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CLASSICAL EQUILIBRIUM WITH INCREASING RETURNS

Antonio Villar

ABSTRACT

This paper analyzes the existence of equilibrium in a market economy
with increasing returns to scale. Consumers and firms are modelled as
payoff maximizers at given prices within their feasible sets. Firms are to
be thought of as created by a set of consumers willing to operate some of
the available technological possibilities while, at the same time,
providing the required means to enable this. Rational consumers will only
be willing to set up firms if they can achieve the maximum profitability
attainable. A Classical Equilibrium consists of a price vector and an
allocation such that supply equals demand, all active firms are equally
profitable, and this is the maximum profitability attainable at given

prices.
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1.- INTRODUCTION

This paper presents a contribution to the existence of market
equilibria in economies which may exhibit increasing returns to scale [the
reader is referred to Brown (1991), Quinzii (1992) or Villar (1994) for a
review of the literature in this field]l. The model developed is positive
rather than normative, and refers to a static market economy with
competitive features. The key concept in the analysis will be that of a
Classical Equilibrium. A Classical Equilibrium consists of a price vector
and an allocation such that supply equals demand, and all active firms are
equally profitable (where the common rate of return is the highest one
attainable at these prices). We shall concentrate on the case in which the
maximum profitability is zero (what will be called Canonical Classical

Equilibrium).

The idea that competition is a process which implies the equalization
of firms’ profitability is an old one. It played a central role in the
modelling of markets by classical economists, such as Smith, Ricardo or
Marx (but also Walras, Wicksell or Hayek). This is an appealing concept
which reflects the combination of three key attributes of competitive
markets: (1) Technology is freely available (that is, there are no
"barriers to entry"); (2) Production and exchange are voluntary (that is,
no agent can be forced to participate into production and exchange); and
(3) Prices are outside the control of individual agents (which can be
identified with price-taking behaviour). As a consequence, in a private
ownership competitive economy, no agent will willingly accept a smaller

return from her "investment" than the highest one attainable at given




prices, so that firms will only become active in those activities which
yield such a profitability. Note that these ideas are relatively
independent of the nature of technology: no matter the kind of returns to
scale prevailing, as far as the aforementioned properties hold, the
classical notion of competition can be applied. The model presented here

will be based on this fact.

The main features of the single-period private ownership market

economy we shall be referring to are the following:

(i) Commodities will be divided into two groups: (a) Produced
Commodities, which correspond to those natural resources (to be
interpreted as ‘"produced by nature"), factors of production and
consumption goods produced "yesterday" and/or inherited from the past;
they constitute the initial endowments of today’s economy. And (b) New
Goods, which include both consumption goods, and other inputs which can be

produced today.

(ii) The technology will be modelled in terms of a finite number of
production sets, which describe different production activities or
economic sectors. These activities exhibit non-decreasing returns to
scale; in particular, it will be assumed that production sets are

distributive [Scarf (1986)]. There is free access to the technology.

(iii) Consumers are characterized by their consumption sets, their
utility functions and their initial endowments, and are standard
concerning these respects. They choose consumption vectors in order to

maximize utility at given prices, subject to their budget constraints.




Consumers’ decisions also refer to the use of their initial holdings for
production purposes (they contribute to the creation of firms by making
available their endowments, looking for the highest profitability of their

"investment").

(iv) Firms are not given a priori, but appear as part of consumers’
optimal decisions. A firm is created when a set of consumers coordinate on
the use of some of the technological possibilities, by providing the
factors that might be required. Firms maximize profits at given prices,
subject to their feasible sets (i.e., subject to the amounts of inputs

provided by consumers at market prices).

Observe that a key characteristic of the way of modelling the economy
is the distinction between technology (which belongs to the data of the

model) and firms (which are dependent on consumers’ decisions). The

underlying idea is that factors have to be made available before

production takes place. This implies, on the one hand, that a firm does

not exist unless consumers provide some factors. And, on the other, that
firms will be characterized by both the nature of production activities

they carry out, and their feasible sets.

The model may well be interpreted as a two-stage process. In the
first stage consumers take investment decisions and firms are created. In
the second stage production takes place, consumers get paid and demand is
realized. Yet, for the sake of simplicity in exposition, the model refers
to a single-period economy. This feature also permits one to discuss the

role of profits independently of the ‘“interest rate" (or "discount

factor").



The paper is organized as follows. Section 2 presents the economy
under consideration. Section 3 is devoted to the analysis of Canonical
Classical Equilibria. It is shown that a Canonical Classical Equilibrium
exists and it is efficient conditional on the allocation of Produced
Commodities; a particular case where some equilibrium allocations are in
the core is also analyzed. The case of Classical Equilibria with positive
profit rates is discussed in section 4. A few final comments in Section 5

close the paper. The proofs of the theorems will be relegated to an

Appendix.



2.- THE MODEL

Consider a single-period, private ownership market economy, with £
commodities. Commodities 1, 2, ..., k are New Goods, while commodities

k+1, k+2, ..., L are Produced Commodities. New Goods are consumption goods

and inputs that can be produced today. Produced Commodities are
consumption goods and inputs to production (factors) which are inherited
from the past. These commodities cannot be produced againm, and hence
limit today’s production possibilities. A point w € lRZ denotes the
aggregate vector of initial endowments. According to the previous
classification, this vector takes the form w = (0, ¢), where O € [Rk, and o
is a point in lRe_k.

