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CORE SELECTIONS IN ECONOMIES WITH INCREASING
RETURNS AND PUBLIC GOODS

Miguel Ginés

ABSTRACT

We consider economies with increasing returns and in which firms follow loss-free
pricing rules. In the case of only one firm with an input distributive production set, we obtain

an equilibrium which belongs to the Core of the economy and is, hence, a Pareto optimal

allocation,
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1 Introduction

One of the first and most studied equilibrium notions in the public goods
literature is the Lindahl equilibrium, (investigated by Foley (1970)), its main
characteristic being the existence, for each agent, of a personalized price.
These individual prices provide unanimity in the demand of public goods
and optimality in the convex case. One of the difficulties of the Lindahl
equilibrium is that it does not exist in the presence of increasing returns to
scale. Many authors have introduced new notions in order to improve the
idea of Lindahl equilibrium, but as is well-known, except in special cases
such as Mas-Colell and Silvestre (1989) or Diamantaras and Wilkie (1994),
firms’ behavior as profit maximizers is incompatible with increasing returns
to scale in production.

One way to deal with increasing returns to scale is to allow firms to behave
differently from profit maximization. In this context, it is useful to model
the behavior of firms by means of pricing rules.

There are two different criteria to approach the problem of increasing
returns by means of pricing rules, the positive and the normative criteria.

With respect to the latter, in Vohra and Khan (1987) it is proved the
existence of an equilibrium, called the Lindahl-Hotelling equilibrium, where
firms follow marginal pricing rules.

Bonnisseau (1991) generalizes this concept and shows the existence of
Lindahl equilibrium when firms follow loss-bounded pricing rules. In general,
the equilibrium obtained in the presence of pricing rules is not a Pareto
optimum.

We study the existence of equilibrium when firms follow loss-free pricing
rules, which only allow for non-negative profits.

We look for conditions under which this equilibrium satisfies the core
property and is, hence a Pareto optimal allocation. To obtain a selection of
the core in the presence of increasing returns, we focus on the special case in
which there is only one firm with an input distributive set, and it behaves
according to profit maximization subject to input constraints.

The result we obtain constitutes the public goods version of Scarf’s result
in the case of private goods (Scarf (1986)). Our result completes Sharkey’s
(1989) on non-emptyness of the Core in the sense that we obtain the existence
of a Lindahl equilibrium in the Core which maximizes the utility of consumers
subject to the budget constraint and which maximizes the profits of the firm



subject to input constraints.

The methods presented here also provide an alternative proof of the exis-
tence of Lindahl equilibria in the non convex case without making use of an
auxiliary economy with an enlarged space of goods as in Bonnisseau (1991).
We borrow the formulation of the problem from Khan and Vorha (1985) and
introduce pricing rules. In this setting it is possible to adapt the proof of
Bonnisseau and Cornet (1988). We provide two examples of pricing rules to
which the existence result applies.

2 The Model

First, we introduce some notation. For any X C R*™ we let Xx and X,
denote its projections on the first k£ and last [ coordinates whereas for any
z € R* mg; will refer to the ith coordinate (i = 1,...,k) and zz; to the
(k 4 i)th coordinate. We will denote the (k + [ — 1) dimensional simplex by
A, and define e- = {y € R""/ye = 0} where e = (1,...,1) € RF". We
identify el with the (k + ! — 1) dimensional Euclidean space and identify
T = el x ... x e* with the Euclidean space R***1, Given x,y € R*, we
define
((I} ® y) = (wlyl) T2Y2, .0 >msy3)

We consider an economy with two types of commodities, [ public and &
private goods. The set of consumers is M = {1,...,m}. Each consumer
i € M is characterized by a triple {X?, U;,w'}, where X* is the consumption
set, U; : X* — R is his utility function and w* his initial resources of private
goods. There are N = {1,...,n} firms. We denote by Y7 C R*™ the
production set of irm j € N and y = (3},...,9") €Y =YX ... XY " is a
vector of productions.

A pricing rule is a correspondence which assigns to each element of the
boundary of the production set a set of prices. The firms behave following
pricing rules, denoting by ¢; : Y7 — ]R’fl the rule that firm j follows.

We define ¢ : [TL_, OY7 — A™ by $(y) = [Ty (;(57) N A).

