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FAIR ALLLOCATION IN A GENERAL MODEL WITH INDIVISIBLE GOODS

Carmen Bevia

ABSTRACT

In this paper we study the problem of fair allocation in economies with
indivisible goods, dropping the wusual restriction that one agent receives at
most one indivisible good. We show that most of the results obtained in the

literature do not hold when the above mentioned restriction is dropped.
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1. INTRODUCTION

The problem of fair allocation in economies with indivisible goods has
been studied wunder the assumption that one agent receives at most one

indivisible good. These economies will be called traditional economies.

There are many situations in which the restriction is totally meaningful,
for example those cases in which the indivisible goods are jobs or grants.
However, in some other situations, we would like to allow some agents to
receive more than one good; think of the problem of allocating an inheritance
among a group of heirs. If, for one of these heirs, a certain group of objects
has special sentimental value, why can he not obtain more than one object if

he is able, in turn, to compensate the rest of the heirs?.

The aim of our study is to find out to what extent the results obtained
in the existing literature depend on that restriction. For this purpose, we
present a general model where each agent can receive more than one indivisible

good and preferences are quasi-linear.

There are two kinds of results in the literature. Some pertain to the
relationship among concepts such as Pareto solution; No-Envy solution;
Group-No-Envy solution; Equal Income Walrastian solution; Equal Split Guarantee
solution. On the other hand, the desirability of some of these concepts have

been studied in the light of certain properties like consistency, and



population-monotonicity. In this paper we will show that most of the results

obtained in the framework of traditional economies do not, in general, hold.

In traditional economies, some of the relations among the above mentioned

solutions are,

Proposition 1.1. (Svensson (1983)). The No-Envy solution is a subsolution

of the Pareto solution.

Proposition 1.2. (Svensson (1983)). The Group-No-Envy solution and the Equal

Income Walrasian solution coincide with the No-Envy solution.

Proposition 1.3. (Bevia (1993)). The No-Envy solution is a subsolution of the
Equal Split Guarantee solution. Moreover, these solutions coincide for

economies with two agents.

None of these results hold in the general model.

Next we turn our attention to those properties that are considered as
desirable for a solution, for example, consistency. In traditional economies,
this property does not allow us to make any selection from the set of
envy-free allocations. That is, if consistency is required, the whole set of

envy-free allocations should be accepted.

Proposition 1.4. (Tadenuma and Thomson (1991)). There is no proper

subsolution of the No-Envy solution that satisfies consistency and neutrality.



In the general model this result does not hold, since the Group-No-Envy
solution and the Equal Income Walrasian solution are proper subsolutions of
the No-Envy solution which satisfy consistency and neutrality; interestingly,
they are not the only ones. Another example of such a subsolution is presented

in the paper.

In traditional economies, a positive result is obtained if consistency is
replaced by bilateral consistency. However, if converse consistency is added,

an impossibility is, one again, obtained.

Proposition 1.5. (Tadenuma and Thomson (1991)). There are proper subsolutions
of the No-Envy solution satisfying bilateral consistency and neutrality, All
such subsolutions coincide with the No-Envy solution in economies with two

agents.

Proposition 1.6. (Tadenuma and Thomson (1991)). There is no proper
subsolution of the No-Envy solution satisfying bilateral consistency, converse

consistency and neutrality.

Although these results do not hold in our model (actually, the No-Envy
and Pareto solution does not satisfy converse consistency), we obtain

generalizations by adding a new property that we call Property B.

In the last part of the paper, we study the population-monotonicity
property. Alkan (1989) showed that there is no selection from the No-Envy

solution which satisfies it. This impossibility remains true in our model. In



fact, we obtain a stronger impossibility result, namely, there is no
subsolution from the Pareto solution satisfying population monotonicity.
However, in traditional economies, selections from the Pareto solution

satisfying population-monotonicity exist, as stated next.

Proposition 1.7. (Moulin (1992)). The Shapley solution is a Pareto solution

which satisfies population-monotonicity.

In our model, the above result is only true if we impose a certain kind
of substitutability condition. In traditional economies this condition is a

consequence of the fact that each agent receives at most one indivisible good.

The rest of the paper is organized as follows. In Section 2 we present
the model, the main definitions and the relationships among the solutions
under consideration. In Section 3 we study the problem of fair allocation from
the point of view of consistency. In Section 4 we present the results related
to population-monotonicity. In order to keep the reading easy, some proofs are

relegated to the Appendix.



2. THE MODEL.

An economy is a list e = (Q,Q,M;RQ), where Q is a finite set of agents
with elements i, j, k,..., @ is a finite set of objects with elements «, B,
¥..., M € R is an amount of money, and RQ = (Rl)xeo is a list of preference

relations defined over P(Q)xR, where P(Q) denotes the power set of Q, that is,

the set of all subsets of Q.

Let P1 denote the strict preference relation associated to R, and I1 the
1
indifference relation. Each preference relation is assumed to be continuous

and increasing in money. Thus,

if m > m’, then (#,m)Pi(sd,m’) for all i € Q and for all 4 € P(Q) (1)

Also it is assumed that for any pair (4,m) € P(Q)xR, for any i € Q and for any

B € P(Q), an amount of money m’ exists such that (sd,m)Il(fB,m’) (2)
Let & be the class of all economies fulfilling (1) and (2) above.

Given an economy e € &, let q = |Q|, and let P(Q,q) be the set of all

the partitions of Q with g elements, that is,

P(Q,q) = (P = (sal,...,saq)/ Vi d e P(Q); U.sdl= @ 4 n sdj = @; V i#j ).

Notice that an element in P{Q,q) can be such that sdl = {Q} for some i € Q, and

adj = {@} for all j # i.




A feasible allocation for e is a pair z = (o,m), where o: Q — P is a

R? is such that m = M. The

bijection, P € P(Q,q), and m = (mo*(x))leQE 1€Q o(i)

bijection ¢ is called an assignment. For each i € Q, let z = (o(i),mo(i)) be

the consumption of agent i. Note that m can be positive, negative or =zero.

o)

Let Z(e) be the set of feasible allocations for e.

A solution on & associates a non-empty subset of Z(e) to every e e e.
Given two solutions, ¢ and ¥, ¢y denotes their intersection, whenever it is

not empty. The definition below is a primary example of a solution:

The Pareto solution, P: given e e &,

Ple) = (z € Z(e)/3 2’ € Z(e) s.t. V i e Q, Z;szi and 3 j € Q s.t. z;PJzJ}

An economy e = (Q,Q,M;RQ) € & is quasi-linear if each i € Q has
preferences such that for all 4 € P(Q) and for all m m’, t eR, (sd,m)Ix(fB,m’)
implies (sd,m+t)Ii(fB,m’+t). Let 8(“ € & be the subclass of quasi-linear

economies. The rest of the paper is developed in the context of quasi-linear

economies.

Given an economy e € S’ql, for each i € Q and for each 4 e P(Q), let
Vid € R be such that, (sél,O)Il(ra,vl 34). Each Vg4 can be interpreted as the
valuation of agent i of the set of ob jects 4. By definition Vg = 0 for all
i € Q From (1) and (2), Vid exists and is unique. Notice that in quasi-linear
economies preferences are completely described by these numbers. In the rest

of the paper we will use the following identification, for each i e Q,

R = (v )

i id 4eP(Q)

10



In 81 the set of Pareto efficient allocations can be characterize as
q

stated in Lemma 2.1.