Production possibilities are described by means of n production sets.
Each of these sets summarizes the technical knowledge of a specific
production activity. Production activities differ in the kind of inputs
they use and/or the type of outputs they obtain. One may well interpret
these activities as the "industries" or "sectors" of an economy. Thus, for
Jj=1 2, ..., n, Yj c IRE stands for the jth production set, while a point
yj € Yj denotes a production plan which is feasible for the jth activity.
Sj stands for the jth set of weakly efficient production plans, that

. (2)
is

Let us recall here that two commodities which are identical physically
will be considered as different commodities if they are produced at two
different periods.

2 . . .
The convention for vector comparisons is: =, >, >>.
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1]

{y eY / y>»>y =y ¢Y }
J J J J J J

n
A point y = (yl, Yy oo yn) denotes an element of j '{5].
j=1

According to the classification of commodities above, a production

plan for the jth activity can be written as: y = (b, aj), with bj € le
J J

and aj € —[Rf_-k. No sign restriction is established on bj, so that there
may be New Goods used as inputs in today’s production. The technology
(which encompasses all activities) is publicly known and freely

accessible.

A point p € lRf denotes a price vector. The scalar product pyj for yj

in Yj gives us the profits associated with y at prices p.
J

Let r‘j:lRf X Zyj ——> R be a mapping given by:

py /p(0,- a ), ify #0
j J j

rip, y) =
J J 0 , otherwise

r, is left undefined when p(0, - aj) = 0 and y, # 0. Then, call r(p, 4) to

the maximum profitability attainable (whenever defined), that is:

r(p, 4) = Mz}x.{ rj(p, yj) }

Hence, r(p, 4) tells us the biggest return one can get per dollar

invested, when prices are p and production is evaluated at y.
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Let p € [R+ be a scalar, to be interpreted as a parametric rate of
profits, and consider the following definitions which will enable to make

precise (and non-vacuous) the equilibrium notion:

Definition 1.- The pair (p’, y;) € [Rf X ¥, is an equilibrium relative to
J

p for the jth activity, if:

(i) For y’ = 0,
J
p’(0, - a’)p =p'y =2p'y, Vy €Y suchthata =z a’
J J J J J J
(ii) For y} = 0, p’ belongs to the closed convex hull of the
following set:

(ae® / 3" ¥} <R x5\ (O
J + J

with (qv, y'j)) —> (q, 0) and qu'; = qv(O, a];)P )

n
Definition 2.- A pair (p’, y’) € lRf X T 5, is a Production Equilibrium
J
j=1

s

relative to p if, for all j = 1, 2, ..., n, (p’, y) is an
J

equilibrium relative to p for the jth activity.

The jth activity is in equilibrium relative to p when y’j = (b;, a})
is a profit maximizing production plan at prices p’, subject to the
restriction of not using more Produced Commodities than those determined
by a;, and such that p’yji = p’(0, - a;)p. Since this places no restriction
on prices when y} = 0, we require in this case that (p’, 0) is a limit
point of a sequence of pairs yielding a profitability equal to p. A
Production Equilibrium is a situation where all activities are in

equilibrium relative to p, for the same price vector.

11




There are m consumers, which are supposed to behave competitively.
Each consumer i = 1, 2,..., m, is characterized by a collection

X, u, w, W]
1 1 1 1

where Xi c [RB, u:X — R, and w = (0, ¢) € [Re stand for the ith

1 i 1 1
consumer’s consumption set, utility function and initial endowments,
n

respectively, and Wi:[Rf X M g”xj ——> R denotes the ith consumer’s wealth
=t

function.

Consumers own the initial endowments and maximize utility at given
prices, by suitably choosing consumption bundles under the restriction of
their available wealth. Wealth is given by the exchange value of their
initial endowments, which depends upon prices and the profits that can be
obtained by applying their resources to production activities. By
construction, consumers are not interested in the nature of production
activities they support, but just in the profitability they can obtain.
Thus, whenever any two activities yield the highest profitability
attainable, they will be indifferent in applying their resources to any of
them. Moreover, the supply of inputs will only be directed to those
activities yielding a return equal to r(p, ¢) = O.

This can formally be expressed as follows. Let ocij(p, y) € [Re_k
denote the ith consumer’s investment in the jth sector, and let oci(p, y)
[R(B—k)n

in stand for the ith consumer’s overall investment distribution.