Consider now the following assumptions:
A.1) Foreachie M

1) Xt = ]RTZ, where k is the number of private goods and [ is the
number of public goods. w; > 0
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2 ) U; is a continuous function, non decreasing in private goods and
strictly increasing in at least one, strictly increasing in public
goods and satisfies that given z,y € ]Ri“ such that Us;(z) > Us(y)
then U;(tz + (1 — t)y) > Us(y) for all 0 < ¢t < 1.

3) The wealth of each agent is described with a function r; : R** x
Y — R such that 7;(p,y) = prw® + X1 0;;0y°, where px and py,
are the price vectors of private and public goods respectively, and
fori=1,...,m,j=1,...,n, 0; > 0 is the share of agent 7 in the
profits of firm j.

A.2) For each j € N, Y7 is a closed set, 0 € Y7 and Y7 — REH C Y7 (free
disposal).

A.3) The attainable set

m
A:{(m1;>mn)y)€H-XZXY m}/:._.zm?sz)
i=1
m . n )
and () @k, xr) <Y 9 + (w,0)}
=1 j:l
is bounded, where w = 37" w* > 0 is the total endowment.

A.4) 1) ¢ is an upper hemicontinuous correspondence, with non-empty,
convex and compact values.

2) For every y € [[j OY? and q = (¢%)jen € ¢(y), ¢y’ > 0 for each
7 € N (Loss-free Rules).

3) Let y € ITj, OY? and p = (0,pr) € A. If (p,...,p) € ¢(y), then
there is 7 € N such pLyé > 0.

A public economy is a tuple F = ((X* U;,w?),(Y?),(0),(¢;)) where
i=1,...,n5=1,...,m.
We define

D={6=(6,...,6m) € [[RY: D 6;=1 foreachj=1,...,0}
=1 =1

where §;; is the share of agent 7 in the price of the jth public good.



Definition 2.1 Given an economy E = ((X*, U, w*), (Y7), (0;), (¢;)), @ Gen-
eralized Lindahl equilibrium is an element ((z',...,3™),y,p,8) € TI, X*
T Y7 x A x D such that
a) ©* mazimizes Uy(x) subject to

€ X' and pxxr + (pr ® 6:)xr < 7i(p,y)

b) Forallje N,y €8Y? and p € ¢;(v*).
¢) There is some x, € R! such that for alli € M, 2% = xp and
(T zy, ) = (W,0) + X5, 7.

Note that, the vector (py ® 6;) is the personalized price of agent i.

In the following theorem, we state the existence of a Generalized Lindahl
equilibrium. It is less general than the theorem of Bonnisseau (1991) but
on the other side we present a direct proof which does not use an enlarged
economy.

Theorem 2.2 The public economy E = ((X*,U;,w?), (Y?), (0:), (¢;)) has a
Generalized Lindahl equilibrium if A1-A4 hold.

The proof of Theorem 2.2 is a variant of the proof of Theorem 3.2 below.
For completeness, in the appendix we provide the reader with the required
modifications.

We now apply Theorem 2.2 to some pricing rules considered previounly
in the literature.

First consider the classical case in which firms maximize profits on a
convex set. The next corollary shows the existence of Lindahl Equilibrium,
in the context where the production set is convex, there is more than one
private and public good and in which there are neither endowments of public
goods nor constant returns to scale in the production.

Corollary 2.3 Let E be an economy which satisfies A.1, A.2 and such that
(a)For each j € N, Y7 is conver and Y7 N IR = {0}.
(b) For each j € N, ¢;(y?) = {p e REM": py/ > py Vy e YI}nA;
Profit mazimization. ‘
(c) There is j € N and v’ € Y7 such that y} >> 0.
Then, Iv has a Lindahl equilibrium.
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From theorem 2.2 we also derive the two following corollaries

Corollary 2.4 Let E = (X', U;,w?), (Y?),(6),(¢")) be an economy which
satisfies assumptions A.1-A.8, and consists of two types of firms N =1U J
such thal

a) Bvery firm j € I follows the Average Cost Pricing rule:

$;()={pelh: py =0}

b) J is non-empty, and for every firm j € J the production set Y7 is
convez, satisfies Y9 NREM = {0}, and follows the rule defined by ¢;(y) =
{peRIM: py >py Vy € YI}NA. Moreover, there is h € J and
y" € Y such that y} > 0.

Then E has a Generalized Lindahl equilibrium.

Corollary 2.5 If assumptions A.1-A.3 hold and there are two types of firms
N = TUJ such that

a) Every firm j € I has an output distributive production set' which
satisfies Y N REM = {0} and follows:

i) ={peRE": py>py Yy €Y withy <y+}INA (Voluntary
trading) where y'+ = max{y’,0}.

b) J is non-empty, and for every firm j € J the production set Y7 is
conwes, satisfies YY N RE™ = {0}, and its behavior is modeled by ¢;(y’) =
{peA: py>py VyeYi}. Moreover, thereish € J and y" € Y such
that Y} > 0.

Then, there is a Generalized Lindahl equilibrium in this economy.

3 CORE SELECTION

We focus in the case describe in Sharkey (1989).

There are two types of private goods: capital goods and ordinary com-
modities. Suppose consumers are indifferent in the consumption of some
commodities, the capital goods. Then, these commodities do not affect the
marginal calculations of any consumer so the agents fully utilize the set of
these commodities in their possession. Let z € ]R’fr and let x, denote its

1A production set is output distributive if any (nonnegative) weighted sum of feasible
production plans is feasible if it involves more outputs than any of the original plans(Dehez
and Dréze (1987))



projection onto the space of capital goods, z, its projection onto the space
of ordinary commodities. If y € Y then y = (a,, a,,b) where a, are capital
inputs, a, ordinary inputs, with (a., a,) < 0 and b the output vector.

Suppose also, that there is only one firm with an input distributive set
Y. Recall that Y is an input distributive set if any non-negative weighted
sum y = (a,, a,,b) of feasible production plans y* = (ai,a?,?) is feasible,
whenever a? < a! for all 4, i.e., when y uses at least as many inputs of every
capital input as every 7°.

Hence, we add to the above assumptions, the following:

A.5) If 2,2’ € RE" are such that z, = 2/, and z;, = 2, then U;(z) = Uy(o)
foralli e M

A.6) There only exists one firm, whose production set Y is an input dis-
tributive set which satisfies that if y = (0,a,,b) € Y then (a,,b) < 0.
And the firm follows the pricing rule ¢ : Y — A defined by

py) ={peRE": py=0andpy>py Vy €Y witha, > a}NA.

A.7) There is y = (¢, a0,b) € Y such that y + (w,0) € RE™ and b >> 0.

Assumption A.7 expresses that there is a feasible production of all public
goods.

The following lemma is based in a similar one in Villar (1996, Proposition
9.1).

Lemma 3.1 LetY be an inpul distibutive set which satisfies assumption A.2
and if y = (0,a,,b) € Y then (a,,b) < 0.
Define now, the following pricing rule ¢ : Y — A by

o(y) ={peRi": py=0andpy>py Vy €Y witha,>a.}NA.

Then, ¢ is an upper hemicontinuous correspondence with non-empty, con-
vex and compact values. Moreover, it is a loss-free pricing rule.

Proof

The pricing rule ¢ is loss-free because 0 € Y. Moreover, since Y is an

input distributive set, it follows from results by Scarf (1986) that ¢ is non-
empty. Clearly, it is a correspondence with convex values. We derive from
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the upper-hemicontinuity and the fact that is defined on the simplex A that
it has compact values. We only need to prove that is upper hemicontinuos or
it has a closed graph. Let § € Y and consider a sequence (p%, y®) converging
to (p,¥) such that y* € Y and p* € ¢(y*) for all . Suppose § ¢ ¢(7) then
there exist ¥ € Y with a], > @, such that py' > py. For o large enough we
obtain that p®y > p®y®.

If @, = 0 then a,, = 0 and (a/,b) < 0. Therefore, 0 > p*(0,a,,d) = p*y >
p*y® = 0. Which is a contradiction.

Now, define

ay; = a,; + € if a; < 0 and af; = 0 otherwise.

ay; = a,; — 6 and b = b, — 6.

Taking € > 0 and § > 0 such that 3/ = (al,al,V") € Y and py" > py

(this is possible because Y is comprehensive and close). But a > a/, > a..

Now, for « big enough, (a%,a%,b*) is close to (a.,d,,b) such that a! > af

with p®y" > p®y® which contradicts that p® € ¢(y®). O

The next theorem establishes the existence of a particular core selection.

Theorem 3.2 An economy E = (X!, U;,w?),Y,(6;),¢) has a Generalized
Lindahl equilibrium if A.1-A.8, A.5-A.7 holds. Moreover, this equilibrium
belongs to the Core of the economy.

Proof

The proof consits of three steps. In the first step we construct a non-
empty, convex and compact set. In the second, we define a correspondence
from the set obtained in step 1 to itself to which we apply the Kakutani’s
theorem and the third where we check that the fixed point obtained is a
Generalized Lindahl equilibrium by means of five claims.

STEP 1:

Let Q@ € R, we denote by C = {z € R{" : z, = 0} N [0, Qe] the equal
truncated consumption set for each agent. From lemma 5.1 of Bonnisseau
and Cornet (1988) we define an homeomorphism between e and dY and
from it we have that y(s) = s — A(s)e where s € e and A(s) is defined by
the homeomorfismo. Also, we define, A, = {p € R' : 34 pn = 1,01 > —¢
with h=1,...,k +1}.
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Using lemma 5.1 of Bonnisseau and Cornet (1988) and assumption A.3,
we may choose € > 0 small enough, ) large enough and a closed cube B
centered at 0 in the Euclidean space T satisfying i) and ii) below:

i) If z € Y 4 (w,0) then z < Qe, where Y is the projection, on the space of
production, of the attainable set. As a consequence of this, if z € Xt
then (0,z,,z1) < Qe, where X? is the projection, on the space of
consumption goods, of the attainable set.

ii) {s € T:y(s)+ (w,0) € RE"} C int(B).

Let G =, C x B x A, x A x D, which is a non-empty, convex and
compact set in the product topology.
STEP 2:
First, we define the demand correspondence. Let (p,6,t) € A x D X R.
Bi(p,6,t) = {z € C: prx + (pL ® &)L < 1},

&(p,6,t) = {z € By(p,6,t) : Vit € Bi(p,6,t)} Ui(x) > Ui(a:i),
vi(p,6,t) = {z € C : pxay + (pr ® &)z = inf(pxCr + (p ® 6;)CL)}.
And

Filp, 6,8) = { &ip, 6,t) if ¢ >.inf(pI(CK + (pr ® 6;)CL)

S vi(p,6,t) otherwise
Now we are in position to define the correspondence to which we apply Kaku-
tani’s theorem. Let F' = [[}_; F, : G — G be a correspondence such that:
Fi(z, s,p,p%, 6) =TI fi(p, 6, pxw* + 0;py(s)) is the demand correspondence.
Fy(z,s,p,p',8) ={c€B:(p—p')(c—0') >0 Vo' € B} ensures that in
the fixed point all firms agree on the price of the goods.
F3(.’13,S,p,p1,6) = {q €A (q - ql)( Tfl(m%r (5’¢ ® a:zL)) - 'y(S) - (U),O)) 2
0 Vq' € A} guaranties the feasibility of the equilibrium in the fixed point.
Fy(z,s,p,p',6) = (y(s)) prices have to be acceptable for all firms. And
Fy(z,s,p,p',6) = {6 € D: §é; € argmaxy ity 625, Vi =1,...,1}
gets the share of the price of public goods which equalizes the demand of
public goods by the agents.

The correspondence F] is the classical demand and is upper-hemicontinuous,

with non-empty, convex and compact values by assumption A.1, lemma 5.1 of
Bonnisseau and Cornet (1988), lemma 1 in Debreu (1962) and the maximum
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theorem. F} is the maximum argument of a linear function on a non empty,
convex and compact set. Thus, F) has non-empty, convex and compact val-
ues. It is upper-hemicontinuous by the maximum theorem. Fj satisfies these
properties by lemma 5.1 of Bonnisseau and Cornet (1988) and the maximum
theorem, and so does Fj by lemma 3.1. To finish, F5 is again an upper-
hemicontinuous function, with non-empty, convex and compact values by
the maximum theorem. It follows that we can apply Kakutani’s Theorem to
the correspondence F' to find a fixed point (z*,s*,p*,p*!,6*). That is, the
following five équations hold.

z* € fi(p*,6*,r}) for each i € M (3.1)
(p* —p")s* > (p* —p*')s VseB (3.2)
py>py VpeE A, (3.3)

p* € ¢(y") (3.4)

o < i 5@zt forallie M (3.5)

where 7} = r;(p*,y*), y* = y(s*) and
Z:EK)Z 6* ® m?)) - (’LU,O) - y*'
=30

STEP 3:
From these equations we will derive that ((z**);enr,y*,p*, 6*) is a Gener-
alized Lindahl equilibrium for F, by proving the following five claims.

Claim I: € -R,, U{0}.

First of all, we prove that p*y* > 0. Taking s = 0 in inequality 3.2, it
is obtained that (p* — p*!)s* > 0, hence p*s* > p*'s*. Moreover, since y* =
s* — A\(s*)e, applying lemma 5.1 of Bonnisseau and Cornet (1988) and taking
into account that p*e = p*le, we obtain that p*y* > p*ly*. Consequently
p*y* > 0 by lemma 3.1 and equation 3.4.
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Since p*y* > 0 and 0 € C}, we obtain that 0;p*y* > 0 > inf((p} ® 6})CL).
Moreover, 1} = piw' +0;p*y* > inf(p} Cx) +inf((p}, ® 67)CL) = inf(p}Cx +
(ph ® 87)C1) for all i € M, because w* € Ck and 0;p*y* > inf((p} ® 6;)CL).

Taking the definition of F} into account we see that pi .zl +(pt @65 ) w3 <
ry for all h € M. So,

m
Py =Y ko + (L ® &)z —1}) <0
2=1

and by inequality 3.3 py < p*y < 0 for all p € A.. This implies that v € A?,
the polar cone of A, so v € —R}, U{0}.

Claim IT: p*! = p* and p* € $(y*).

Since, by claim I, vy € —R} , U{0} and C C R, we see that y*+(w,0) €
]RTZ. From the choice of B, s* € int(B). Consequently, by inequality 3.2,
the gradient at s* of the linear function s — (p* — p*!)s is equal to 0, hence
p* = p*l, and the claim is proved. In particular, p* > 0.

Claim III: 2% € €i(p*76*>7'i(p*: (y*j)jEN))-

Claim II shows that p* € A. Since 0 € C we have that inf(p}Cx +
(pt ® 6})Cr) = 0 for all i € M. Suppose, for contradiction, that 3,5 77 =
phw + p*y* = 0. Since, p*y* > 0 and w = Y;epw® > 0 we obtain that
p*y* = 0 and p} = 0. In the proof of claim I, we have obtained that
r* > inf(piCx + (pt ® 6;)Cr) = 0, for all i € M. As a consequence, we
derive that r** = 0, for all 4 € M. This implies that p*y = 0. But p* € A
and v € —R,, U{0}. Hence, v = 0. Since, the demand of capital goods
of all agents is 0 and v = 0 we have that y* = (w,,a},b*). To sum up,
p* = (0,p%) € ¢(y*), p*y* = 0 and p*y* > p*y for all y = (ac, a0,b) € Y such
that a. > af = w,. But this contradicts assumption A.7.

Thus, there exists h € M such that 7; > 0. Since Y + (w,0) C C, we
have that y* + (w,0) < Qe. By claim I,

m

m
O ozx,> (=) < (w,0)+ ¢,
=1

4=1

so, S o < w4+ Yk < Qex. Hence, 3 < Qex. We must have that
pt > 0, because z*" € &,(p*, 6*, ) and U, is strictly increasing in at least
one private good. From w® >> 0 for all i € M and taking into account that
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pry* > 0, it follows that for each i € M 7} > inf(p} Cx + (pf ® 6;)CL) and
z* € &(p*, 6%, 7F).

Claim IV:  For some 2% € R,z = x%, for every 4 € M, and

23: 12 21 (6 ® =) z;
Since Y + (w,0) C C, we have that y* + (w,0) < Qe. From equation
3.5, for each i € M, 23 < Y7, (6; ® z ). From claim II it follows that
(Gt <yl We conclude that 23" < Qey. Since, the preferences are
strictly increasing in public goods, we see from claim III that (py ® 6;) > 0
for all i € M and p € A. Furthermore, § > 0. Since, Sr(6r o) =
supteM{:vL} we have that there is 27 € ]Rl such that z3* = z} for all i € M.
If ptait + (ph @ 8;)zi" < 7} for some h € M, then, because z¥ < Qey,
and the preferences are strictly increasing in public goods, there is © € C,
such that piax + (05 @6 )z < v} and Up(z) > Un(2*"), contradicting claim
I11.
Thus, we must have that pixi + (p}, ® 6;)x = r} for all i € M, so that
p*y = 0. Since, p* > 0 and v € —R/,, U {0}, we conclude that v = 0.

Claim V: Foreach i € M, Ui(z*) > Ui(z) for every z € X* such that
Pr@r + (PL ® &)z < 1}

Suppose there are i € M and 2’ € X* such that U;(z*) < U;(«'). From
assumptlon A.5, we have that z = (0,2, 2}) < o' satisfies U;(z) = U;(a') >
U;(2**). Take the convex combination pz + (1 — p)z* with u € [0,1]. Since
2% € Xi by i) 2% < Qe and for a p* small enough p*z + (1 — p*)z* € C.
But, by assumption A.7 we have that U;(u*z + (1 — p*)z*) > Us(2*). As
a consequence of claim III, p*z + (1 — p*)z** does not satisfy the budget
constraint of agent i. After some computation we obtain that p}a’ + (p} ®
8¥)x, > rf, and the claim is proved.

Finally, we prove that this Generalized Lindahl equilibrium obtained is
in the Core. Suppose there are S C N and ((#%, 2);es,y) such that

a2t 2) = (3 w',0) +y and (3.6)

€S e
U(at, 2) > Uiz, x}) for alli € S (3.7)
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with at least one strict inequality.

By claim III
phat+ (pf ®6)z > 1) foralli e S
with at least one strict inequality. Hence,

P S+ Y (p®67)z> > 1.

€S €S €S

Since, 0 < Y5 6 < 1 we have that 3, 4(p} ® 6;) < p};, ® 1 = p}, and

Ph > a4 pra> Y

€S €S

Now, by feasibility, equity 3.6, we derive that

P>, 2) = p (O W', 0) +y) > Yo,

icS €S €S

Finally, since p*y* = 0 then Y ;cs 7 = p*(Xies wt, 0).
Furthermore, p*((Ciesw?,0) + ) > p*(Tiesw?,0). Thus, p*y > 0.
Since p*y* = 0 and by feasibility y = (a., a,,b) satisfles a, > —w,, the
fact that p*y > 0 contradicts p* € ¢(y*).
O

Although, it was proved by Sharkey (1989) that in this context the Core
of an economy with public goods is non-empty by means of the balanced
condition, with this theorem we find a particular selection of it in which
consumers maximize their utility subject to the budget constraints and the
firm maximizes its profits subject to the availability of inputs. It is shown
the existence of the social equilibrium with personalized prices that holds in
the core of the economy.
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4 APPENDIX

Proof of Theorem 2.2

We only provide the changes with respect to the proof of theorem 3.2

Pick @ € R, and let C' = [0,Qe]. We may choose € > 0, @ and B again
such that the following hold

i) ¥V + (w,0) € C and X* C C.

i) {s € T/ 20y 19(s) + (w,0) € REY} Cint(B).

The correspondence F' is now defined on G = [[%; O x BX A x [Ty A X
D, where F' = H?zl F, and
Fy(z,5,p, (p)jen, 6) = [T fi(p, 8, prw® + 71 Oyypy’ (s))
Fz}(m,s,p; (0)jen,6) = {(03)jen € B+ Tja(p—p')(0;—05) 2 0 V(0})jen €
B
Fg(.’E, 5P, (pj)jEN) 6) = {q € Se: (q—‘ql)(zgl(méﬁ (51@1171[/)) - E?:l yj(s) -
(w,0)) >0 V¢ €S}
Fy(z, s, p, (ﬁ)jeN;é) = ¢((1(8))jen) .
Fs(z,8,p,(p")jen,0) ={6 € D: §; € argmax 31" 607, Vi=1,...,1}
By Kakutani’s theorem we find a fixed point (z*, s*,p*, (p*7)jen, 6*). Let-
ting

mez (6 @) — (w,0) = > yY,

i=1 7=1
we have
z* € f;(p*,6*,rf) for each i € M (4.8)
St —p)s; = > (" —pY)s; V(sj)jenw € B (4.9)
F=1 7=1
pry=2py VpES (4.10)
(P*)jen € (™) jen) (4.11)
. m

rp < Z r@ay) forallie M (4.12)
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The proof of claims (I) and (II) is analogous to theorem 3.2. It is only
necessary to take into account that there are n firms. In the proof claim (III)
it is obtained that p*y* = 0 for all j € N and pj, = 0 which contradicts
assumption A.4.3. The rest is now analogous.

Finally, claims (IV) and (V) follow the same argument as previously but
with n firms.

O
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