDVH ��

DV LQ WKH SUHYLRXV H[DPSOH� ,Q WKLV FDVH� WKH VWHDG\ VWDWH FDSLWDO VWRFN ZRXOG VDWLVI\ WKH

IROORZLQJ HTXDWLRQ� REWDLQHG IURP ����

N  
�

�
V0 �

�

�
�V6 � V'�

+HUH V0 LV WKH RSWLPDO VDYLQJV RI WKH PDQ ZKHQ KH LV FRQVWUDLQHG WR FDVH ���� DQG V6 DQG

V' DUH WKH FRUUHVSRQGLQJ ZRPHQ
V VDYLQJV� REWDLQHG IURP HTXDWLRQV ��� DQG ����

,W FDQ EH VKRZQ WKDW WKH RQO\ VROXWLRQ WR WKLV HTXDWLRQ LV N  ��������� WKH FRUUHVSRQG�

LQJ ZDJH DQG UHQWDO UDWHV DUH Z  �������� DQG U  ��������� $W WKHVH SULFHV� KRZHYHU�

WKH PDQ
V RSWLPXP VDYLQJV FRUUHVSRQGV WR FDVH �� ZKLFK LPSOLHV WKDW WKH VXEJDPH SHUIHFW

HTXLOLEULXP FDQQRW FRUUHVSRQG WR FDVH ��

6LPLODU DUJXPHQWV FDQ EH XVHG WR UXOH RXW WKH RWKHU FDVHV�

7KLV H[DPSOH GHPRQVWUDWHV WKDW D VWHDG\ VWDWH SXUH HTXLOLEULXP QHHG QRW QHFHVVDULO\

H[LVW IRU DOO SDUDPHWHU YDOXHV� 7KLV LV D FRQVHTXHQFH RI WKH IDFW WKDW WKLV VROXWLRQ FRQFHSW

UHTXLUHV DOO PHQ WR SOD\ WKH VDPH VWUDWHJ\� QDPHO\ WR VDYH WKH VDPH DPRXQW� $V ZH VKRZ

EHORZ� ZKHQ ZH DOORZ IRU PL[HG HTXLOLEULD _ WKDW LV� IRU KHWHURJHQHLW\ LQ PHQ
V EHKDYLRU�

HTXLOLEULXP DOZD\V H[LVWV� 7R LOOXVWUDWH WKLV FRQFHSW� ZH FDOFXODWH D PL[HG HTXLOLEULXP IRU

WKH SDUDPHWHUV RI WKH SUHYLRXV H[DPSOH�

��7KDW LV� ZKHQ KH LV FRQVWUDLQHG WR VDYH OHVV WKDQ
��bn�Z

U
�

��



([DPSOH ��� 2QFH DJDLQ� OHW m  ���� 7KH HTXLOLEULXP ZDJH ZLOO EH Z  �������� DQG

WKH UHQWDO UDWH U  ���������

7KH FRUUHVSRQGLQJ PDUULDJH JDPH KDV WZR VXEJDPH SHUIHFW HTXLOLEULD� ,Q WKH nUVW

HTXLOLEULXP� FRUUHVSRQGLQJ WR FDVH WKUHH� PHQ VDYH ��������� ZKLFK LV H[DFWO\ HQRXJK WR

SHUVXDGH D ZRPDQ RI D GLmHUHQW W\SH WR PDUU\ KLP� ZKLOH ZRPHQ VDYH HLWKHU ��������

RU ��������� GHSHQGLQJ RQ ZKHWKHU WKH\ PDUU\ D KXVEDQG RI WKH VDPH W\SH RU QRW� 7KH

VHFRQG HTXLOLEULXP FRUUHVSRQGV WR FDVH IRXU� 0HQ FKRRVH WR FRQVXPH PRUH GXULQJ WKHLU

\RXWK DQG VDYH RQO\ ��������� $V D FRQVHTXHQFH� ZRPHQ nQG LW ZRUWKZKLOH WR DFFHSW D

PDQ
V SURSRVDO RQO\ ZKHQ WKH\ DUH RI WKH VDPH W\SH� LQ WKLV FDVH WKH\ VDYH ��������� ,I

WKH\ DUH RI D GLmHUHQW W\SH� KRZHYHU� WKH\ SUHIHU WR EXLOG D FDUHHU DQG HDUQ D KLJKHU ZDJH

Z� VDYLQJ ���������

:KHQ D IUDFWLRQ �������� RI WKH DJHQWV SOD\ DFFRUGLQJ WR WKH nUVW HTXLOLEULXP DQG

WKH UHVW RI WKH SRSXODWLRQ SOD\V DFFRUGLQJ WR WKH VHFRQG RQH� WKHQ WKH WRWDO VDYLQJV SHU