Lemma 2.1. Given e € 8(“, an allocation (o,m) € Z(e) is Pareto efficient for

e if and only if for any other assignment T,
=
ZIEQVIO‘U) 2160‘,11,'(1)
Proof. See Appendix.

This result is not surprising at all, in fact, it is a generalization of

that obtained in traditional economies.
The above characterization allows us to give the following definition,

An efficient assignment for e is an assignment ¢ from Q to ? such that

for any P e P(Q,q), and any  assignment T from Q to P,
= .
ZIEQViO‘(i) ZIEQVI‘C(D
Let Z(e) = {0/ ¢ is an efficient assignment for e )}.
One of the most studied solutions in the literature on fair allocation is

the No-Envy solution. This solution selects the allocations at which no agent

prefers any other agent’s bundle to his own.

1



The No-Envy solution, N, (Foley, 1967): given e € &,

Ne) ={zeZle)/Vi jeqQ, szin}

If z € N(e), z is called an envy-free allocation.

The first difference between our model and the traditional one is that
not all the envy-free allocations are Pareto efficient. It should be pointed

out that in economies with divisible goods the same result is obtained.

Proposition 2.1. An envy-free allocation is not necessarily Pareto efficient.

Proof. Let e = (Q,Q,M;RQ) € é’ql be such that Q = {1,2), Q = {o,8}, M = 0,

= 3, v, =1, = 4, Let

Vi 1B VZ(OC.B )

z = ({a},-1),({B},1)) € Z(e). It is easy to check that z is envy-free, but it

vl(a,B) = 8, and Vzoc = 1, VZB = 2,
is not Pareto efficient, because from Lemma 2.1 any Pareto efficient

allocation is such that ¢(1) = {,B} and ¢(2) = {2).m

In the class of quasi-linear economies it is easy to prove the existence
of envy-free and Pareto efficient allocations. The argument that we use to
prove it is the same as that wused in Alkan-Demange-Gale (1991) to prove the
existence of envy-free allocations in traditional economies with quasi-linear
preferences. Notice that if ¢ is an efficient assignment and z is an envy-free

allocation then z is efficient.

12



Proposition 2.2, For all e € S’ql, NP(e) is not empty.
Proof. See Appendix.

In the existence proof of the above proposition it was essential that the
money vector m could have positive or negative entries. In the wusual fair
allocation problem one requires that all quantities be non-negative. If we
insist on non-negative quantities of money, we should guarantee that there is
enough money to compensate the agents who do not get the objects they most
prefer. The next proposition identifies this amount of money.

Proposition 2.3. Given e = (Q,Q,M;RQ) € €q1, if M=z qgv for all

1d ZiBe? Y\B
ieQ for all 4,B € P, for all P € P(R,q), then there exist z = (o,m) € N(e)
such that, M =z 0 for all i e Q Moreover, for all z = (o,m) € Nle),

m z O for all i € Q.
o (i)

Proof. See Appendix

Other solutions have been studied in relation with the problem of fair
allocation. For example, the Group-No-Envy solution. This solution selects the
allocations at which no group is able to make all of its members at least as
well off, and one of them strictly better off, if they have access to the

resources attributed to any other group of the same size.

The Group-No-Envy solution, G, (Vind (1971), Varian (1974)): given e € 8,

z = (o,m) € G(e) if z € Z(e) and for all groups C,C’' € Q with |C| = |C'],

13



there is no z'= (t,m’) € Z(e) such that ZIGCm’L’(l) = ZJEC’mG‘(J)’

Ulec’t(l) = Ujec,o*(.)), zRz for all i € C, and zJPJzj for at least one j € C.

If z € G(e), z is called a group-envy-free allocation.

Note that any group-envy-free allocation is both Pareto efficient (take

C=C'=Q), and envy-free (take |C|=|C’|=1).

In our model, this solution is more restrictive that the No-Envy solution

in contrast with the traditional model.

Proposition 2.4. The Group-No-Envy solution is a proper subsolution of the

No-Envy and Pareto solution.

Proof. We know that the Group-No-Envy solution is a subsolution of the No-Envy
solution. In order to prove that it is a proper subsolution we give an example
of an economy where there are allocations that are envy-free and Pareto

efficient and are not group-envy-free.

Let e = (Q,Q,M;RQ) € 83 be such that Q = {1,2,3}, Q = {«,8,7}, M = 0,

v1“= 3, VIB= 1, vl'ar = 1; Vzoc = 3, sz = 3, VZ’J = 1; Vsoc = 1, VSB = 0, vsy = 1,

and for any 4 € P(Q), for any ieq, v Let

il = Zaesdvis'
z = (o,m) = ((},-1),({B},1),({9},0)) € Z(e). Clearly, =z is Pareto efficient

and envy-free. Let C = {2,3) and C'= (1,2}, and let
z' = (t,m’) = (({y},0),{e«,B},~1.5),({2},1.5)) € Z(e). This z' satisfies,
ZIECmT(i) =0= ZJEC’m(m)’ U ) = {ap) = UJEC,O‘(J), and

({oc,B),-l.S)PZ((B),l), ((z),l.S)PS(('ar),O). Thus, z is not group-envy-free.m

14



In economies with infinitely divisible goods, other concepts of fairness
have been proposed. An important one is the Individually Rational solution
from equal division, which selects those allocations that all agents prefer to
equal division. Moulin (1990) proposes the Equal Split Guarantee solution as

an extension of this solution for economies with indivisible goods.
For a formal definition, we need some more notation.

Given e = (Q,Q,M;RQ) € &, for each i € Q, let e = (Q,Q,M;R;) € & be such

that R; = R, for all j € Q.

The economy e is obtained from the economy e by imagining that all

agents have the same preferences as agent i. For such an economy we define;
i i i . i1
E(e) = {z € Ple)/ V jk € Q, szlzk }
The set E(el) is the set of Pareto efficient allocations at which each agent

is indifferent between what he receives and what the others receive. Since

R = R1 it is easy to check that E(e') is non-empty and for all zl,

Z € E(el), zi, 21 are Pareto indifferent.
The Equal Split Guarantee solution, E: given e = (Q,Q,M;RQ)
Ee) = {z € Z(e)/ VieQ Vz e E), lelzi )

In the quasi-linear economies, z = (o,m) € E(e) if and only if.

15



z v + M
JEQ 1T())

. i
+ =
vw(l) mom 3 for all i € Q, T € Z(e)

This solution can be empty as the following example shows.

Example 1. Let e = (Q,Q,M;RQ) be such that Q = {,,2}, Q = {(«,8}), M = 0,

=4, v _ =4,

N = 10, and v__ = 10, = 10, v 14, 1t is
100 18 20

V =
23 2, B)

easy to check that for this economy there is no feasible allocation which

vl(oc,B)

satisfies the above inequality.

The next proposition gives a necessary and sufficient condition

for the non-emptiness of the solution.

