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ABSTRACT

A weaker than usual continuity condition for acyclic preferences is
introduced. For preorders this condition turns out to be equivalent to lower
continuity, but in general this is not true. By using this condition, a
numerical representation which is upper semicontinuous is obtained. This fact
guarantees the existence of maxima of such a function, and therefore the

existence of maximal elements of the binary relation.
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1 Introduction

In order to obtain the existence of numerical representation for preorders (or
more general binary relations) in topological spaces, a usual assumption is
the lower continuity of the relation. This assumption is also used in order to
ensure the existence of maximal elements on compact topological spaces (see
Bergstrom (1975), Walker (1977)). Campbell and Walker (1990) introduce
the notion of weakly continuous relations and obtain a numerical represen-
tation for preorders satisfying such a condition. Moreover they prove the
existence of maximal elements for weakly continuous pseudotransitive binary
relations. As they show, this result can not be extended to acyclic relations.
In a recent work, Tian and Zhou (1995) use the condition of transfer conti-
nuity in order to ensure the existence of maximal elements of acyclic binary
relations. ‘

In order to obtain the existence of maximal elements of acyclic relations,
and also to provide the existence of upper semicontinuous numerical repre-
sentations, we introduce a condition that we call lower quasi-continuity. This
kind of continuity implies the one in Campbell and Walker’s work, but it is
weaker than the usual lower continuity. The condition used in Tian and Zhou
(1995) and the lower quasi-continuity are independent properties as we will
see later.

Throughout the paper > will represent an asymmetric binary relation
defined on a set X and from this the preference-indifference relation > , the
indifference relation ~ and the transitive closure >~ are defined as usual:

x > y if and only if not (y > x) :
x ~ y if and only if not (y > x) and not (x > y)
x>>yifandonlyifx =x; > X9 =+« > x, = y , for some %;,%g, - *,X, €
X
The first one is a complete and reflexive binary relation, while the second
one is reflexive and symmetric. We say that relation > is

(1) Acyclicif xj > xg > -+ - > x, implies x; > X,

(2) Quasitransitive if x > y > z implies x > z

(3) Pseudotransitive if x = y = z > w implies x > w

(4) Preorder if x > y > z implies x >z

Given a binary relation - defined on a set X and a subset A C X, x = A
will represent x > a,Va € A.

The binary relation >~ defined on a topological space X is said to be lower
continuous if for every x € X. the set {z € X | x > z} is open.



Definition 1 Given a binary relation > defined on a topological space, it is
said to be lower quasi-continuous if whenever x > y there is a neighborhood
of y, N(y), which satisfies x >> N(y), that is. x >> z for every z € N(y).

When the binary relation is quasitransitive, lower quasi-continuity coin-
cides with lower continuity, but, as the following example shows, this is not
generally true.

Example 1 Let X = R and let > be the binary relation defined as

x>y yt+l2zx>y
This is an acyclic relation which is not lower continuous, but is lower quasi-
continuous.

A real function u:X— R is called a utility function for the binary relation
> if x > y holds if and only if u(x) > u(y). A utility function exists only
when the binary relation is a preorder. For a more general kind of binary
relations, only the existence of weak utility functions can be ensured (see for
instance, Peleg (1970) and Peris and Subiza (1995)), that is a real valued
function u such that x > y implies u{x) > u(y). This kind of numerical rep-
resentation does not provide complete information about the binary relation,
since u(x)>u(y) does not guarantee x > y. Nevertheless it is useful because
every element which maximizes this function is a maximal element and so,
the existence of maxima of this function ensures the existence of maximal
elements.

Rader (1963) uses upper semicontinuous utility functions to represent
preorders and thus the existence of the maximum is guaranteed. A function
w:X— R defined on a topological space is said to be upper semicontinuous if
for every ¢ € R the set {x € X | u{x) > ¢} is closed. If u is upper semicon-
tinuous then it achieves its maximum on every compact subset. In this work
we obtain an extension of the result in Rader to the case of acyclic relations,
obtaining the existence of upper semicontinuous weak-utility functions.

2 Existence of Numerical Representation

In order to ensure the existence of continuous numerical representations, two
different tools have been used in the literature. One of them consists of
imposing some restrictions on the alternative set (usually asking for X to
be a second countable topological space). An alternative approach consists
of imposing additional conditions on the binary relation (usually asking for
the separability of the relation). The first result we are going to obtain
proves the existence of an upper semicontinuous weak-utility function when
the alternative set is a second countable topological space.

Theorem 1 Let X be a second countable topological space and let > be
an acyclic and lower quasi-continuous binary relation defined on X. Then
there is an upper semicontinuous function u:X — R such that x > y implies

u(x)>uly).