For any given pair (p, ), a(p, ) solves the program:
1
n
Max Wi(P, y) =

J

p(0, « )1 + max {0, r (p, y )}
1 1] J J

12




sub ject to:

For a given (p, 4), Ii(p, y) stands for the ith consumer’s aggregate

supply of inputs, that 1is, the set of points t € [Re_k such that

n
t= Y ocij(p, y). Note that this supply of inputs can be thought of as a

j=1
n

correspondence Ii from tRf X M {sj into [Rz_k, such that:
j=1

L(p, y) ={0} if r(p, y) <O
1(p, y) = [0, o], if r(p, 4) =0

Lp, y) = { o }, if r(p, 4) >0

Since no agent can be forced to participate into production, whenever
r(p, 4) is negative, consumers will not develop production gctivities.
When r(p, y) = O the ith consumer’s wealth is given by p(O, o*i), no matter
how she allocates her initial endowments; hence the supply of inputs can
be taken as the whole interval [O, O‘i]. Finally, if r(p, y4) > O the ith
consumer will be willing to devote all her resources to the most
profitable activities, because this maximizes her wealth (let us recall
here that consumers behave competitively, so that they make choices

without taking into account any restriction other than wealth).

This allows us to express the ith consumer’s wealth function as
follows:

Wi(p, y) = pwi[l + max. { 0, r(p, 4) }]

[which may not be defined for some pairs (p, )l

13




Remark 1.- Note that this formulation implies, for r(p, 4) > O, that
consumers cannot trade with "future yields" before production takes place.
For interpretative purposes we can think that consumers "invest" at the
beginning of the period, then production takes place, and finally
consumers get paid and actually consume at the end of the period. We shall

refer again to this question in the final section.

The ith consumer’s demand obtains as a solution to the following

program:

Max. u_ (x )
i i
s.t.: x_ € X,

p X = W.(p, ¢

Then, the ith consumer’s behaviour can be summarized by a demand
n
correspondence g:er X T3 —> X, such that € (p, 4) stands for a
i j i i
=1

solution to the program above.

We have already described the technology and the consumption sector.
Let us now refer to firms. A firm results from the application of
resources to put into work some of the possibilities that the available
technology offers. These resources have to be made available "before"
production takes placem. Thus a firm can be described by the nature of
its production activities and its feasible set (given by the amounts of

factors available).

3 This is an intuitive way of saying that Produced Commodities are

essential inputs to production. The assumptions will make clear this
point.
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n
For every pair (p’, §’) € lRf X I 5. consumers will decide to set up
j
j=1

firms by choosing the most profitable production activities and making
available the inputs they own. In order to make things simpler, let us
assume that there can be at most one firm per activitym, and consider
the following definition:

n

Definition 3.- Given a point (p’, y’) € [Rf. X T Sj, an Input Allocation
j=1
[R(B—k)n

relative to (p’, ¢’) is a point a = (al, a, - a) in N ,
n

such that, for every j =1, 2, ..., n, one has:

m
aj = 1§=:1 ocij(p, Y)

An Input Allocation relative to (p’, ¢’) is a way of allotting
Produced Commodities to firms which is consistent with consumers’
decisions. In particular, this implies that no firm will be created in
those activities such that r‘j(p’, y;) is smaller than r(p’, y’) (that is,

m

n
rj(p’, y}) < r(p’, y’) implies a = 0), and that ¥ a, e Y Ii(p, y).
j=1 i=1

Needless to say that there are many Input Allocations relative to a given

pair (p’, 4’), and that all of them are equally worthy from consumers’

viewpoint.

Thus, given a price vector p’ € lRf, a vector of production plans ¢’

n
in 10 {‘;J, and an Input Allocation a relative to (p’, ¢’), the jth firm’s
j=1

* It will be seen soon after that this implies no loss of generality,
under the assumptions of our model.
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feasible set is given by:

Y ” }) = " E Y / L <
j(p y’, a) { Y, ; al = a, }

The behaviour of firms can now be described as follows: Given a point

n

(p’, §’) € [Rf_ X 1 ﬁj and an Input Allocation a relative to (p’, y’), the
j=1

jth firm’s supply is obtained by solving the program:

Max. p’y'j’
s.t.
yJ € Yj(p’, Y, a)

that is, the jth firm maximizes profits over its feasible set.

Consider now the following definitions:

Definition 4.- A Classical Equilibrium relative to p is a price vector
P, m n

p* € R, and an allocation [(x*), y*] € i Xi X
i o

¥, such that:
i=1 J J

1

(o) x’: € Ei(p*, y*), Vi
B) a* = (a’;, a;, . a:) is an Input Allocation relative to
(p*, y*) [where these a* are such that y* = (b¥%, a’;)].
j J J

() (p*, y*) is a Production Equilibrium relative to p = r(p*, 4*).

m n
8 Y x* =}y y* + o
i=1 j=1 )

Definition 5.- A Canonical Classical Equilibrium is a Classical

Equilibrium relative to p = O.

16




That is, a Classical Equilibrium is a price vector and an allocation
such that: (a) Consumers maximize preferences within their budget sets;
(b) Consumers voluntarily provide all inputs which are needed for
production purposes; (c,1) All firms maximize profits at given prices
subject to their feasible sets; (c,2) All active firms are equally
profitable; (c,3) The common rate of return is the maximum profitability
attainable across sectors; and (d) All markets clear. In the case of a
Canonical Classical Equilibrium, it is also true that the common rate of
return is r(p*, y*) = 0. Observe that part (y) of the definition implies
that we are discarding those trivial equilibria obtained by setting yj = 0

for all j and finding a pure exchange equilibrium.