Proposition 2.5. Given e = (Q,Q,M;RQ) € 8ql’ E(e) # @ if and only if

there is a partition P € P(Q,q) and an assignment o: Q — P such that

Z (z v i)
ZlEQVIO‘(I) = = Jeg 2

where ' e E(el)

Proof. The straightforward proof is omitted.

The above condition is always satisfied if all agents have separable
preferences, that is, each agent values a set of objects as the sum of the

values of each of the objects in that set.

In traditional economies, the No-Envy solution and the Equal Split

Guarantee solution are related by inclusion. Furthermore, both solutions

16



coincide in economies with two agents. In general, these results do not hold
as is showed in Propositions 2.6 and 2.7. However, it is easy to verify that

those relations are maintained if preferences are separable.

Proposition 2.6. The No-Envy solution and the Equal Split Guarantee solution
are not related by inclusion. The Equal Split Guarantee solution and the

Group-No-Envy solution are not related either.

Proof. Let e = (Q,Q,M;RQ) be such that Q = {1,2,3}, Q = {«,8), M = O,

= 8, v = 2,

Vl(x 8 = 12; \' = 2, v = 4,

v = Q.
o, 3 20 2B 8

v
2{0, 3)

and v_ =0, v _ = 6, =

30 3B Vi,
Let z = (({«},0), ({8},2), ({B},-2)). We have that z € N(e) and z e G(e), but
z ¢ E(e). Let 2’ = (({a},-4), ({®},6), ({B),-2)). We have that 2z’ € E(e), but

z'¢ N(e) and 2z’ ¢ Gle).m

However, the Equal Split Guarantee solution is a subsolution of the

No-Envy solution for two agent economics.

Proposition 2.7. For any economy e = (Q,Q,M;RQ) € E?ql with |Q] = 2,
E(e) € N(e). However, there exists e = (Q,Q,M;RQ) € S’ql with |Q] = 2 such
that E(e) # N(e).

Proof. Let e = (Q,Q,M;RQ) € S‘ql, and z = (o,m) € E(e) be given. Suppose that

z ¢ N(e). Without loss of generality, suppose that agent 1 envies agent 2.

17



Thus,

+ > +
Yo T Mo 7 Ve T Poq
Since z € E(e), for T € Z(el),

+ +
Vita) Vit

2

+
Yiey T Moy
Since T € Z(el),

+ = + .
Vita) Vit View) Vie@)

Therefore,
Vo) ¥ Ve * M

v + m > v + m =

10°(2) (2} 10°(1) o(1) 2
Thus,

m “iow) * Vo T M Cm Yiow) T Vg T M
- »
o (1) 2 0(2) 2
Then, m + m > M, in contradiction with the feasibility of z.
a(1) o(2)

This concludes the first part of the proposition. In order to prove the second
part let e = (Q,Q,M;Rq) be such that Q ={(,2), Q= {aB}), M=0,

=8, v _ =2 = 12; and v =2, v =4, = 6,

Vi 1B ’ vl(oc,B) 20 2B
For this economy, z = (({«},-3),({8},3)) € N(e), but z ¢ E(e).m

v
2(e,3)

It should be remarked that Propositions 2.6 and 2.7 also hold if we

consider the intersection of the solutions involved with the Pareto solution.

Another solution concept that is related with the No-Envy and the Equal
Split Guarantee solution is the FEqual Income Walrasian solution. For a formal

definition, we introduce some more notation.

18



|2l

Let p = (p(x, ..) eR denote prices for the indivisible goods.

pB,-
Given # = (ocl,..,ock) e P(Q), let Py = pa1+...+ pak.

The Equal Income Walrasian solution, WI: given e € &, z = (o,m) € WI(e), if

Il

z € Z(e) and a price vector p € R exists such that,

(i) if (d«, msa)Pl(o‘(l), mo(i)), then Pyt My > Poay * Moy

(ii) p + m =p for all i,j € Q.

+
o) cw - Pogy T Pow

Proposition 2.8. For all e = (Q,Q,M;RQ) € &, Wl(e) € EP(e)nNP(e).

Proof. Clearly, the Equal Income Walrasian solution selects allocations that
are Pareto efficient and envy-free. It remains to be proven that it is a
subsolution of the FEqual Split Guarantee solution. Let e € &, and

z = (o,m) € WI(e) be given. Suppose that z ¢ EP(e). Thus, an agent i € Q

exists such that ziPlzl for all z' e E(el). Suppose that z = (t,m). Since

i, 1 . o = . . .
zillzJ for all j e Q, (’L’(J),mT(J))P‘(O‘(l),mou)) for all j e Q. Since

+ . . .
z € Wi(e), p_m) + mr()) > Poy ¥ Doy for all jeqQ Since
+ = + R th + I > +
Poy T Powy T Pogy T P en ZJEQ Pry ¥ Pz ZJEQ Poy T Mow
which is a contradiction because Z m = z m = M, and

jeQ T JEQ o)

ZJEQ Prpy = ZJEQ Py because UJGQT(J) =Q = UJGQO‘(J).I

As we have mentioned in the introduction (Proposition 1.2) in traditional
economies the Equal Income Walrasian solution is equivalent to the No-Envy
solution. By Propositions 2.6 and 2.8 we can conclude that this equivalence

does not hold in our model.

19



We close this section by studying the relationship between the Equal

Income Walrasian solution and the Group-No-Envy solution.

Proposition 2.9. For all e = (Q,Q,M;RQ) e &, Wile) € Gle).

Proof. Let e = (Q,Q,M;RQ) € & and z = (o,m) € WI(e) be given. Suppose that

z ¢ G(e). Then, coalitions C,C’ € Q with |C| = |IC'l, and an allocation
2’ = (t,m’) € Z(e) exist such that, Ut = UJEC,O‘(J),
Z m’ = Z m_ ., and z'Rz for all i € C with at least a strict
1ec () JEC o () i

preference relation for some iecC Because z € Wi(e),

p +m’  =p for all i € C with at least a strict inequality.

+
(1) T(i) o(1) mo*(i)

. + - + 1 .
Since Peay ¥ Mowy T Poy T Mo for all L €Q
SN + . . ] . s
ZIEC pr(l) + mrm Z}ec,po(j) m@(J) This is a contradiction because
ZIEC me o= ZJEC’ mo‘“), and Ulecr(l) = Ujec,o‘(J), therefore

Eec Pray = ZjEC’po*(j)' Thus, for all e = (Q,Q,M;RQ) € 8, Wl(e) € G(e).
Moreover, by Propositions 2.6 and 2.8 we can conclude that the Equal Income

Walrasian solution is a proper subsolution of the Group-No-Envy solution. ®m
To summarize, we present in Figure 1 the relations among all the

solutions discussed in this section in the traditional model. Figure 2

presents the relation among such solutions in the general model.

20




traditional models

P(e)

N(e)=WI(e)=G(e

figure 1

general models

figure 2
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3. CONSISTENCY.

The purpose of this section is to analyze the No-Envy solution in the
light of consistency properties. We show that most of the results obtained
with traditional economies do not hold in our models, but some of them can be

generalized.

A solution ¢ is consistent if whenever an allocation is a good
recomendation, according to ¢, for an economy, the restriction of this
allocation to any subgroup of agents is also a good recomendation, according

to ¢, for the problem of allocating the resources receive by this subgroup.