HpFLHQF\ XQLWV RI ODERU HTXDOV �������� 2QFH DJDLQ� LI ZH HYDOXDWH WKH SURnW PD[LPL]LQJ

FRQGLWLRQV DW WKLV FDSLWDO VWRFN� ZH REWDLQ WKH ZDJH DQG UHQWDO UDWHV JLYHQ DERYH DQG KHQFH

PDUNHWV FOHDU�

� 7HFKQRORJ\ DQG WKH 6RFLDO 3DWWHUQV RI %HKDYLRU

7KLV VHFWLRQ GHVFULEHV WKH UHODWLRQVKLS EHWZHHQ WKH WHFKQRORJLFDO SDUDPHWHUV DQG WKH QDWXUH

RI WKH HTXLOLEULD� 7KHVH UHVXOWV DUH VXPPDUL]HG LQ WKH IROORZLQJ SLFWXUHV�

,Q )LJXUH � RQH FDQ GLVWLQJXLVK HLJKW UHJLRQV� FRUUHVSRQGLQJ WR GLmHUHQW W\SHV RI FRP�

SHWLWLYH HTXLOLEULD� )RU H[DPSOH� WKH ULJKWPRVW UHJLRQ UHSUHVHQWV WKH SDUDPHWHU YDOXHV

�m� n� ZKLFK UHVXOW LQ D SXUH VWHDG\ VWDWH HTXLOLEULXP FRUUHVSRQGLQJ WR FDVH �� )RU VPDOO n�

DV ZH ORZHU m ZH PRYH WR DQ HTXLOLEULXP ZKLFK PL[HV FDVHV � DQG �� &RQWLQXLQJ WR ORZHU

m� WKH SURSRUWLRQ RI WKH SRSXODWLRQ ZKLFK SOD\V DV SHU FDVH � HYHQWXDOO\ GURSV WR ]HUR DQG

ZH DUH OHIW LQ FDVH �� $V m GURSV IXUWKHU� WKH HTXLOLEULD IDOO LQWR PL[HG FDVH � DQG �� WKHQ

��



)LJXUH �� 7KH &DVHV

SXUH FDVH �� PL[HG FDVH � DQG �� DQG nQDOO\� IRU VPDOO m� SXUH FDVH �� ��

)LJXUH �� ZKLFK JLYHV WKH IUDFWLRQ RI LQFRPH VDYHG E\ PHQ LQ HTXLOLEULXP� WKDW LV

V0�Z�Z� U� Z� KHOSV IXUWKHU FODULI\ KRZ WKH SURGXFWLRQ WHFKQRORJ\ LPSDFWV RQ WKH VRFLDO

SDWWHUQV RI EHKDYLRU� )RU ODUJH YDOXHV RI m� ZH NQRZ IURP WKH SUHYLRXV nJXUH WKDW ZH DUH

LQ FDVH � DQG DOO ZRPHQ IUHH�ULGH� VR WKH MRLQW FRQVXPSWLRQ FRQVLVWV RQO\ RI ZKDW WKH PHQ

KDYH VDYHG� SOXV DFFXPXODWHG LQWHUHVW� FRQVHTXHQWO\ PHQ VDYH RQH KDOI RI WKHLU LQFRPH�

$V ZH ORZHU m� WKH HTXLOLEULXP LQWHUHVW UDWH DOVR IDOOV� �� 7KLV UHGXFHV WKH IXWXUH YDOXH

RI WKH PHQ
V VDYLQJV XQWLO WKH ZRPHQ� nUVW WKRVH RI WKH VDPH W\SH DV WKHLU PDWFK �FDVH ��

DQG WKHQ HYHQ WKRVH RI GLmHUHQW W\SH �FDVH ��� EHJLQ WR FRQWULEXWH WR WKH MRLQW FRQVXPSWLRQ

RXW RI WKHLU VDYLQJV� $V D UHVXOW RI WKH ZRPHQ
V LQFUHDVLQJ FRQWULEXWLRQV� WKH PHQ QHHG WR

VDYH OHVV DQG OHVV RXW RI WKHLU RZQ LQFRPH

��:KHQ n LV ODUJH� WKHUH LV QR SXUH HTXLOLEULXP FRUUHVSRQGLQJ WR FDVH �� 6LPLODUO\� WKHUH DUH QR PL[HG

HTXLOLEULD LQ ZKLFK FDVH � SOD\V D UROH� LQVWHDG� ZH nQG HTXLOLEULD ZKLFK PL[ FDVHV � DQG ��
��6LQFH WKH VWHDG\�VWDWH HTXLOLEULXP N JRHV XS ZKHQ m JRHV GRZQ� DV LW ZRXOG LQ D VWDQGDUG 'LD�

PRQG ������ PRGHO ZLWK WKH VDPH SURGXFWLRQ IXQFWLRQ DQG SUHIHUHQFHV�

��



)LJXUH �� 0DOH 6DYLQJ 5DWH

)RU HYHQ ORZHU m� KRZHYHU� WKH IXWXUH YDOXH RI WKH PHQ
V VDYLQJ LV VR VPDOO WKDW WKH\

ULVN KDYLQJ WKHLU PDUULDJH SURSRVDO UHMHFWHG LI WKH\ DUH PDWFKHG WR D ZRPDQ RI D GLmHUHQW

W\SH� ,Q RUGHU WR SUHVHUYH WKH EHQHnWV RI PDUULDJH� WKH PHQ EHJLQ WR VKDUSO\ LQFUHDVH WKHLU

VDYLQJ� HYHQWXDOO\ H[FHHGLQJ HYHQ WKHLU FDVH�� OHYHO RI � ��

)RU YHU\ VPDOO m� KRZHYHU� WKH PHQ QR ORQJHU FRQVLGHU LW ZRUWKZKLOH WR FRQYLQFH ZRPHQ

RI D GLmHUHQW W\SH WR PDUU\ WKHP� 7KLV FRUUHVSRQGV WR FDVH �� 7KHLU VDYLQJV LQ WKLV FDVH

GURS WR ORZHU WKDQ � �� EHFDXVH WKH\ FRQWLQXH WR EHQHnW IURP WKH H[SHFWDWLRQ RI WKHLU

ZLYHV
 FRQWULEXWLRQV VKRXOG WKH\ EH PDWFKHG WR ZRPHQ RI WKHLU RZQ W\SH�

:H FDQ XVH WKLV LQIRUPDWLRQ WR H[SODLQ WKH HmHFW WKDW WKHVH WUDQVLWLRQV LQ EHKDYLRU

KDYH RQ WKH UHODWLYH ZHOIDUH RI PHQ DQG ZRPHQ� 7KH JUDSK LQ )LJXUH � JLYHV WKH GLmHUHQFH

EHWZHHQ WKH H[�DQWH HTXLOLEULXP XWLOLW\ RI D UHSUHVHQWDWLYH PDQ DQG ZRPDQ LQ WKLV PRGHO�

1RWH nUVW RI DOO WKDW IRU YDOXHV RI m FORVH WR �� WKH ZRPHQ IUHH�ULGH DQG DUH WKHUHIRUH

EHWWHU�Rm WKDQ WKH PHQ� 7KH JHQHUDO WHQGHQF\ RI WKLV JUDSK LV IRU WKH ZHOIDUH RI WKH PHQ

WR EH UHODWLYHO\ JUHDWHU WKH VPDOOHU WKH YDOXH RI m� ,Q HmHFW� ZKDW LV RFFXUULQJ LV WKDW

��



)LJXUH �� 8WLOLW\ 'LmHUHQWLDO )LJXUH �� &URVV�6HFWLRQ� n  ���

DV WKH LQWHUHVW UDWH GURSV� WKH LQWHUHVWV RI WKH ZRPHQ EHFRPH PRUH FORVHO\ DOLJQHG ZLWK

WKRVH RI WKH PHQ� 7KLV PHDQV WKDW WKHLU XOWLPDWXP SRZHU KDV OHVV ?ELWH�� DQG WKH PHQ
V

nUVW�PRYHU DGYDQWDJH EHJLQV WR GRPLQDWH�

7KH UHDGHU PD\ QRWLFH LQ )LJXUH � WKDW WKHUH LV D VPDOO UHJLRQ IRU ZKLFK WKH VORSH RI

WKLV JUDSK LV QHDUO\ oDW _ WKLV FRUUHVSRQGV WR WKH WUDQVLWLRQ IURP FDVH � WR FDVH � DQG LV

WKH RXWFRPH RI WZR RSSRVLQJ HmHFWV� 2Q WKH RQH KDQG� DV ZH PRYH IURP FDVH � WR � WKH

PHQ VDYH OHVV �VLQFH WKH\ QR ORQJHU DWWHPSW WR FRQYLQFH DOO RI WKH ZRPHQ WR PDUU\ WKHP�

ZKLFK REYLRXVO\ KXUWV WKH ZRPHQ� 2Q WKH RWKHU KDQG� KRZHYHU� WKLV OHDGV WR D VKDUS GURS