The next definition singularizes a class of non-decreasing returns to

scale production sets which will show most useful:

Definition 6.- [Scarf (1986)] A production set Yj is said to be

distributive, if for any collection of points (yt, At), t =

1,2, ..., s, with y* = (' - a9 e Y, At e R,, the following
condition holds:

s h h t s t t

Yy Aa za,t=12,..,s== ) Ay €Y

h=1 h=1 J

In words: A production set is distributive when any nonnegative
weighted sum of feasible production plans is feasible, if it does not use
fewer inputs than any of the original plans. From a geometrical
standpoint, this amounts to saying that a straight line connecting any

point y’ in the boundary of Y with the origin, does not cut the interior
J J

17




of the set { yJ_ € Yj / aj = a; }. It can be seen that if a production set
is distributive, then it exhibits non-decreasing returns to scale, and has
convex iso-inputs sets [that is, the set B(aj) = {bj € [Rk / (bj, aj) € Yj}
is convex]. Distributivity ensures not only the additivity of production
sets, but also that the constrained profit maximization process which
characterizes the behaviour of firms, is well defined and compatible with
zero profits (indeed this property practically characterizes those
production sets for which average cost pricing and input-constrained

profit maximization are compatible). See the discussion in Scarf (1986),

Dehez & Dreéze (1988 b) and Quinzii (1992, Ch. 6).

Let « stand for the set of attainable allocations, that is,

m n
4 = {([x),yle X XMU3 / LxXx =w+ Yy }
! i=1 - j=1 i=1 j=1 3

The projection of # over the jth production set gives us the set of

attainable production plans for the jth activity.

In order to get a suitable bound for the rate of profits, for each p

inR,, define a set #(p) as follows:

l[bj, aj(1+p)] =0}

([ s =1

m n m
dAp) ={Ilx), yle X XS, / LX -0~
' i=1  j=1° i=1 j

R will denote the set of values of p € IR+ for which #(p) is nonempty.
Note that this set is an interval which will be nonempty whenever the set

of attainable allocations be nonempty.
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We are already prepared to present the basic assumptions of our

model:

A.l.- For each consumer i =1, 2, ..., m,
. L.
(i) X ¢ R” is a closed and convex set, bounded from below.
1
(ii) u:X —> R is a continuous and quasi-concave utility function,
1 1

satisfying local non-satiation.

A.2.- For each j =1, 2, ..., n,
(i) Yj is a closed set such that 0 € Y, and Y - [Rf_ c Y,"
J J
(ii) The jth firm’s attainable production set is compact. In

particular, aj = 0 implies bj = 0.

(iii) Yj is distributive.

A.3.- Let (p’, y’) be a Production Equilibrium relative to p, for p € R.

Then for every i =1, 2, ..., m,

Wi(p’, y’) > Min. 1238 for x in Xi.
I
Assumption (A.1) refers to consumers. It is assumed there that each
individual has a complete, continuous and convex preference preordering,

defined over a closed and convex set, and satisfying a non-satiation

property.

Assumption (A.2) describes the basic features of technology. Besides
closedness, it is assumed in Part (i) that inactivity is possible and
that there is free disposal. Part (ii) directly assumes the compactness of

attainable production sets; it also says that positive production requires

19




using up some Produced Commodities (this translates the idea that inputs
have to be made available "before" production takes place). Finally, Part
(iii) assumes the distributivity of production sets (see the explanation
above); this property implies that all firms exhibit non-decreasing

returns to scale.

Assumption (A.3) says that, in a production equilibrium relative to
p € R, every consumer satisfies the "cheaper point" requirement (that is,

all consumers’ budget sets have a nonempty interior).

Let us conclude this section by discussing the simplifying hypothesis
of (at most) one active firm per activity. Suppose, for the sake of the
argument, that any number of firms can be created in a given sector. Note
that, under assumption (A.2), there can only be production activities with
non-decreasing returns to scale. For those sectors exhibiting constant
returns to scale, the number of firms is actually irrelevant (since
production sets are convex cones, and thus satisfy additivity and
divisibility). As for those sectors with increasing returns to scale,
observe that, in equilibrium, there can only be one active firm in each
activity. Otherwise (p*, 4*) would not be a Production Equilibrium
relative to p = r(p*, y*). Therefore, modelling one firm per activity has
only served the purpose of simplifying the writing of the model, without

any loss of generality.
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3.- CANONICAL CLASSICAL EQUILIBRIUM

This section refers to Canonical Classical Equilibria (i.e., the case
where r(p*, 4*) = 0), while the case of Classical Equilibrium with

positive profits will be analyzed in the next one.

Let us start by presenting the main result of this section:

Theorem l.- Let E be an economy satisfying assumptions (A.1) to (A.3).
Then:
(i) A Canonical Classical Equilibrium [p*, (x*:), y*] exists.
(ii) There is no feasible allocation [(x;), y’l, such that
ui(x;) = ui(x’:), vV i, with at least a strict inequality, and
a} z ajf for all j.