Consistency. The solution ¢ is consistent if for all e = (Q,Q,M;Rq) e &, for
» _ . s z
all Q < Q, for all z =(e,m) e ¢ple), zp = (0(1)’m0(1))1eo’ € tp(r‘Q,(e)), where

rQ,(e) = (Q, UQ,o*(i), Zo,m RQ,).

0‘(1);

We call r';,(e) the reduced economy of e with respect to z and Q’.

Neutrality. Let e = (Q,Q,M;RQ) € & be given, an allocation 2z’ € Z{e) is
obtained by an indifference permutation from =z € Z(e} if there is a

permutation m:Q — Q such that for all i € Q, z; = zml), and 211121' This
equivalence relation is denoted by =. A solution ¢ satisfies neutrality if for

all e = (Q,A,M;Rq) € &, for all z € ¢le) and for all 2’ « z, z'e ¢le).

22



In our model, the difficulty raised in Proposition 1.4. does not hold.

Proposition 3.1. There are proper subsolutions of the No-Envy and Pareto

solution which satisfy consistency and neutrality.

Proof. It is easy to check that the Group-No-Envy solution and the FEqual
Income Walrasian solution satisfy consistency and neutrality. Furthermore, as
we have shown in the previous section, both solutions are proper subsolutions

of the No-Envy and Pareto solution.m

The above mentioned solutions are not +the only ones satisfying
consistency and neutrality. There is a class of solutions that are based on

(1)

lexicographic orders on P(Q,q) and are consistent subsolutions of the
No-Envy and Pareto scolution. The next paragraph describes a subsolution in

this class.

The solution Y; given e = (Q,Q,M;RQ) € 8q1, let q = |Ql, w = |Q], and O=k=w.
For any o e Z(e), let n:; be the number of agents who receive k objects in the

assignment o¢. An allocation z = (o,m) € Y(e) if z € NP(e) and for any other

0 w-1 1 0 w-1 1 . . .
T € (e n_,n .on) = (n o where = is the lexicographic
( )’ ( 0’ 0 b » 0) L ( ] T ) b T), L g p

order,
(1) n

Given two vectors (X ,X _,0000X ), (V sY_seensy ) € R,

1’72 n 172
(X, X, wuXx ) = ( ey ) if  either x < or x = and x_ < or
P X Xy T WYY, 1 Yy 1 Y4 2 ° Y2

X = and x < and so on.
2~ Y2 3~ Vg

23



The solution Y chooses those envy-free and Pareto efficient allocations
in which the objects are more evenly distributed among the agents. In other
words, between two envy-free and Pareto efficient allocations, Y chooses the
one at which few agents receive no objects. If, in both allocations, the same
number of agents receive no objects, then Yy chooses the one which few agents

receive all the objects minus one. And so on.

Notice that, in traditional economies, the solution ¢ is the No-Envy

solution, however, in our context this solution is more restricted.
Proposition 3.2. The solution Y satisfies consistency and neutrality in & v
q
Proof. It is easy to see that the solution Y satisfies neutrality. We have to

prove that it is consistent. lLet e = (Q,Q,M;RQ) € E’ql, z = (o,m) € yYle) be

given. Let Q’c Q. Since NP is consistent zQ € NP(r:,(e)). Let @ = U Q,0‘(1)

’ i€
and let w’= |Q’|. Suppose that an assignment T’ € Z(rz,(e)) exists such that
0 w’ 1 o w 1 . .
(n I el ) > (nr,,n_c,,...,n,r,). Let T be an assignment in the
Q’ Q) Q)
economy e such that = =7t and T _=¢_ .. Since T, o _ e =(r°(e)),
Q o\’ o\Q’ ’ Q
Z V. . = z v . Since T =0 , z V, .y = Z A .
1eQ’ ic(i) 1€Q’ 1T°(1) N o\ 1eq 10°(i) l€Q 1T(1)

Therefore, T € Z(e), and (no,nw,...,nl) > (no,nw,...,nl), which is a
oo oL Tt T
contradiction because z = (o,m) € y(e). Thus, the solution Y satisfies

consistency.m

Other properties related with consistency have been studied in

traditional economies in relation to the No-Envy solution.
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The following definition is a weakening of consistency obtained by

applying it only to subgroups of cardinality two. Formally,

Bilateral consistency. The solution ¢ is bilaterally consistent if, for all
e = (Q,Q,M;RQ) € &, for all Q* ¢ Q with |Q’| = 2, for all z € ¢le),

zy € qo(rQ,(e)).

Since bilateral consistency is weaker than consistency, proper
subsolutions of the No-Envy solution exist which satisfy the property (the
Group-No-Envy solution, the FEqual Income Walrasian solution, the solution
V,...). In traditional economies all such subsolutions coincide with the
No-Envy solution for economies with two agents. This result does not hold in

our model.

Proposition 3.3. There exists e = (Q,Q,M;RQ) € & with |Q| = 2 such that

WIi(e) # NP(e) and y(e) # NP(e).

Proof. By Proposition 2.8, for all e € & WI(e) € NP(e)nEP(e). By Proposition
2.7 there exists e = (Q,Q,M;RQ) € & with |Q| = 2 such that EP(e) # NP(e).
Therefore, for such an economy, WI(e) # NP(e). In order to prove the second
inequality, let e = (Q,Q,M;RQ) € & be such that Q = {1,2}, Q@ = {«,8), M = 0O,

=5 v =1 v _ =2, = 4, The set of

=3, v _ =1, 0 2B

Vi 18 VB Vota,B

efficient assignments for the economy e is,

Ze)={o, T / o) = {o,B), o(2) = (&}, T(l) = {a}, T(2) = B} )}
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Let z = (({«,B),-2),({®},2)) € Z(e). Clearly z € NP(e), but =z ¢ yle) because

2 1
y I
o a

]

0 2 1
(no, n ) >L (n_c, n, n_L_). Thus, y(e) ¢ NP(e).m

Although Proposition 1.5 does not hold in our model, we can obtain a
generalization of this result by adding a weak property called Property B. In
order to introduce this result we need some more notation.

Given e = (Q,Q,M;RQ) € &, let D(e) be the set of efficient partitions, that is
D(e) = { P € P(Q,q)/ T 62 Q0P s.t. ¢ € Z(e)}
Given a solution ¢, let D@(e) be the set of ¢-efficient partitions, that is,

D‘p(e) ={P e D) I o: Q—P s.t. (o,m) € p(e) for some m € RY
Notice that DNP(e) = D(e).

For each P € Dgo(e)’ let ¢73(e) = {z = (o,m) € ¢(e)/ o(Q) = P).

Property B states that if an economy is extended in such a way that a new
agent and a new object is added, and such that any new efficient partition is
the union of the new object with an initial efficient partition, then, if the
new efficient partition is the union of the new object with an initial

p-efficient partition, the partition itself is a ¢-efficient partition for the

new economy.
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Property B. A Pareto efficient solution satisfies Property B if for all
e = (Q,Q,M;Rq) € & and for all e'= (Q’,Q’,M’;R(’),) € & such that Q = Qu(io),
Q = Qu(oco), R(’) = RQ , all P e D(e’) is such that P’ = ?U(oco) with P e D(e).