LQ WKH HTXLOLEULXP FDSLWDO VWRFN� DQG KHQFH D KLJKHU LQWHUHVW UDWH� EHQHnWLQJ WKH ZRPHQ�

)LJXUH �� 7KH *HQGHU *DS )LJXUH �� &URVV�6HFWLRQ� m  ����

)LQDOO\� )LJXUH � JLYHV WKH SHUFHQWDJH JHQGHU ZDJH JDS DV D IXQFWLRQ RI WKH SDUDPHWHU

YDOXHV RI WKH PRGHO� )RU VPDOO n ZH DUH LQ FDVH � DQG RQO\ KDOI RI WKH ZRPHQ PDUU\ _

WKRVH ZKR DUH RI WKH VDPH W\SH DV WKHLU PDWFK _ FRQVHTXHQWO\� WKH JHQGHU JDS LV ]HUR�

��



,W LV LQWHUHVWLQJ WR QRWH WKDW DV ZH LQFUHDVH n DQG ODERU EHFRPHV OHVV nUP�VSHFLnF� WKH

JHQGHU JDS DW nUVW LQFUHDVHV DV ZH PRYH WR FDVH �� VLQFH ZRPHQ nQG LW OHVV FRVWO\ WR PDUU\

VRPHRQH RI D GLmHUHQW W\SH� (YHQWXDOO\� KRZHYHU� ZKHQ n EHFRPHV VXpFLHQWO\ ODUJH WKH

GLmHUHQFH EHWZHHQ W\SHV GLVDSSHDUV DQG WKH JHQGHU JDS PXVW RI FRXUVH GHFUHDVH WR ]HUR� LQ

IDFW� ZH NQRZ WKDW RQFH ZH OHDYH FDVH � FRPSOHWHO\ EHKLQG WKHQ WKH SHUFHQWDJH JHQGHU JDS

LV SUHFLVHO\ �

�
b n

�
� 7KLV PD\ EH VHHQ PRUH FOHDUO\ LQ )LJXUH �� ZKLFK JLYHV D FURVV VHFWLRQ

RI WKLV JUDSK IRU m  �����

� ([LVWHQFH RI 6WHDG\�6WDWH (TXLOLEULXP

7KH IROORZLQJ WKHRUHP VKRZV WKDW� XQGHU ZHDN FRQGLWLRQV� DQ HTXLOLEULXP _ HLWKHU SXUH

RU PL[HG _ DOZD\V H[LVWV�

7KHRUHP ��� /HW � � � n � � DQG OHW I�N� EH D SURGXFWLRQ IXQFWLRQ VDWLVI\LQJ WKH

IROORZLQJ FRQGLWLRQV�

�� I���  �� I � ! �� I �� � �

�� OLP
N��

I ��N�  ��� OLP
N���

I ��N�  �

�� OLP
N��

b
� � n

� � n
NI ���N� ! ��

7KHQ D FRPSHWLWLYH HTXLOLEULXP H[LVWV�

&RQGLWLRQV � DQG � DUH VWDQGDUG� &RQGLWLRQ � ZLOO HQVXUH WKDW WKH DJJUHJDWH VDYLQJ

IXQFWLRQ �SHU HpFLHQF\ XQLW RI ODERU� KDV D VORSH JUHDWHU WKDQ � DW WKH RULJLQ� �� 1RWLFH WKDW

WKH &REE�'RXJODV SURGXFWLRQ IXQFWLRQ I�N�  Nm VDWLVnHV WKHVH FRQGLWLRQV IRU � � m � ��

3URRI � 7KH LGHD RI WKH SURRI LV DV IROORZV� ,I WKHUH LV QR SXUH HTXLOLEULXP� WKHQ ZH

VKRZ WKDW WKHUH PXVW H[LVW D FDSLWDO VWRFN Ne� ZLWK LWV FRUUHVSRQGLQJ ZDJH DQG UHQWDO UDWHV�

��6LPLODU FRQGLWLRQV DSSHDU LQ *DORU DQG 5\GHU �������

��



IRU ZKLFK WKHUH DUH �DW OHDVW� WZR VXEJDPH SHUIHFW HTXLOLEULD RI WKH DVVRFLDWHG PDUULDJH

JDPH� :HUH WKH HQWLUH SRSXODWLRQ WR SOD\ RQH RI WKHVH HTXLOLEULD� WKH UHVXOWLQJ DJJUHJDWH