Theorem 1 tells us that there exist Canonical Classical Equilibria
under fairly general assumptions. These equilibria may be regarded as
describing a market situation where production is carried out, based on
consumers’ rational behaviour, in order to exploit the benefits derived
from technical knowledge. Consumers maximize utility subject to their
budget constraints. Firms are created only when they yield the highest
profitability attainable at given prices, and maximize profits subject to
their feasible sets. Theorem 1 ensures that all these actions are
compatible for some pair (p*, ¢*). It also establishes that there is no
feasible way of making consumers better-off, preserving the distribution
of Produced Commodities between firms. Even though this is a mild

efficiency property, let us recall here that, in the presence of
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increasing returns, equilibrium allocations typically fail to satisfy

Pareto optimality [see for instance Vohra (1991)].

Remark 2.- It is interesting to note the analogy between the notions of
Canonical Classical Equilibrium and Scarf’s (1986) Social Equilibrium.
Indeed, the former can partly be seen as rationalizing the latter, when we
approach the equilibrium problem from a positive viewpoint. This is of
some import, since most of the literature dealing with general equilibrium
with increasing returns follows a normative approach [see however Dehez &

Dréze (1988 a, b)l.

let N = {1, 2, ..., n } denote the set of indices identifying the
firms of the economy. Assuming that (iii) of (A.2) holds, these firms can
be divided into two categories: firms with constant returns to scale, and
firms with increasing returns to scale. One can thus write N = N0 U N1’
where N0 is the set of indices corresponding to constant returns to scale

firms, and N1 its complement.
The following Corollary is an immediate consequence of Theorem I:

Corollary 1.- Let [p*, (x*:), y*] be a Canonical Classical Equilibrium.
Then, those firms in No behave as (unconstrained) profit

maximizers at given prices.

Thus a Canonical Classical Equilibrium gives us a picture of an
economy where constant returns to scale firms behave as unconstrained
profit maximizers, while natural monopolies maximize profits subject to
their feasible sets, and all firms do break even. All these actions are

compatible with consumption and "investment" decisions. If N is empty,

22




then all firms behave as (unconstrained) profit maximizers at given prices

and the notion of Canonical Classical Equilibrium coincides with the

standard one.

Consider now the following assumption, which restricts the model to a

case where Produced Commodities are not consumed:

A.4.- Produced Commodities h = k+l, k+2, ..., {, are pure inputs, so that

they do not enter the preferences of consumers.
The following result can be obtained:

Theorem 2.- Let E be an economy satisfying assumptions (A.1), (i) and (ii)
n

of (A.2), (A.3) and (A.4). Suppose furthermore that Y0 =Y YJ_ is
i=1

distributive. Then there exists a Canonical Classical

Equilibrium which is in the core.

This Theorem provides us with sufficient conditions for the
efficiency and social stability of some equilibrium allocations. Note that
the Theorem says that there exists a Canonical Classical Equilibrium which
is in the core, not that every equilibrium allocation 1is a core
allocation. Yet, the possibility that agents coordinate on an inefficient

equilibrium lacks of social stability.

Remark 3.- Scarf’s (1986) main result shows (when reinterpreted in our
context) that if n = 1, assumptions (A.1) to (A.4) imply that equilibrium
allocations are core allocations. The reason why part (iii) of (A.2) is
established here on the aggregate production set in Theorem 2 is because

the distributivity property is not preserved by summation.
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4.- CLASSICAL EQUILIBRIA WITH POSITIVE PROFITS

Let us address now the question of whether there exist Classical
Equilibria  with  (strictly) positive profit rates, in this static
framework. The answer depends very much on the specifics of the model
under consideration. The existence of Classical Equilibria with positive
profits cannot be ensured in general, although it might be so under
certain circumstances. We shall briefly discuss here a particular case of
the model in Section 2, where positive profits and Classical Equilibria

turn out to be compatible.

Note first that in a Classical Equilibrium with positive profits, no
consumption of produced commodities with positive prices can occur. This
is so because in this case consumers devote all their initial endowments
to production activities (in order to maximize wealth), and hence in
equilibrium these commodities are actually used up by firms. Unless this
condition holds, zero would be the only profit rate compatible with the
existence of equilibrium. Hence it is natural to consider again the case
where initial endowments consist only of production factors which do not

enter the preferences of consumers.

The following result is obtained:

Theorem 3.- Under assumptions (A.l1) to (A.4), for any given p € R, there

exists a Classical Equilibrium relative to p.

Theorem 3 says that there exists an equilibrium with a rate of

profits r(p*, y*) = p, for any pre-established p € R. This points out a
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strong indeterminacy in the model: there may be many possible equilibria
with  different profit rates and, consequently, different income
distributions, employment levels, etc. Profits are to be interpreted as
the rents of those scarce factors which are required in order to carry out
production activities. The profit rate may be seen as a parameter of the
way in which the total surplus is distributed across agents. Yet the
informative content of this parameter is rather ambiguous, except in very

specific models [as in Sraffa (1960)].

The following Corollary is of interest:

Corollary 2.- Let an economy satisfying assumptions (A.l), (i) and
(ii) of (A.2), (A.3) and (A.4). Then,
(i) If N1 is empty (i.e., all firms exhibit constant returns to
scale), for every p € R, there is a Pareto Optimal Classical

Equilibrium relative to p.