Then if P’ = .‘Pu{oco) e D(e’) with P ¢ D(p(e), P e Dw(e’).

The No-Envy and Pareto efficient solution and the solution y are examples
of solutions that satisfy Property B. The Equal Income Walrasian solution does
not satisfy the property. We prove it in a indirect way using Proposition 3.4,

so we give the proof of this result in Proposition 3.5.

Proposition 3.4. Let ¢ be a subsolution of the No-Envy and Pareto efficient
solution. If ¢ satisfies bilateral consistency, neutrality, and Property B,

then, for all e = (Q,Q,M;RQ) € 8ql such that |Q| = 2, ¢(e) = U

?ED‘D(e)NP?(e).

Notice that, in traditional economies, all the Pareto efficient solutions
satisfy Property B. Thus, in traditional economies Proposition 3.4 corresponds

to Proposition 1.5.

In order to prove the proposition we need the following lemma.

Lemma 3.1. Let e = (Q,Q,M;RQ) € 8ql, let Q] =2, let P € D(e), and let

z = (o,m) € Npr(e)’ Then, an economy e’ = (Q’,Q’,M’;R(’),) and an allocation
z' € NPfP,(e’) exist such that e = rZ(e’) and z(’) = Z. Moreover, for all
2z’ e NP?,(e’), VAR~ A

In order to simplify the exposition, we give the proof of the Lemma in

the Appendix.

27




Proof of Proposition 3.4. Let e = (Q,Q,M;RQ) € 8ql be such that |Q| = 2, let
P e Dq)(e), and let z € NP?(e) be given. let e’= (Q’.Q’,M’;R(’),) € F;’ql and
z' € NPfP,(e’) be as described in Lemma 3.1. Since ¢ satisfies property B,

P’e D{p(e’). Let 2z € gofp,(e’). Since ¢(e’) € NP(e’), z’e Npr’(e’)' By Lemma

3.1, 2z = 2, since ¢ satisfies neutrality, 2z’ e (pg;,,(e’). By  bilateral
i ' = <
consistency Z, =2 € q)?(e). Thus, NP?(e) < gofp(e) for each P e Dq)(e), which

implies that ¢(e) = U

?an(e)NPg)(e).n

Proposition 3.5. The Equal Income Walrasian solution does not satisfy

Property B.

Proof. The Equal Income Walrasian solution is a subsolution of the No-envy and
Pareto efficient solution which satisfies consistency and neutrality. If we
prove that for economies with two agents it is not true that

Wi(e) = U?EDWI(e)NP?(e)’ then by Proposition 3.4 this solution does not

satisfy Property B.

Let e = (Q,Q,M;RQ) be such that Q = (1,2}, Q = {«,8}, M = O,

o 4, VIB = 2, vl(oa,B) = 8; Vo = 2, VZB = 6, Vz(oc,B) = 8.
For this economy,
EP(e) = ((((oc),ml),((B),mz))/ 0 = m =2 }
NP(e) = ((((a),ml),((B),mz))/ -1 = m = 2 )
Since WI(e) € NP(e)nEP(e), it is not true that Wi(e) = UfPeDWI(e)NP?(e)'.
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We will now consider a condition that is dual to consistency. According
to this condition, if for some economy a feasible allocation is such that its
restriction to each subgroup of cardinality 2 constitutes a recommendation for
the problem of allocating the resources received by this subgroup, then it is

in itself a recommendation for the whole economy.

Converse consistency. The solution ¢ 1is conversely consistent if for all
e = (Q,Q,M;RQ) € & with |Q| > 2, for all z € Z(e), and, for all Q' ¢ Q with

Q'] = 2, 2y € go(r;,(e)), then z € ¢(e).

It should be remarked that the No-Fnvy solution satisfies this property.
However, the Pareto efficient solution is not conversely consistent either in
traditional economies or in our model. Moreover, in our model none of the
intersection of the No-Envy solution with the Pareto solution, the
Group-No—-Envy solution, and the solution Y are conversely consistent. These

negative results are established in the next propositions.

Proposition 3.6 The Pareto solution is not conversely consistent. the No-Envy

and Pareto solution is not conversely consistent either.

Proof. Let e = (Q,Q,M;RQ) € & be such that Q = {1,2,3}, 2 = {o,8,7}, M = 0,

v106 = 2, VIB =1, vw = 0, VI(OC,13> = 5, vl(“,” = 4, VI(B”(” =1,
le = 7;vzoC = 0, sz = 3, sz = 3, Vz(oc,B) = 3, vz(oc,;y) = 4, VZ(B’” = 7,
VZQ = 10; VBOC = 1, V3B = 1, VB’X = 4, VS((X,B) = 3, VS(OL,W) = 6, v3(f3,7) = 6,
Vg = 8. Let z = (({a},0),({B},0),({},0)) € Z(e).
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Clearly, (({«},0),({B},0)) € P(rfl,z)(e)), (({B},0),({9},0)) € P(rfz’s)(e)),
(({a},0),({9},0)) € P(r‘jl’s)(e)), but z ¢ P(e) because in the economy e there
is only one efficient assignment, (1) = {8}, o(2) = Q, 0¢(3) = {@. Thus
z ¢ P(e). This example can be used to prove that the No-Envy and Pareto
solution is not conversely consistent because

(({},0),({B},0)) € NP(r?l’z)(e)),

(({8},0),({9},0)) € Np(rfzm(e)),(((oc),o),(m,on € NP(r‘fl‘S)(e)),

but z ¢ NP(e). m
Proposition 3.7. The Group-No-Envy solution is not conversely consistent.

Proof. let e € & be as we have described in Proposition 2.4 Let
z = (({o},-1),({B),1),({3},1)) € Z(e). For all Q’c Q with Q'] = 2,
zQ, € G(r:,(e)) because zQ, is envy-free and Pareto efficient for e, and for
economies with two agents any envy-free and Pareto efficient allocation is a
group-envy-free allocation. But, as we have shown in Proposition 2.4,

z ¢ G(e). Therefore, the Group-No-Envy solution is not conversely consistent.m

Proposition 1.6 asserts that if a subsolution of the No-Envy solution
satisfies bilateral consistency, converse consistency, and neutrality, then it
coincides with the No-Envy solution. Adding Property B, we obtain a

generalization for our model.

Proposition 3.8. Let ¢ be a subsolution of the No-Envy and Pareto efficient
solution. If ¢ satisfies bilateral consistency, converse consistency,

neutrality and Property B, then for all e € 8q1 ple) = U NP?(e).

PeD (e)
14
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Proof. Since ¢ satisfies neutrality, Property B and bilateral consistency, by

Proposition 3.4, ¢(e) = U Npr(e) for all e = (Q,Q,M;RQ) € 8ql such that

Pep (e)
¢
|Q] = 2. Suppose, by way of contradiction, that for some economy

e = (Q,Q,M;RQ) € Sql such that |Q| = 3, an allocation z € U NPfP(e)\ ple)

Pep (e)
@
exists. Since ¢ satisfies converse consistency, there is Q'€ Q with |Q'| = 2
such  that Zy -3 w(r:,(e)). Since NP  satisfies bilateral consistency
2y € NP(r':,(e)). Since z = (o,m) with ¢(Q) = P € Dw(e), and ¢ satisfies
bilateral consistency, Q') = P € Dq)(r:,(e)). Thus, zy € prp’(r:’(e))'

Therefore, Z, €

z eus
0 NP,P(I‘Q,(e)). But, by  Proposition 3.4,

Upep t” (o))
9 Q

U

z _ z . . —
?Enw(rz’(e))Nl’?(rQ,(e)) = W(FQ,(e)), which is a contradiction because

zQ, ¢ go(ro,(e)).-
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4. POPULATION MONOTONICITY.

In this Section we study another property involving variations in the
number of agents, population-monotonicity. This property requires that,
whenever new agents appear in the economy to share the same resources, none of

the initially present agents benefit. Formally,

Population-Monotonicity. The solution ¢ satisfies population-monotonicity if
for all e = (Q,Q,M,RQ) and e = (Q’,Q’,M’,R(’),) with Q cQ and
(Q,M,RQ) = (Q’,M’,R(’)), for all z € ple) and 2z’ € ¢(e’), we have ziRiZ; for all

ieqQ.

This property was introduced by Thomson (1983) in the context of
bargaining (see also Chilchinisky and Thomson (1987), Alkan (1989), Moulin

(1990,1992), Tadenuma and Thomson (1993)).

Alkan (1989) shows that population-monotonicity is violated by all
selections from the  No-Envy solution in economies with indivisible goods.
A simple adaptation of his result shows that the impossibility remains in our

context,

If we insist on population-monotonicity we should ask whether any
selection from the Pareto solution satisfying the property exists. In
traditional economies Moulin (1992) provides an affirmative answer to this

question. He proves that the Shapley solution is a Pareto solution that
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satisfies population-monotonicity. In our model, another impossibility result
appears. There is no selection from the Pareto solution satisfying
population-monotonicity. In order to establish this result we need some more

notation.

Given an economy e = (Q,Q,M;RQ) € 8q1’ for any S € Q, for any & € Q, let

U (4) = max z v.  where ¢ is a bijection o: S — P, P e P(4,[S]). We
S i€s ioc(i)

will refer to Us(sd) as the joint valuation of S on the set .

, for any

Given a solution ¢ and an economy e = (Q,Q,M;RQ) € 81
q

z = (o,m) € g(e) and for any S € Q, let u_(z) = Z ( ).

ies " 1iem Mow
Notice that if ¢ is a Pareto solution, for any =z € ¢le),

uQ(z) = Uq(Q) + M.

The following Lemma is needed for the proof of the impossibility result.
This L.emma is a direct adaptation for this model of the same result obtained
by Moulin (1992) in the context of fair allocation with infinitely divisible

goods, monetary transfers and quasi-linear preferences.

Lemma 4.1. Let ¢ be a Pareto solution that satisfies population-monotonicity.

Then, for any economy e = (Q,Q,M;RQ) e E’ql such that Q = {,2,3,4}, M = 0, the

following inequality holds(Z)

(2)

M is not =zero.

We consider M = 0 for simplicity; the same result can be obtained when
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4 =<
U@ + )1 U@ s 20

Q\(i} 3)

Proof. Given e = (Q,Q,M;RQ) € €& ’ for any S ¢
q

z for any allocation in q)(es).

Since the solution ¢ satisfies

Pareto solution, for any z, z

z .,z
Q" T34y Tasy “uay

@ + U(14)(Q) * U(2

population-monotonicity,

Q) + U

3) (24)(9))

Q we write e, = (S,Q,M;RS) and

and it is a

YanZasay) ¥ Ve Zas = Van@
=< =
u(14)(z(134>) - u(14>(z<14>) (14>(Q)
Then,
> _
Uy Paasay) = Viaey® - U@
= —
u(S)(Z(134)) U(134)(Q) U(14)(Q)
Thus,
u(l)(zo) = u(l)(2(134)) = U<13>(Q) * U(14)(Q) - U(134)(Q)
In the same way, we obtain
= = -
(2>(ZQ) u(z)(z<234)) (23)(9) * U(24)(Q) U(234>(Q)
< < -
u(s)(zo) u(a)(zuza)) = U(13)(Q) * U(23>(Q) U(123>(Q)
u(4)(z ) = u(4)(2(124)) = U(14)(Q) * U(24)(Q) - U(124)(Q)
Since the solution ¢ is a Pareto solution, uQ(zQ) = UQ(Q). Summing up the
above inequalities we obtain that,
4
=<
UQ(Q) * Zi=1 UQ\(i)(Q) - 2(U(13)(Q) * U(14)(Q) * U(23>(Q) * U<24)(Q))

which completes the proof. m
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Proposition 4.1. There is no subsolution of the Pareto solution satisfying

population—-monotonicity.

Proof. Let e = (Q,Q,M;RQ) be such that Q = {1,2,3,4}, @ = {«,B,7}, M = 0, and

=5, v. =80, v =30, v =
1B 7 1y 1o, By PO,y

=20, v_ =20,
2y

v =20, v 60, 75,
100

= v =695;
V1<Bm e, 3,7

v =5, v \ =25, v =15, =15, v =35;
20 2 2{0, 3y 2(0, ) Vz(B,af) 200, 3,7

15, 10, 35;

B

v =20, v
o 3

=5, v_ =5,
3

v =15, v =
B 3y 3(at, B) 3(a, ¥)

=80, =30, =70, =
B VW V4(oc,[3) V4(oc,7>

v = v =
3B, 3, 3,7

v =10, v 40 50, 70.
a0 4

, vV = v =
43,7 440, B, )

If a Pareto solution satisfies population-monotonicity, Lemma 4.1 holds.
But, in this example,

Q) =180, U = 120, U
U, , () » Uy

(Q) = 180, U (Q) = 165,
{234 Q

34) 24)

(Q) = 150, U<23>(9) = 35, U(2 (Q) = 95.

U (Q) = 120, U(m)(Q) = 95, U(1 o

{123} 4)

Thus,
4
UQ(Q) + Zm UQ\(D(Q) = 765 > 750 = 2(U(IS)(Q)+U<14)(Q)+U(23)(Q)+U<24)(Q))

Therefore, such a subsolution does not exist.m

In the context of fair division with money, a possibility result is
obtained if goods are substitutes (Moulin (1992)). In traditional economies,
substitutability is a consequence of the fact that one agent can not receive
more than one indivisible good (see Shapley (1962)). In our context this
condition does not hold in general, and this is what is behind Proposition
4.1. In what follows, we show that if substitutability is imposed, positive

results are possible.

Given an economy e = (Q,Q,M;RQ) 81 and given S € Q, the joint valuation
q

Us satisfies substitutability if for all 4 <€ Q, for all a,B € Q,
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Us(sdu(oc,B)) - Us(st(oc}) = Us(sdu{B}) - Us(sd)

Let 8+1 be the class of quasi-linear economies such that all the joint
qls

valuations satisfy substitutability, and M = O.

Notice that the economy described in Proposition 4.1 is not in this class

because US((oc,B,af)) - US((B,W)) =35 -10>15 -5 = Ua((oc,B)) - US((B)).

Given an economy e = (Q,Q,M;RQ) e & v let (Q,v) be the cooperative game
q

defined by v(S) = US(Q) + M for all S € Q.

The Shapley solution, Sh: given e = (Q,Q,M;RQ),

Sh(e) = {z = (o,m) € Z(e)/ ¢ € 5(e), and m = shl(Q,v) " Viewm for all i € Q}
where shi(Q,v) is the Shapley value of agent i in the game (Q,v).

This solution is essentially  single-valued, that is, for any

z, z' € Sh(e), z,Ilz; for all i € Q.
1

Proposition 4.2. The Shapley solution defined on 8;13 is a Pareto solution

which satisfies population-monotonicity.

Proof. Let e = (Q,Q,M;RQ) € 8q1s be given. We divide the proof into steps.
Step 1. For all S € Q, for all «&,B,6 € Q such that 4 < B

U (BUB) - U (B) = U (4UB) - U () [1]
s S S S
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This inequality is a consequence of substitutability. For completeness we

give the proof in the appendix.

Step 2. For all S € Q, for all i,j € Q,

USU(i,j)(Q) - USU(i)(Q) = USU(j)(Q) - US(Q) [2]
Let o be an efficient assignment of Q among Su{i, j}.
Thus,

Q) =

Ysuap KESUL, ) ko) Ugle(8)) + U le(i)) + U (o))

Let 4 = o(S), B = o(S)ue(i), € = o(j). By step I,

US(Q) - US(O*(S)uo*(i)) = US(O‘(S)UO‘(j)) - US(O‘(S))

Thus,
U p® + Ug@) = Ule(Sueli) + Ulo(Siue(i) + U leli) + U le())
Since,
Us(o*(S)uo*(j)) + Ui(o*(i)) = Su(i)(Q)
and,

U (e(S)ue(i)) + UJ,(O‘(j)) =U (Q)

we obtain,

() + US(Q) = USU () +U (9))]

U
SU(1, j} ¢V, SU()

Step 3. The game (Q,v) is concave, that is, for all S € S’, all i ¢ S

v(S'U{i}) - v(S’) = v(Su{i}) - v(S) (3]
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Since v(S) = US(Q) + M, to prove [3] is equivalent to proving the

following,

U Q) - US,(Q) =U

UM Q) - US(Q)

SU(i)
and this inequality is an immediate consequence of [2],
Step 4. For all e = (Q,Q,M;RQ), for all e = (Q’,Q,M;RQ,) such that Q £ Q’,
shi(Q’,v) = shl(Q,v) for all i € Q. [4]
Since the game (Q’,v) is concave (Step 3), by a result of Sprumont (1990)
the Shapley value satisfies [4] (see also Moulin (1992) for an intuition of

this result).

By [4], the Shapley solution satisfies population-monotonicity.m
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FINAL REMARKS.

In this paper we have studied the problem of fair allocation in economies
with indivisible goods without imposing the restriction that one agent
recelves at most one indivisible good. As we have seen, this restriction
imposes a great deal of structure on the economy, in such a way, that when
dropped, - most results obtained in traditional models do not hold. This
suggests that the reason that those results hold in traditional models, is not
the presence of indivisibilities, but the aforementioned restriction. When the
traditional model is generalized to allow for the consumption of several goods
by one agent, results became much more like those in models with divisible
goods. (Think, for instance, of the results obtained with respect to

population monotonicity).
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APPENDIX

Proof of Lemma 2.1. Firstly we prove that the allocation (o,m) € Z(e) such

> . . .
that Z ZiEQViT(i) for any other assignment =T is Pareto efficient

1EQVi0‘(i)

for e. Suppose that (c,m) is not Pareto efficient for e. Thus, an allocation

(t,m’) € Z(e) exists such that (r(i),m;)R_(o*(i),mi) for all i € Q with at
1

least a strict preference relation. Since e € & , (o(i)ym)I(@,v. + m)
ql i io(i) i

for all ieq, and (t(1),m)I (z,v _ + m’) for all i e Q. So,
ii 1T(1) i

(2,v m’)R (@,v + m) for all i € Q with at least a strict preference
1

+
iT(1) i1 io(i)

relation. Since preferences are strictly increasing in money,

v +m zv + m for all i € Q with at least a strict inequality. Thus,
1T(1) i io(1) i

14

Z v +z m >Z v +Z m
i€Q iT(i) i€Q i i€q ic3) i€Q i

By feasibility, ZiEQ m = ZiEQ m, then, which is a

Z v > Z v
i i ieqQ iT(i) i€qQ io(i)

contradiction.

Secondly we prove that if (o,m) € Z(e) is a Pareto efficient allocation
- .
for e, Zieovio(i) = ZiEQViT(i) for any other assignment <T. Suppose that the

above inequality does not hold., Then, an assignment T exists such that

' > . < =
ZiEQ Virw zieovw(i) Let Q €Q be such that v, =v,, for all
. c < '
ie Ql, and let Q2 € Q be such that Vn_(i) ViO‘(l) Clearly, Q1 and Q2 are
. ’ i ’ = - +
not empty. Let (t,m’) be such that, for all i e Qz’ m; Veow ~ Vit T ™

and for all i e Q, m’"=d +m where d is such that v. +d =z v
1 i i i i iT() i i0°(1)

for all ie Q1 with at least a strict inequality, and
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Z d + Z (v - v ) = 0. These d exist because
i€q i i€Q, i0°(1) 1T i

—_ > - R
Zieoz(vil’(i) View erol(vwm iz

It is easy to «check that the allocation (t,m’) is feasible and
('c(i),m;)Ri(o*(i),mi) for all i€ Q with at least a strict inequality in

contradiction with the Pareto efficiency of (c,m).m

Proof of Proposition 2.2. Given e = (Q,Q,M;RQ) € gql, let q = [Q], let

P e P(Q,q), and let o be such that zi v for any other

= Z v
€Q ic(i) i€EQ 1T(1)

assignment t: Q —— P.

By the Duality Theorem (Gale,1960), a gq-vector (x sd) deP exists such that

zZv .+ X for all & € P, for all i € Q

View T o T Vi T *a
M - Zie X ‘
Let d = Q | , and let (o,m) be such that m _, = x +d for
q o(i) (1)

all i € Q. Then, by quasi-linearity and monotonicity of preferences in money,

i +
(0), m L@, v, oot W R (8, v

Thus, (e,m) € N(e).

N .
o Pog 0, L)

We have just ©proved that for any assignment with the above
characteristics, there exists an envy-free allocation. Taking an efficient
assignment an allocation exists that is envy-free and, by Lemma 2.1, is Pareto

efficient.m

Proof of Proposition 2.3. Let e = (Q,Q,M;RQ) € S'ql be such that

M for all i € Q for all 4,8 € P, for all P e P(Q,q). To

= AV - ZiBefP viB
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prove that an envy-free allocation exists with m = O it is enough to see that,
under the condition imposed on M, the allocation obtained in the above

proposition is such that m = 0. For each i € Q,

ST.x,
m = X + d X + j€Q oy
o) a(i) (1) q

Xy Vg T (ZJEQ oy T ZJEQ Vie)

M) q

Since v for all j € Q,

+ X z v + X
io(i) o(i) 10°(j) o))

>

+ >
= View

(z_ X o+ z v )
Jje€EQ o)) JEQ i0({)

Therefore, m =z 0 for all i € Q.
o (i)

let z = (0,m) € N(e) be given. Then, it is easy to see that for all i € Q,

v + M
V. ~+m_ = ZBE? 1B where P = o¢(Q)
io(1) o (1) q
V., + M
Thus, by the condition on M, ZiBG? 1B - v, = 0. Therefore,
q io(1)
m@(i) Z 0O forallie Q &

Proof of Lemma 3.1. Let e = (Q,Q,M;RQ) € gql be such that Q = (1,2}, and let
Q= {,2,3}, let Q= QuU {x}. For each # € P(Q), and for each i e Q, let
o]
i i i —
msg € R be such that ziIi(aél,msd). Let m = maxl,sd(msd), and let M > m and let
M =M+ m . Let R(’), be such that
(i) for all i € Q, R’ = Ri, z,I;(oc ,m} and ziI;(sd,I\_/I) for all 4 € P(Q)
1 [o]

i| PE@xR
such that « € o and & # {o },
[o] o]
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(ii) for all i € Q, (a,m)’(c(i),m ) and (« ,m )’(4,M) for all & e P(Q)
o o 3 o o o 3

(1)
such that « # (oco), 4 = o(i).

Let z' = (¢’,m’) be such that ¢’ =¢, ¢'(3) =a, m =m, and m’ = m .
Q o Q 3 o

Clearly, e = r:(e’), Zc’) = z and Z’ is envy-free for the economy e’. We still

have to prove that z’' is Pareto efficient for the economy e’, and that for

3 ’

all z'’ € NP_,,(e’), 2’ = Z’.

?’

Step 1. 27 € P(e’)

Suppose that z’ is not Pareto efficient for e’. Then, by Lemma 2.1, ¢’ is

not an efficient assignment for e’. An assignment T exists such that

>
ZiEQ’VIT(l) ZiEQ’VIO"(i)

Claim 1. The assignment T is not a permutation of o¢’.
Suppose that a permutation m: Q-—Q exists such that (i) = ¢’(n(i)). Since z’

m’ for all i,j € Q’. Thus,

is envy-free for e’, v .
o ()

+ m’ = +
107’ (1) mo"(i) Vio"(j)

+ m’ > + m’ i ’
Vlo"(l) mv’(i) Vil‘(i) m’t(l) for all i e Q

= v + m’ - m’ for all i ’
Vio~’(1) iTW) T(1) m@’(i) all i eQ

z. Vo SZ ,V. , _ in contradiction to [1]
i€Q’ iT(i) i€Q’ 1o (i)

Claim 2. The assignment T does not satisfy Uieo'l:(i) = Q.

Suppose that UlEQT(i) = Q. Then, condition [1] implies that

> =
ZiEQViT(I) ZiEQViO"(i) Zieovw(i)
in contradiction to the Pareto efficiency of z for the economy e.
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Claim.3. In the assignment T no agent in Q receives {« }.
o
Suppose, without loss of generality, that =(1) = (oco). By Claim 1, we know
that T is not a permutation of ¢’, thus, ©(3) = # such that & # {a }, 4 # o(i)
o

for all i € Q, and ©(2) = B, with B e P(Q).Thus,

v =v + m - m
1T(1) 10°(1) (1) o
2
v =v +m - m
27T(2) 20°(2) 0(2) B
v = v +m_ - M
37(3) 30(3) 0

For M sufficiently large, in contradiction to [1].

Leo'etr = Lo
i€Q’ 1T(i) i€Q 1077 (1)

Claim 4. In the assignment T, 7(3) # (i) for all i € Q.

Suppose that ©(3) = ¢(1). By Claim I, we know that T is not a permutation of

k3

¢’, thus, for some agent in Q, (i) = &4 such that « = {oco), and @ € «, without
[e]

|
loss of generality suppose that i = 1, and ©(2) = B, with B € P(Q). Thus, |

+ —
V10‘(1) In0“(1)
2
v + -
27T(2) Vo) Moy - ™

A
1T(D)

v =V +m - m
3T(3) 30(3) 0 (1)

For M sufficiently large, in contradiction to [1].

Z' v = z WV, .
i€Q’ 1T(i) i€Q 10 (i)
Claim 5. In the assignment T, T(3) # &, with £ € P(Q), v € &, 4 # {« }.

[¢] [o]

The proof of this claim is similar to the one in Claim 4. We omit it.

By Claim 1 to 5, the assignment 7T does not exist, therefore, the

allocation 2z’ is Pareto efficient in the economy e’.
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3

Step 2. For all 2z’ € NP?,(e’), AR A
Suppose, without loss of generality, that P= {4,B,{ }}. Let
o
z'’ = (t,m”’) € NP?,(e’), then,
Claim 1. m’’= m’
o o
(o] o
Suppose that m&’> m& Since z’e NP?,(e’), for all ieQ,
0 o

z”’R’(a ,m&’)P;(oc ,m )I’z’, in contradiction to the Pareto efficiency of 2’
1 1 0o o] o 11

o

for €’.

Claim 2. Let i € Q' be such that o(i) = &, (i) = {« }. Then, m;d’ = ms’d.
o]

Since 2’,Z2” € prp’(e ), (sél,msd)li(oco,ma )Ri(cco,rnoC )Ri(sél,rngd ). By monotonicity

o o

of preferences in money, m;d = ms’d’.

Claim 3. Let j € Q be such that ©(j) = &. Then, mg’rg’ = mi’;.

Since z’,z’’ € NP_,(e’), (I?,me)Rj(sd,msd)RJ(sd,msa )Rj(ﬂS,mgg ). By monotonicity of

?)

’ b

preferences in money, mg = mé.

m.,, = m.,’, m’ = m’’. Furthermore, since z’ and
B B o« o

[o] o]

By Claim 1,2 and 3, ms’d = m

2 ’

7'’ are envy free, z’’1z’ for all i € Q. Thus, z’’ « z’.&
M A

Step 1 in Proposition 4.2 . Under substitutability, for all S € Q, for all

A4,B,6 < Q such that 4 €< B

US(‘Buﬁ) - US(fB) = Us(sdui?) - Us(sd)

In
o]

Proof. We proceed by induction on the cardinality of ®. Let & B, 4

such that B\d = {ocl,...,ock}. Then, applying substitutability,

45



US(iBut?) - US(B)

Us(s!l v (ocl,..,ock_l) v (ock,B)) - Us(sd U (ocl,..,ock_l,ock}) =
= U(d v <oc1,..,ock_l) v {BY) - U (4 v (ocl,.-,ock_l,)) <
= Uyl v Ao, 3 U ABY) = Ul v {0 )

=
=

1A

Us(sAl v {BY - US(s!l)

U_(4UB) - U_(4).
S s

By hypothesis of induction for |&] = k-1

U (BUB) - U (B) = U (4UB) - U (4)
S S s s

Let & be such that [€] =k, and let B € €, let B = Bu{B), &' = Au{B)} and
6’ = E\{B) then, applying induction hypothesis,

US(fBuC) - US(B)

US(B’UE”) - US(B’) + US(fB’) - US(B) = Us(sd’uﬁ’) - US(A’) +

+ Us(sd’) - Us(sél) Us(sdufo’) - Us(sd).l
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