VDYLQJV ZRXOG H[FHHG Ne� ZKHUHDV DW WKH RWKHU HTXLOLEULXP WKH VDYLQJV ZRXOG EH OHVV WKDQ

Ne� 2QH FDQ WKHQ FRQVWUXFW D PL[HG HTXLOLEULXP E\ KDYLQJ VRPH IUDFWLRQ RI WKH SRSXODWLRQ

SOD\ RQH RI WKH VXEJDPH SHUIHFW HTXLOLEULD DQG WKH UHPDLQGHU SOD\ WKH RWKHU� 7KLV IUDFWLRQ

LV FKRVHQ VR WKDW WKH VXSSO\ RI FDSLWDO� WKDW LV WKH DJJUHJDWH VDYLQJV� LV SUHFLVHO\ HTXDO WR

WKH GHPDQG IRU FDSLWDO Ne�

:H QRZ EHJLQ WKH IRUPDO SURRI�

,I D SXUH HTXLOLEULXP H[LVWV� WKHQ ZH DUH GRQH� 1RZ DVVXPH WKDW QR VXFK HTXLOLEULXP

H[LVWV�

:H GHnQH WKH ?LQGLUHFW� �H[SHFWHG� XWLOLW\ IXQFWLRQ 8�N� IRU D UHSUHVHQWDWLYH PDQ�

7KLV LV WKH PD[LPDO H[SHFWHG XWLOLW\ D PDQ FDQ DFKLHYH ZKHQ WKH ZDJH LV JLYHQ E\ Z�N�  

I�N� b NI ��N� DQG WKH UHQWDO UDWH LV U�N�  I ��N�� DQG WKH ZRPHQ UHVSRQG RSWLPDOO\ WR

WKH PDQ
V DFWLRQV� 7KH UHDGHU PD\ UHFDOO WKDW HDFK OHYHO RI VDYLQJV V0 RQ WKH SDUW RI WKH

PDQ OHDGV WR RQH RI IRXU FDVHV� FRUUHVSRQGLQJ WR GLmHUHQW PRGHV RI EHKDYLRU RQ WKH SDUW

RI WKH ZRPHQ� 7KXV WKH PDQ PD\ EH YLHZHG DV VROYLQJ HDFK RI WKHVH VXE�SUREOHPV DQG

FKRRVLQJ WKH FDVH ZKLFK JLYHV KLP WKH KLJKHVW XWLOLW\� 7KXV� LI ZH OHW 8 L�N�� IRU L  �� � � � � �

GHQRWH WKH LQGLUHFW XWLOLW\ IXQFWLRQV ZKHQ WKH PDQ LV FRQVWUDLQHG WR FKRRVH D OHYHO RI VDYLQJ

FRQVLVWHQW ZLWK FDVH L� WKHQ

8�N�  PD[I8��N�� 8��N�� 8��N�� 8��N�J�

:H DOVR OHW .L  IN � ,5�� M 8�N�  8 L�N�J� L  �� � � � � � GHQRWH WKH VHW RI DOO FDSLWDO

VWRFN N IRU ZKLFK WKH PDQ FKRRVHV FDVH L� :LWKLQ HDFK FDVH� WKH 7KHRUHP RI WKH 0D[LPXP

LPSOLHV WKDW HDFK 8 L�N� LV FRQWLQXRXV� 7KHUHIRUH� 8�N� LV LWVHOI FRQWLQXRXV DQG HDFK .L LV

D FORVHG VHW�

,Q DGGLWLRQ� RQ .L� OHW 6 L�N� EH WKH IXQFWLRQ ZKLFK DVVRFLDWHV WR HDFK FDSLWDO VWRFN N WKH

FRUUHVSRQGLQJ SHU�HpFLHQF\ XQLWV DJJUHJDWH VXEJDPH SHUIHFW HTXLOLEULXP VDYLQJV� �� 1RWH

��)RU H[DPSOH� 6��N�  �
��n

Z�N�

�
� �

��n
�Z�N� � nZ�N���

��



WKDW VLQFH ZH KDYH DVVXPHG WKDW WKHUH LV QR SXUH HTXLOLEULXP� WKHUH LV QR L DQG Ne � .L

IRU ZKLFK 6 L�Ne�  Ne�

)LQDOO\� ZH FDQ GHnQH

6b  IN M N � .L DQG N ! 6 L�N�� IRU VRPH L � I�� � � � � �JJ