Y is distributive, then there exXists a
1

(ii) If moreover Y0 =
Jj

™~

Classical Equilibrium relative to p which is Pareto optimal, for

every p € R.

Corollary 3 is simply a rephrasing of Corollary 1 and Theorem 2
within this new context (so the proof will be omitted). Nevertheless, it
is worth noticing that it shows the existence of efficient equiliPrium

allocations in the presence of positive profits.
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5.- FINAL REMARKS

We have presented a model of a market economy with competitive
features, where there may be several industries with non-decreasing
returns to scale. Rational consumers set up firms by applying their
resources to the most profitable production activities, and maximize
utility subject to their budget sets. Firms’ Dbehaviour consists of
maximizing profits at given prices. A Classical Equilibrium is a situation
where all these actions are simultaneously feasible. Existence results
have been provided, distinguishing between the cases of zero and positive

equilibrium profits. Some efficiency properties have also been analyzed.

It is interesting to note the connection between this model and some
other general equilibrium models. When production sets are convex cones
(constant returns to scale), a Canonical Classical Equilibrium corresponds
to a standard Arrow-Debreu competitive equilibrium. When the economy
consists of a single distributive firm, a Canonical Classical Equilibrium
is a Social Equilibrium a la Scarf. Many equilibrium models in the
classical tradition (von Neumann, Leontief, Sraffa, and their variants)

may be interpreted as particular cases of this one.

Let us conclude by commenting on the treatment given here to

commodities, transactions and profits.

The rationale of the division between Produced Commodities and New
Goods is twofold. On the one hand it improves the descriptive power of the
model, stressing the picture of a society which develops production
activities in order to obtain commodities which are not available. On the

other, it provides a natural basis for the analysis of Classical
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Equilibria with positive profits. These advantages, however, are bought at
a cost: the abstract requirement introduced in assumption (A.3) (the
"cheaper point" condition). If we dispense with this classification among
commodities, and substitute (A.3) by the more standard assumption of
"wi € intXi for all i", then the model is still valid, but then the only
Classical Equilibria which may occur are the Canonical ones (unless one
imposes some arbitrary restrictions on the trading process). It is worth
stressing that such a division of commodities plays no role in the

analysis of Canonical Classical Equilibria developed in section 3.

It was already pointed out (see Remark 1) that one may interpret the
model as including a sequence of transactions within the period.
Investment decisions are taken first, then firms are created and
production occurs, and finally income is realized and consumption takes
place. This sequential feature is relevant again for the analysis of
equilibria with positive profits. For suppose that consumers can spend,
before production takes place, the profits that will result from
production activities. Then, whenever r(p, ) > O, consumers will use
their profits pwr(p, 4) to buy additional endowments, and spend the
additional future yields to buy even more endowments, and will repeat this
process again and again before deciding their consumption. But this income
cannot be realized as an equilibrium, so that the only possible equilibria

would be the Canonical ones.

Needless to say that a sharper way of capturing this sequential
character of transactions would be to set up a two-period model. Yet, this
framework would necessarily involve some equilibrium "interest rate",
which would obscure the nature of pure profits as rents of scarce factors,

that we wanted to stress.
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APPENDIX: PROOF OF THE THEOREMS

Let P denote the price simplex in IR£, that is,

1}

™ e
K
Il

_ L
P ={peR_/

A Pricing Rule for the jth firm is a (set-valued) mapping ¢j applying
the set of efficient production plans into P. For any efficient production
plan yj € ;}j, ¢j(y)_) should be interpreted as the set of price vectors
found "acceptable" by the jth firm when producing yj. In other words, the
jth firm is in equilibrium whenever the pair (yj, p) is in the graph of
¢ . Observe that under assumption (A.2) the set of weakly efficient

J
production plans consists exactly of those points in the boundary of Y.
J

A mapping qu:&j _5 P is a Loss-Free Pricing Rule if qyj =z 0, for

every q € ¢J_(yj).

The following result is well established in the literature [see for

instance Bonnisseau & Cornet (1988, Th. 2.1')I:

Lemma 1.- Let E stand for an economy satisfying assumptions (A.1), (i) and
(ii) of (A.2), and (A.3), and suppose that: (1) ¢j is a
loss-free pricing rule, upper hemicontinuous with nonempty
compact and convex values, for all j; and (2) Wi is a continuous
function for all i. Then, there exist a price vector p* and an

allocation [(x’;), y*] such that:
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(a) xf € Ei(p*, y*), v i

®) p*e n ¢
=1 3o

© ¥ x*-w= Y y*

i=1 j

In order to prove the Theorem, let us define two particular pricing
rules, which do not depend on convexity: Average Cost Pricing and

Constrained Profit Maximization.

Average Cost Pricing is defined by:

a) If Y, # 0,

w‘j‘ctyj) = (qeP / qy =0}

b) If y, = o,

w‘j“:(m =ctco{qeP / 3{", y‘j’) c P x [§ \ (0N with

(@’ y? —> (q, 0) and qu'; =0}
(where clca {.} denotes the closed convex hull of {.} ).

Constrained Profit Maximization is given by:

!IJCPM(y)E{qu / qyquy;, Vy’jeYjWitha; = aj}

J J

Thus, gb(j:PM pictures the jth firm as selecting, for each given

efficient production plan yj, prices such that it is not possible to
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obtain higher profits within the set of production plans which make use of

equal or fewer inputs.
The following lemmata will lead up to the main result:

Lemma 2.- Scarf (1986, Th. 1)

Under assumption (A.2), for each point (b, a) € 5;‘ there
i

exists q € P such that

0 = q(b, a) = g(b’, a’)
q J J') q i
vV (b’, a’) € Y such that a’ =z a.
iV j J

J

Lemma 3.- Under assumption (A.2), l/l(_:PM is a closed correspondence, with
J

nonempty convex values.

Proof.-

CPM

Under assumption (A.2), !/lj (yj) is clearly convex, for each y € Sj.
j

Lemma 2 ensures that it is also non-empty.

To see that the graph is closed(S), let [(°, a, p°] be an

v v v

arbitrary point in {yj x P, and let { (b, a’), p } be a sequence

converging to [(b°, a%, p°l, such that (b, a”), pv] € Z‘;j x P, and pv

14

belongs to l,h.(bv, a’), for all v. Suppose, by way of contradiction, that
J

p° is not in y (b°, a’). Then there exists (b’, a’) € Yj, with a’ = a°,
J

® This part goes along the lines of Lemma 1 in Dehez & Dréze (1988 a).
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such that p°(b’, a’) > p’(x°, a®). This implies that, for v big enough (v
> v’, say), we also have:

p b, a’) > p'b”, a)

If a = a’” and v > V', this contradicts the assumption that pv
belongs to l/lj(bv, a”). Suppose that this is not the case. We have now two
possibilities. First, a’° = 0, and consequently a’ = 0. Then it follows
that b° = 0 = b’, and hence the inequality above cannot hold. Suppose then

that a° < 0, and construct a new point (b", a") in Y as follows:
J

(i) a't' = a; + g, if a; < 0 (where € > 0 is a scalar arbitrarily
small), and a't' = 0, otherwise; and

(ii) b: = b; - 6t (where 61; > 0 is a scalar arbitrarily small).

Since Yj is a closed and comprehensive set, these scalars can always
be chosen so that (b", a") lies in Yj, and po(b", a") > p°(b°, a’). Note

that, by construction, a" > a’ = a’.

Now observe that for v big enough, there will be points (bv, av)
close to (b°, a°) such that a" = a”. For these points we have:
Y( ")

p b", an) > pV(bV’ a

while pv € wj(bv, av), contradicting the hypothesis.

Theorem l.- Let E be an economy satisfying assumptions (A.1) to (A.3).

Then:

31




(i) A Canonical Classical Equilibrium [p¥*, (x*:), y*] exists.

(ii) There is no feasible allocation [(x;), y’l, such that
ui(x;) = ui(x’i*), vV i, with at least a strict inequality, and
a’ = a’; for all j.

J

Proof.-

(i) Let E be an economy whose data (consumers, technology and initial
endowments) are identical to those in E, but in which consumers and firms

behave according to the following pattern:

a) The ith consumer maximizes utility at given prices, within her

budget set, which is defined by the following wealth function:
Wi(p, y) = po,

b) The jth firm’s feasible set corresponds to Y  and behaves
J

according to a pricing rule ¢, which is defined as follows:
i

_  ,AC CPM
¢j(yj) = wj (yj) n v, (

y)
J J

. . AC
It is well known that, under assumption (A.2), ¢ ~ 1is an upper
J
hemicontinuous correspondence with nonempty, compact and conve values.
. CPM . . .
From Lemma 3 it follows that is also an upper hemicontinuous
j
correspondence (because it is a compact-valued correspondence with closed
graph), with convex and compact values. Therefore, ¢j is an upper
hemicontinuous, convex-valued and loss-free pricing rule. Lemma 2 ensures

that ¢ is nonempty valued.
J
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Since E also satisfies assumptions (A.1), (A.2) and (A.3), and Wi is
continuous for all i, we can apply Lemma 1 which ensures the existence of

a price vector p* and an allocation [(x*}, y*] such that:
1

(a) x’f € Ei(p*, y*), for all i;
n
(b) p* € n ¢(y*); and
je1 30

It is immediate to check that this corresponds to a Canonical

Classical Equilibrium for the original economy.

(ii) The argument here is standard, and included for the sake of

completeness:

Let [p*, (x’:), y*] be a Canonical Classical Equilibrium, and suppose
now that there is another feasible allocation [(x;), y’] such that: (1)
ui(x;) = ui(x’_*) for every i, with a strict inequality for some consumer;

1

and (2) a; < a* for every j. Since this allocation is feasible, it must be

the case that
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Therefore substituting we get

This implies that there is some j for which p*y; > 0. This j cannot
exist if we require that a’ = a*;, according to the definition of Canonical
J

Classical Equilibrium. Therefore, such an allocation cannot exist.

Theorem 2.- Let E be an economy satisfying assumptions (A.1), (i) and (ii)
n

of (A.2), (A.3) and (A.4). Suppose furthermore that Y0 =Yy Yj is
i=1

distributive. Then there exists a Canonical Classical

Equilibrium which is in the core.

Proof.-

The proof will be divided into two steps.

(i) Consider an economy Eo identical to E in all respects except
in that we substitute all individual firms by a single aggregate one Yo’

Clearly, Y0 satisfies (A.2).

Now, for each y, € 6Y0, define: ¢0(yo) = l/lo(yo) n P (with an obvious
meaning). In view of Lemma 2, this mapping is an upper hemicontinuous
correspondence, with nonempty, convex and compact values. Hence, Theorem 1

ensures the existence of a Canonical Classical Equilibrium for the E0

economy.

34




Let us show now that this equilibrium for Eo actually corresponds to

a Canonical Classical Equilibrium for the original economy. First notice
n

that, by construction, y*g can be expressed as y* with y* € Yj for
L J J

j=1

all j. It follows that if y:‘)‘ maximizes profits at prices p* within the set

{ y, € Yo / a = a’; }, it must be the case that every y* maximizes
j

profits at p* in the set { yj €eyY / a =z a*;‘ Y, j=1, 2, ..., n. For
J j

suppose not, that is, suppose that there exists yl’( with al’( = a: such that

>

p* yl’( > p* y:; then, substituting y’l': by v, in y’o* we would get:

P* |1 ¥y +y, | > Pty
*k

s * ’ * . .

with z yj t Y, e { y, € Yo / a = aj }, contradicting the
*k

hypothesis.

Now observe that, since p*y’o* = 0, and O € YJ_ for all j, it follows
that p"‘y*;e = O for all j. Then, the aggregation of individual firms into a
single one does not affect consumers’ wealth functions. This implies that
the allocation [(x*:), y:')‘] can be dis-aggregated into an allocation of the
original economy [(x’:), y*] such that [p*, (x’:), y*] is a Canonical

Classical Equilibrium.

(ii) Let [(x’;), y*] be the allocation constructed in part (i), and
suppose that there is an allocation [(x;), y’] and a coalition S of
consumers such that: (a) u/(x’) = ui(x’!‘) for every i € S, with a strict

1 3 1

n
inequality for some consumer; and (b) ¥ x - } w =} y. Now notice
1 1
i€s ies j=1 7

that non-satiation implies that
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pP* I x >p* L xf =P Lo
i€s i€s i€S

n

Therefore substituting we get Y p*y’ > O.
J
j=1

But this is not possible, since: (a) Feasibility and assumption (A.4)

n
imply that ¥ a
j=1

3 > - ¢ (the aggregate endowment of Produced Commodities);
n
and (b) Y y*;_‘ is a profit maximizing combination of production plans,
j=1
n

n n
subject to the restriction Y a’ = Y a* = - ¢, with p*} y* = 0 [in
J J
i=1 =1 =1

view of (A.4), the definition of Canonical Classical Equilibrium, and the

way in which y* has been chosenl].

The proof is in this way completed.

Theorem 3.- Under assumptions (A.1) to (A.4), for any given p € R there

exists a Classical Equilibrium relative to p.

Proof. -

(i) Consider an economy E(p), for p > 0, which is identical to the

original one except in the following:
a) The ith consumer’s initial endowments are given by:

wi(p) = wi(1+p)
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b) The jth production set, is now defined as:
Y(p) = {s e [Rll / s =[b, a(l+p)], with (b, a) e Y }
J i i j
whose elements will be denoted by yj(p).

This economy satisfies all assumptions (A.l) to (A.3), so that we can
apply Theorem 1 which ensures the existence of a Canonical Classical

Equilibrium for the E(p) economy, [p*, (x’;), y*(p)l.

(ii) Let us now show that [p*, (x*), y*] is a Classical Equilibrium
1
relative to p for the original economy. First note that [(x’;‘), y*] is an
attainable allocation. To see this observe that, by assumption,
m

Y x* - wl+p) - ¥ y*p) =0 [1]
i=1 j=1 3

The structure of the model and assumption (A.4) allow us to write

m 0 n b
* = *
i§lxi ,  w(l+p) o(1+p) , j2=:1 yj(p) a(1+p)
Then equation [1] can be rewritten as follows:
0 b
0 c(l+p) | | all+p) )
which implies that ¢ = b, - o(l+p) = a(l+p), and, consequently, - o = a.

Therefore it follows that
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It is easy to see that, for each j, p*y* = p"‘yj for all y such that
J J
aj = a’;. For suppose not, that is, suppose that there exists a firm j and

a production plan y’ such that p*y’ > p*y*, with a’ =z a*. In that case we
J J J J

J
would also have that p*y’(p) > p*y’;(p), against the hypothesis that
j

[p*, (x?), y*(p)] is a Classical Equilibrium for the E(p) economy.

It remains to show that x* is the ith consumer’s demand in the
1
original economy. But this follows immediately from the way the E(p)

economy has been constructed.
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