Proof. Let B = {B;}icx be a countable base of the topology. Let us define
X - Ras
fx)= ¥ 27%

x> By
and from this function we define

u(x) = sup { lim f(xn), for every {x,} convergent to x}

First we prove that function u represents the binary relation. If x > y
then there is a neighborhood of y such that x >> N(y), so there exists k € N
such that x > By. Then,

f(x) > f(z) + 27 for every z in By
Let {yn} be a sequence convergent to y. Then y, € By V n
some ng and f(x) > f(y,) + 27¥. From this we deduce, f(x) > u(y)
u(x)>u(y).
In order to prove the upper semicontinuity, let us suppose the existence
of some ¢ € R such that the set M(c) = {x € X | u(x) > c} is not closed. In
this case we can find a sequence {x,} in M(c) with limit x ¢ M(c). Then,
we have the following:
u(x) < c - ¢ for some € > 0
u(xp) 2 cVneN

so, for any n we can find a sequence {x! }:cx convergent to x, such that
Jim f(xt) > c- 3.

Let us consider B(x) = {Dn € B | x € Dy}nex and let us define



Al =D1,A2 =D10D2,...,Aﬂ =D1ann' "ﬂDn
Then, for any n € N we can find some ky, ¢, € N such that:
f(x}») > c- £ and
Xjn € An
The sequence {x{:} converges to x because of the way it has been constructed.
But this is a contradiction, because lim f(xi") > ¢ - £ > u(x), which is not
possible as a result of the way in which u(x) has been defined. &

Remark 1 If X is a metric and separable (that is there exists a dense count-
able subset of X) topological space, then X is a second countable space and
the previous Thecrem holds in this case.

The alternative approach in the literature to obtain continuous numerical
representations consists of removing the restrictions on the space of alterna-
tives, but asks for the separability of the binary relation, that is the existence
of a countable subset Q C X verifying that whenever x > y there exists d €
Q such that x > d > y. The condition we will use is weaker than separability
(although for quasitransitive relations both conditions coincide) and we call
it weak-separability.

Definition 2 A binary relation is said to be weak-separable if there is a
countable subset Q of X such that when x > y there exists d € Q such that
X > d>>y.

Theorem 2 Let X be a topological space and let > be an acyclic, weak-
separable and lower quasi-continuous binary relation defined on X. Then
there is an upper semicontinuous function u:X — R such that x = y implies

u(x)>u(y).

Proof.  Let Q = {q;, i € N} be the countable set which provides the
separability of the binary relation and let T = {(a),bx) € QxQ | by = a]\}
For each k € N we can take a countable set
Ty C{s€Q|bx>=>s>>ayx}

such that it is ordered with relation > and has neither the first nor the last
element due to the weak-separability. Thus a one-to-one mapping gy from
Ty to the rational numbers in (0,1) can be made in such a way that for all s,t
€ Ty, s>->t if and only if g(s) > g(t). Let us define ux:X— R and u:X— R

as follows:

) = 1 if {seTx|s=+x}=0
K7 inf{g(s), s € Ty . s »> x} otherwise

u(x) = Z uk(x)2*
We will see ﬁrst that u(x ) is a weak utility function; let x,y € X such that
xy. Thens »> x impliess = y, soforany k € N, uk( ) 2 uk(y). Moreover,
the weak-separability of the binary relation ensures the existence of k* and
s€Ty» such that x =~ s > ¥, and then uy=(x) > we(y). Then u(x} > ufy)
and this is a weak-utility function.

In order to prove the upper semicontinuity of the function u(x) it is suffi-
cient to prove that for each k, uy(x) is upper semicontinuous, because of the
uniform convergence of the series that defines u(x). To do it, let c€ R and
consider the set L(c) = {x €X | uy(x) < c}. Let x € L(c). If L(c)#X, there
exists s € T such that s >> x, with gx(s) < c. Then, there are a;.ay,...,a, €
X such that s=a; > aj... =a,.1 »a, =x. The lower quasi-continuity of the
relation gives us the existence of a neighborhood N(x) such that a,_; »>
N(x). Then, for each z&N(x), u(z) < uk(an-1) < gx(s) < ¢; so N(x) € L(c)
and this is an open set. B



3 Existence of Maximal Elements

As we have mentioned, upper semicontinuity guarantees the existence of
maximum on compact subsets, and so the existence of maximal elements (it
is obvious that every element which maximizes a weak-utility function is a
maximal element of the binary relation). Thus, as an immediate consequence
of the previous results, we obtain:

Corollary 1 Let X be a second countable topological space and let = be an
acyclic and lower quasi-continuous binary relation defined on X. Then there
exists a maximal element on every compact subset of X,

Corollary 2 Let X be a topological space and let >~ be an acyclic, weak-
separable and lower quasi-continuous binary relation defined on X. Then
there exists a maximal element on every compact subset of X,

Campbell and Walker (1990) prove the existence of maximal elements
on compact subsets by asking for a weaker continuity condition. But they
ask for pseudotransitive binary relations in order to guarantee this fact. As
they show in an example, weak lower continuity is not sufficient for acyclic
relations to have maximal elements. In this sense, the results in Corollaries
1 and 2 are complementary to Campbell and Walker's result,

If we are interested in analyzing directly the existence of maximal el-
ements, the following result provides a generalization of Bergstrom (1975)
and Walker’s (1977) result.

Theorem 3 Let X be a topological space and let > be an acyclic and lower
quasi-continuous binary relation defined on X. Then there exists a maximal
element on every compact subset of X,

Proof.  Suppose that there is not a maximal element on a compact subset
D C X . Then, for any x € D there exists y € D such that y > x. In this

case,

D=U {yeD|x>>y}
x€D
and the lower quasi-continuity implies that this is an open cover of the com-
pact subset D. Then there exists a finite subcover

D=U{veD|xs>y}
i=1

10

Consider the finite set A = {x;,...,x,}. As x; € D, then there exist i €
{1,2,...,n} such that x; = x;. If i = 1, we have a contradiction. Call this
element X3 , X3 >>x;. By repeating this reasoning, as A is finite, we obtain
the existence of a cycle, and therefore a contradiction. B

Remark 2 Note that the existence of maximal elements is ensured without
the restrictions used in Corollaries 1 and 2 (X a second countable topological
space or separability of the relation). The advantage of those results is given
by the fact that they provide a method to obtain maximal elements: to
maximize a rea] valued function

Tian and Zhou (1995) prove a similar result by using a condition that they
call transfer continuity which states that whenever x >~ y there exists a point
x’ and a neighborhood N(y) of y such that x’ > N(y). This condition was used
by Sonnenschein (1971) in order to prove the existence of maximal elements
for relations (not necessarily acyclic) satisfying a convexity condition. The
following examples show that transfer continuity and lower quasi-continuity
are independent properties.

Example 2 Let X = R and let > be the binary relation defined as

x>y if xy € (—00,0]

x>y if xy € [0,400)

This relation is acyclic and is lower quasi-continuous but is not transfer con-
tinuous.

x>-y4=}{

Example 3 Let X = [0,1] and let > be the binary relation defined as
XFy&ex>y,x#1;1-0
This relation is transfer continuous but is not lower quasi-continuous.
The following definition introduces a kind of continuity which generalizes
both lower quasi-continuity and transfer continuity.

Definition 3 Given a binary relation > defined on a topological space, it is
said to be transfer lower quasi-continuous if whenever x = y there exists a
point x’ and a neighborhood N(y) of y such that x* = N(y).

Note that Example 2 shows a relation which is transfer lower quasi-
continuous but not transfer continuous; Example 3 shows a transfer lower
quasi-continuous relation which is not lower quasi-continuous. Next result
proves the existence of maximal elements for acyclic binary relations which
are transfer lower quasi-continuous on a compact set.

Theorem 4 Let D be a compact topological space and let > be an acyclic
and transfer lower quasi-continuous binary relation defined on D. Then the
set of maximal elements of > on D is non-empty.

11



Proof.  Suppose that there is not a maximal element. Then for every
element y € D there exists x € D such that x > y. Because the transfer
lower quasi-continuity, there is x(y) € D such that x(y) >> N(y) for some
neighborhood of y. Consider the open cover of D given by

D= U Ny

y€eD
As D is compact there exists a finite subcover

n
D= _U1 N(y:)
1=
and call x; = x(y;}, i = 1,...,n. If we consider the finite set A = {x1,...x,}
then by following a similar argument as in Theorem 3 we obtain the existence
of a cycle, and therefore a contradiction. B

Remark 4 Note that this result does not generalize Theorem 3 because,
like the condition used in Tian and Zhou, transfer lower quasi-continuity is
not a "local” property, in the sense that we can not ensure the existence of
maximals in closed subsets of D. The following example, taken from Tian
and Zhou (1995), shows this fact.
Example 4 (Tian and Zhou, 1995). Let the binary relation > defined on
[0,3] as
x>y if xyeQ
x>y x>y if xy¢Q
x€Q and y¢Q
where Q stands for the set of rational numbers. This relation is transfer
lower quasi-continuous in [0,3] and then it has a maximal element (x* = 3).
Nevertheless, on the subset [0,€] there is not maximal element.
The powerful of Theorem 3 is that it ensures the existence of maximal
elements on every non-empty compact subset of the topological space.
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