DQG

6�  IN M N � .L DQG N � 6 L�N�� IRU VRPH L � I�� � � � � �JJ�

:H FDQ QRZ SURYH WKH IROORZLQJ OHPPD�

/HPPD ��� 6� DQG 6b DUH ERWK QRQHPSW\�

3URRI � 7R SURYH WKDW 6� � �� ZH VKRZ WKDW WKHUH H[LVWV N � .� VXFK WKDW 6��N� ! N�

:H nUVW VKRZ WKDW IRU N VXpFLHQWO\ VPDOO� N � .�� ,QWXLWLYHO\� WKLV LV EHFDXVH IRU VPDOO

N� WKH UHQWDO UDWH LV VXpFLHQWO\ KLJK VR WKDW WKH IXWXUH YDOXH RI WKH PHQ
V VDYLQJ LV PRUH

WKDQ HQRXJK WR PDNH DOO ZRPHQ IUHH ULGH� 0RUH SUHFLVHO\� QRWH WKDW ZRPHQ ZLOO QHYHU

FRQWULEXWH PRUH WKDQ Z � WR WKH MRLQW FRQVXPSWLRQ� 7KHUHIRUH� JLYHQ WKDW WKH PDQ KDV

ORJ�XWLOLW\� KH ZLOO QHYHU ZDQW WR FRQVXPH OHVV WKDQ Z�Z ��U�

�
LQ WKH nUVW SHULRG RI KLV OLIH�

DQG KHQFH ZLOO VDYH DW OHDVW Z
�
�� b U

�
�� &RQVHTXHQWO\� IRU N VXpFLHQWO\ VPDOO� DQG KHQFH U

VXpFLHQWO\ ODUJH� WKH IXWXUH YDOXH V0U RI WKH PDQ
V RSWLPDO VDYLQJ ZLOO H[FHHG Z� 7KLV

LPSOLHV WKDW PDQ
V VROXWLRQ IDOOV LQWR FDVH ��

7R VHH WKDW 6b LV QRQHPSW\� QRWH WKDW IRU N VXpFLHQWO\ ODUJH� ZH NQRZ WKDW N ! I�N��

%XW I�N� ! Z� DQG VLQFH DJHQWV FDQQRW VDYH PRUH WKDQ WKH\ HDUQ� LW IROORZV WKDW N LV ODUJHU

WKDQ WKH DJJUHJDWH VDYLQJ �SHU HpFLHQF\ XQLW��

(

:H QRZ FRQWLQXH ZLWK WKH SURRI RI WKH WKHRUHP� :H UHTXLUH WKH IROORZLQJ OHPPD�

/HPPD ��� 6� ? 6b � �

��



3URRI � 7KHUH DUH WZR FDVHV WR FRQVLGHU�

�D� 6� DQG 6b DUH ERWK RSHQ VHWV LQ ,5���

6LQFH E\ DVVXPSWLRQ WKHUH LV QR SXUH HTXLOLEULXP� 6� > 6b  ,5��� 6LQFH ,5�� LV D

FRQQHFWHG VHW� LW IROORZV WKDW 6� ? 6b � ��

�E� $W OHDVW RQH RI WKH VHWV 6� DQG 6b LV QRW RSHQ LQ ,5���

:LWKRXW ORVV RI JHQHUDOLW\� DVVXPH WKDW 6b LV QRW RSHQ� &KRRVH Ne � 6b ZKLFK LV QRW

LQWHULRU� )URP WKH GHnQLWLRQ RI 6b� WKHUH H[LVWV D FDVH L IRU ZKLFK Ne � .L� 6LQFH Ne LV

QRW LQWHULRU� ZH FDQ nQG D VHTXHQFH INQJ � Ne ZLWK NQ � 6
�� 0RUHRYHU� VLQFH WKHUH DUH

RQO\ nQLWHO\ PDQ\ FDVHV� ZH FDQ DVVXPH ZLWKRXW ORVV RI JHQHUDOLW\ WKDW WKHUH H[LVWV D FDVH

M VXFK WKDW NQ � .
M IRU DOO Q� 1RWH WKDW IURP WKH GHnQLWLRQV RI 6� DQG 6b� M � L�

6LQFH .M LV FORVHG� WKLV LPSOLHV WKDW Ne � .M DV ZHOO� )URP WKH 7KHRUHP RI WKH 0D[L�

PXP� WKH IXQFWLRQ 6M LV FRQWLQXRXV� 6R INQJ � 6
� LPSOLHV WKDW Neb6M�Ne� � �� %XW VLQFH

ZH KDYH DVVXPHG WKDW WKHUH LV QR SXUH HTXLOLEULXP� ZH PXVW KDYH Ne b 6M�Ne� � � DQG VR

Ne � 6� DV ZHOO� (

)URP WKH OHPPD DERYH� ZH NQRZ WKDW 6�?6b � �� 7KDW LV� WKHUH H[LVWV Ne� DQG L� M�

VXFK WKDW Neb6M�Ne� � � � Neb6 L�Ne�� 7R FRQVWUXFW D PL[HG HTXLOLEULXP EDVHG RQ Ne ZH

PXVW VLPSO\ nQG ZHLJKWV wL � wM  � VXFK WKDW ZKHQ D IUDFWLRQ wL RI WKH SRSXODWLRQ SOD\V

WKH VXEJDPH SHUIHFW HTXLOLEULXP DVVRFLDWHG ZLWK FDVH L DQG wM SOD\V WKDW DVVRFLDWHG ZLWK

FDVH M� WKH UHVXOWLQJ DJJUHJDWH VDYLQJV �SHU HpFLHQF\ XQLWV� HTXDOV WKH GHPDQG IRU FDSLWDO

Ne� 7KLV LV LPPHGLDWH� KRZHYHU� VLQFH WKH DJJUHJDWH VDYLQJV LV FRQWLQXRXV DV D IXQFWLRQ

RI �wL� wM� DQG LV HTXDO WR 6
L�Ne� � Ne ZKHQ �wL� wM�  ��� �� DQG WR 6M�Ne� ! Ne ZKHQ

�wL� wM�  ��� ��� (

��



5HIHUHQFHV

%HUJVWURP� 7� &� ������ -XQH�� $ VXUYH\ RI WKHRULHV RI WKH IDPLO\� )RUWKFRPLQJ� -RXUQDO

RI (FRQRPLF /LWHUDWXUH�

%HUJVWURP� 7� &� DQG 0� %DJQROL ������ )HEUXDU\�� &RXUWVKLS DV D ZDLWLQJ JDPH� -RXUQDO

RI 3ROLWLFDO (FRQRP\ ��� ���� ���^����

&KDWWRSDGK\D\� $� ������� *HQGHU 'LmHUHQFHV LQ WKH (mHFW RI )DPLO\ 0LJUDWLRQ RQ

2FFXSDWLRQDO 0RELOLW\ LQ 0DOD\VLD� 3K� '� WKHVLV� %URZQ 8QLYHUVLW\�

'LDPRQG� 3� $� ������ 'HFHPEHU�� 1DWLRQDO GHEW LQ D QHRFODVVLFDO JURZWK PRGHO� $PHU�

LFDQ (FRQRPLF 5HYLHZ �� ���� ����^�����

(FKHYDUULD� &� DQG $� 0HUOR ������ $XJXVW�� *HQGHU GLmHUHQFHV LQ HGXFDWLRQ LQ D G\�

QDPLF KRXVHKROG EDUJDLQLQJ PRGHO� 5HVHDUFK 'HSDUWPHQW 6WDm 5HSRUW ���� )HGHUDO

5HVHUYH %DQN RI 0LQQHDSROLV�

(QJHUV� 0� DQG 6� 6WHUQ ������ 0DUFK�� /RQJ�WHUP FDUH DQG IDPLO\ EDUJDLQLQJ� 0LPHR��

8QLYHUVLW\ RI 9LUJLQLD�

)UDQFRLV� 3� ������ )HEUXDU\�� $ WKHRU\ RI JHQGHU GLVFULPLQDWLRQ EDVHG RQ WKH KRXVHKROG�

'LVFXVVLRQ 3DSHU ���� ,QVWLWXWH IRU (FRQRPLF 5HVHDUFK� 4XHHQ
V 8QLYHUVLW\�

*DORU� 2� DQG +� (� 5\GHU ������ 'HFHPEHU�� ([LVWHQFH� XQLTXHQHVV DQG VWDELOLW\ RI

HTXLOLEULXP LQ DQ RYHUODSSLQJ_JHQHUDWLRQV PRGHO ZLWK SURGXFWLYH FDSLWDO� -RXUQDO

RI (FRQRPLF 7KHRU\ �� ���� ���^����

*DORU� 2� DQG '� 1� :HLO ������ -XQH�� 7KH JHQGHU�JDS� IHUWLOLW\� DQG JURZWK� $PHULFDQ

(FRQRPLF 5HYLHZ �� ���� ���^����

*ROGLQ� &� ������ -DQXDU\�� 0RQLWRULQJ FRVWV DQG RFFXSDWLRQDO VHJUHJDWLRQ E\ VH[� $

KLVWRULFDO DQDO\VLV� -RXUQDO RI /DERU (FRQRPLFV � ���� �^���

*XQGHUVRQ� 0� ������ 0DUFK�� 0DOH�IHPDOH ZDJH GLmHUHQWLDOV DQG SROLF\ UHVSRQVHV� -RXU�

QDO RI (FRQRPLF /LWHUDWXUH ��� ��^���

��



/D]HDU� (� 3� DQG 6� 5RVHQ ������ -DQXDU\�� 0DOH^IHPDOH ZDJH GLmHUHQWLDOV LQ MRE ODG�

GHUV� -RXUQDO RI /DERU (FRQRPLFV � ���� 6���^6����

0DKRQ\� 5� ������� .LGGLQJ 2XUVHOYHV� %UHDGZLQQLQJ� %DELHV� DQG %DUJDLQLQJ 3RZHU�

1HZ <RUN� %DVLF %RRNV�

0DQVHU� 0� DQG 0� %URZQ ������ )HEUXDU\�� 0DUULDJH DQG KRXVHKROG GHFLVLRQ WKHRU\

_ D EDUJDLQLQJ DQDO\VLV� ,QWHUQDWLRQDO (FRQRPLF 5HYLHZ �� ���� ��^���

0F(OUR\� 0� DQG 0��-� +RUQH\ ������ -XQH�� 1DVK�EDUJDLQHG KRXVHKROG GHFLVLRQV� 7R�

ZDUG D JHQHUDOL]DWLRQ RI WKH WKHRU\ RI GHPDQG� ,QWHUQDWLRQDO (FRQRPLF 5HYLHZ �� ����

���^����

0LQFHU� -� ������ 2FWREHU�� )DPLO\ PLJUDWLRQ GHFLVLRQV� -RXUQDO RI 3ROLWLFDO (FRQ�

RP\ �� ���� ���^���

2VERUQH� 0� -� DQG $� 5XELQVWHLQ ������� $ &RXUVH LQ *DPH 7KHRU\� &DPEULGJH� 0DV�

VDFKXVHWWV� 7KH 0,7 3UHVV�

3D\QH� '� 0� DQG -� 7� :DUQHU ������ -XQH�� 7LHG PLJUDWLRQ DQG UHWXUQV WR KXPDQ

FDSLWDO� 7KH FDVH RI PLOLWDU\ ZLYHV� 6RFLDO 6FLHQFH 4XDUWHUO\ �� ���� ���^���

5RVHQ]ZHLJ� 0� 5� DQG 2� 6WDUN ������ $XJXVW�� &RQVXPSWLRQ VPRRWKLQJ� PLJUDWLRQ�

DQG PDUULDJH� (YLGHQFH IURP UXUDO LQGLD� -RXUQDO RI 3ROLWLFDO (FRQRP\ �� ���� ���^

���

5RWKVFKLOG� 0� DQG -� 6WLJOLW] ������� $ PRGHO RI HPSOR\PHQW RXWFRPHV LOOXVWUDWLQJ

WKH HmHFW RI WKH VWUXFWXUH RI LQIRUPDWLRQ RQ WKH OHYHO DQG GLVWULEXWLRQ RI LQFRPHV�

(FRQRPLFV /HWWHUV ��� ���^����

8QLWHG 1DWLRQV 'HSDUWPHQW RI ,QWHUQDWLRQDO (FRQRPLF DQG 6RFLDO $mDLUV ������� 3DW�

WHUQV RI )LUVW 0DUULDJH� 7LPLQJ DQG 3UHYDOHQFH� 1HZ <RUN� 8QLWHG 1DWLRQV 'HSDUW�

PHQW RI ,QWHUQDWLRQDO (FRQRPLF DQG 6RFLDO $mDLUV�

8�6� %XUHDX RI WKH &HQVXV ������� 6WDWLVWLFDO $EVWUDFW RI WKH 8QLWHG 6WDWHV� ����� :DVK�

LQJWRQ� '&� 8�6� %XUHDX RI WKH &HQVXV�

��


